M AL 2 AR 77 1 4L & B0
B = 40043 # LA

B i
HEK*
2015437 4H

BRdR, EEKR¥E ZHEXEE LA



] L

& XUH B LA H R E S =8 ARR5
B/ REE 0 AR PASE k, Bln: k= C.
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EE=gy

¢ XCHH LA H AR A ={ 3R

R} JHRHIE 0 AREPA &, Bln: k=C

¢ tENEABME=5R 20 (Riemann
surfaces) ;

o (=G K(G)=K(G), (A3 mHI
5] 49 )

e 5% g(C)=0,1,2,---

o 1%7¥[H] (Moduli space) M,.

BRdR, EEKR¥E ZHEXEE LA



I s~ A i

¢ LA (algebraic surfaces)—#A4™
A XCE B L K Y
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I s~ A i

¢ BT (algebraic surfaces)—% A
A XA B Y

¢ B PBE R : B RFIZIR. MF
HE. Mumford. Bombieri. Beauville. B
M. H{5 e ...
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I s~ A i

¢ BT (algebraic surfaces)—% A
A XA B Y

¢ B L. BRFZEIR. DF
HE. Mumford. Bombieri. Beauville.
M. H{5 e ...

& ARZih i B 7T 5 vk

o XHHZEM (Birational equivalence)

o XA EAA & (Birational invariants)

o HIZ[HH i (Moduli spaces)

BRdR, EEKR¥E ZHEXEE LA



] B st—Invariants

& I\ iih £ 3 i T ) AN AR R AL |
Curves: g—(genus) =

(K2 (canonical volume)
eometric genus

Surfaces { ¢ .(g _ genus)

q (irregularity)

| X(O) (Euler characteristic)

BRdR, EEKR¥E ZHEXEE LA



] R — e 4E S

¢ EAENE B TR ED:
e Ueno’s book on high dimensional
birational geometry (LNM 439, 1975);

e Reid’s paper ” Canonical 3-folds” in 1979;

e #XHE X Mori (Annals of Math.,1982);
Kawamata, Shokurov, ..., Mori (JAMS,
1988);

e " Minimal Model Program” —Mori’s
Field’s Medal in 1990.

BRdR, EEKR¥E ZHEXEE LA



— AR AL

# &7 (Terminal singularities), ZifK QFT
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— AR AL

# &7 (Terminal singularities), ZifK QFT
A K

¢ ZmEEamE: (1) ().
KB ()—EHEET R Cu,.
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— AR AL

# &7 (Terminal singularities), ZifK QFT
A K

¢ ZmEEamE: (1) ().
KB ()—EHEET R Cu,.

¢ (l) ﬂﬁ‘;‘l—'—'\ € € ry

e-(x,y,2z) = (e"x, ey, e%2).

BRdR, EEKR%E ZHEXEE LA



— Yif

Gl B BT &=

¢ () BHFR= (a1, 2,a3) = (1, -1, b),

O<b<r, b coprime with r.
Q= (1 —1,b) := (b, r).
2 x (b, r) RPN ILREIF .
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SR E AT R

¢ () BHFR= (a1, 2,a3) = (1, -1, b),

O<b<r, b coprime with r.
Q= (1 —1,b) := (b, r).

2 x (b, r) RN ILRELE £
¢ Reid = AHEL(NEF A !

BRdR, EEKR¥E ZHEXEE LA



— AR AL

‘ (I) ﬂﬁ)ﬁg (ala a, 33) = (17 _17 b)!
0 < b<r, b coprime with r.

Q:%@—Lm:4a¢

2 x (b, r) XA HRRE K
¢ Reid = AHEL(NEF A !
¢ e

V := {Projective 3-folds with QFT singularities}

BRdR, EEKR¥E ZHEXEE LA



— AR AL

¢ Kodaira’s classification

V=V_UVyUV;UV,UVs.

BRdR, EEKR¥E ZHEXEE LA



— AR AL

¢ Kodaira’s classification
V=V_UVyUV;UV,UVs.
¢ V_.. & Fano 3-folds;
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— AR AL

¢ Kodaira’s classification
V=V_UVyUV;UV,UVs.
¢ V_.. % Fano 3-folds;

¢ V, f1§E Calabi-Yau 3-folds. Abelian
3-folds &:4%,

BRdR, EEKR¥E ZHEXEE LA



— AR AL

¢ Kodaira’s classification
V=V_UVyUV;UV,UVs.
¢ V_.. % Fano 3-folds;

¢ V, f1§E Calabi-Yau 3-folds. Abelian
3-folds &:4%,

¢ Vs R =R

BRdR, EEKR¥E ZHEXEE LA



— YRR B EUAN AR B —Riemann-Roch

¢ Reid’s Riemann-Roch Formula:
VX €V, dl basket of QFT datum

1
B[X] = {7(1, —1,b)li=1,.... s}
such that

X(Ox(mKx) = 7 m(m — 1)(2m ~ 1)K3 — (2m ~ )x(Ox) + (),

H(m) = Yoo, St et

ZHEXEE LA



— Yif

% 1) 2 EUAN S B —Riemann-Roch

¢ Reid’s Riemann-Roch Formula:
VX €V, dl basket of QFT datum

B[X] — {%_(1, 1 b)i=1,..5}

such that

X(Ox(mKx) = 7 m(m — 1)(2m ~ 1)K3 — (2m ~ )x(Ox) + (),

I(m) = S5y Yot g,
¢ If X is smooth, B[X] = 0.

BRdR, EEKR¥E ZHEXEE LA



— AR AL

¢ BIX]| ARWMEHATE! X N,
NidReid K& SN By.

BRdR, EEKR¥E ZHEXEE LA



— AR AL

¢ BIX] ARWMAEAZER! H X Nk,
WicReid K7 5N By.

¢V X €V and X minimal,

(1) if X is of general type, Bx ANXAEHA
ZE (FRAZE) .

(2) if X is Q-Fano, Bx NEXAHHALE,
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— AR AL

¢ BIX] PRXMAEEHAZE! #H X ANk,
Wit Reid K17F BN Bx.

4V X €V and X minimal,

(1) if X is of general type, Bx AXAHA
e (FRAZE) .

(2) if X is Q-Fano, Bx ARXNAMALE.
& I RS R W DA ME — 3t e XA EA

A7

BRdR, EEKR¥E ZHEXEE LA



— AR AL

¢VX eV, X HTIAEE:

o pg(X) == h(Ox);

e g1 := h'(Ox);

o o = IP(Ox);

* X(Ox);

e vol(X);

o P, (X):= h(X, mKx), m>2;
o Bx — X WItk/MER Ef&r i

%, (General type case)
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— AR AL

¢ VX eV, X ARIAZE:

o pg(X) == h(Ox);

e g1 := h'(Ox);

o g = I(Ox);

o x(Ox);

e vol(X);

o P, (X):= h(X, mKx), m>2;
o By — X WIBR/MERL EHHr R
%, (General type case)

& LA T L s A A B 2

BRdR, EEKR¥E ZHEXEE LA



3

TRENES

i

‘ :&7%&'% So = {ﬁ‘}{—iﬁmﬁ}

BRdR, EEKR¥E ZHEXEE LA



¢ RS S = {FAHE).
¢ & XIBERE B = {B,x2, x}, B €Sy,
X2, X € Z.

BRdR, EEKR¥E ZHEXEE LA



¢ HEES S = {FAE).

¢ ESUINBE S B = {B, x2, x}, B €S,
X2, X € 7.

¢ EXES

S = {B|B AN F S}
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¢ HEES S = {FAE).

¢ ESUINBE S B = {B, x2, x}, B €S,
X2, X € 7.

¢ EXES

S = {B|B AN F S}
¢ Reid = fA1EBLT:
0:V— So.

BRdR, EEKR¥E ZHEXEE LA



S LA &Hey

‘VBESo,ia

B ={(b;,r;)|0 < b; < r;, bj coprime to r;,i =1,--- s}
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S LA &Hey

‘VBESo,ia

B ={(b;,r;)|0 < b; < r;, bj coprime to r;,i =1,--- s}

¢ Set o(B):= 3, b; and o/(B) := ¥, &,

iri
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S LA &Hey

‘VBESo,ia

B ={(b;,r;)|0 < b; < r;, bj coprime to r;,i =1,--- s}

# Set o(B) := Y ;b and o'(B) := 3, 2.
4 Let n > 1 be an integer. For each /, set
l; = |_”b 2 and define

A? = [;bin — 5(//2 + )i, HEﬁ%ﬁ)

Define A"(B) = >_;_, A

BRdR, EEKR¥E ZHEXEE LA



S LA &Hey

¢ EEUINE S5 B = {B, x2, X} €S.

BRdh, EEKR¥E ZHEXEE LA



S LA &Hey

¢ EEUINE S5 B = {B, x2, X} €S.
¢ vol(B) := —o + 0’ + 6x + 2x2.

BRdR, EEKR¥E ZHEXEE LA



S LA &Hey

¢ EEUINE S5 B = {B, x2, X} €S.
¢ vol(B) := —o + 0’ + 6x + 2x2.
¢ x2(B) = xe.

BRdR, EEKR¥E ZHEXEE LA



S LA &Hey

¢ EEUINE S5 B = {B, x2, X} €S.
¢ vol(B) := —o + 0’ + 6x + 2x2.

¢ 2(B) = xo.

¢ 3(B) := —o(B) + 10x + 5x2.

BRdR, EEKR¥E ZHEXEE LA



S LA &Hey

¢ Xfm > 4, xn(B) BG4 E LT

2

Xm#1(B) = Xm(B) := 2 (vol(B) — 0'(B)) — 2+ 2 o(B) + A™(B).

BRdR, EEKR¥E ZHEXEE LA



S LA &Hey

¢ Xfm > 4, xn(B) BG4 E LT

2

Xm#1(B) = Xm(B) := 2 (vol(B) — 0'(B)) — 2+ 2 o(B) + A™(B).

¢ 3 B =Bx (H)Lf&H L8 , x = x(Ox),
x2 = X(Ox(2Kx)) Xt X e v, W B FIFrEAN
EH X WARERE—

#H . (Riemann-Roch Formula)

BRdR, EEKR¥E ZHEXEE LA



S _EMH & Bs—or K e

¢t
B = {(b1,n), (b2, 1), , (bk, &)},
i
B':={(b1+ by,rn + 1), (b3, 13), -, (br, )}
£ B “BIR” , i B>=B.
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S _EMH & Bs—or K e

¢t
B = {(b1,n), (b2, 1), , (bk, &)},
i
B':={(b1+ by,rn + 1), (b3, 13), -, (br, )}

& BH “Bk”, N B=B.
¢ 2" X T Sy ERIMmFRAR
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S _EMH & Bs—or K e

¢ i
B = {(b1,n), (b2, 1), , (bk, &)},
PR
B = {(by+ by, + 1), (b3, r3), -, (bx, 1)}

£ BH “By” , id A B~ B.

¢ 2" EXT Sy ERIFR AR

¢ WR birn—bn =1, A B = B &—
MNREAKEE (a prime packing) .

BRdR, EEKR¥E ZHEXEE LA



S LA &Hey

¢ =7 ATULERME XBES S B B

{87 X2, X} = {8/7 X2, X})
mig B = B.

BRdR, EEKR¥E ZHEXEE LA



S LA &Hey

¢ =" AILLEARME XBESS B B
{B,x2,x} = {B', x2, x},

iR B~ B.

¢ RNMTENA - 5AZERIFRR.

BRdR, EEKR¥E ZHEXEE LA



S LA &Hey

& B I e B -

Assume B = (B, x2,x) = (B, x2,x) = B'. Then:
1. o(B)=0(B’), o'(B) > o'(B');
2. Foralln>1, A"(B) > A"(B');
3. vol(B) > vol(B');
4. xm(B) > xm(B') for all m > 2.
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S LA &Hey

& B I e B -

Assume B = (B, x2,x) = (B, x2,x) = B'. Then:
1. o(B)=0(B’), o'(B) > o'(B');
2. Foralln>1, A"(B) > A"(B');
3. vol(B) > vol(B');
4. xm(B) > xm(B') for all m > 2.

¢ TN HR: R XA ?

BRdR, EEKR¥E ZHEXEE LA



S M & A ya 5|

Set S%:= {|n > 2} and

2
5§ = SOU{g};
s¢ = S5
n n—1 b n .
s" =S U{;| 0<b<§, b coprime to n}

for all n > 5. Each set S” gives a division of the
interval (0, 2]. Write (0, 3] := U[wfi)l,w,(n)]. Let

w,(_'l)l = Z’T and w( " — Z’ with g; 11 coprime to p;i1

and g; coprime to p;.

® gipi+1 — Pigiv1 =1

BRdR, EEKR¥E = S ESEiNIRD




S LM EH-H T B

Let B = {(b;,r;))|r=1,---,t}. For each
B; = (bi,r;) € B, if % e S, then we set

B" = {(bi,r))}. If £ & S, then L2 < b < &
wuth "5 —wg)for somenand s=//+1. In

thlS sntuatlon we can unpack (b;, r;) to

B = {(riq1 — bipr) % (qi1, Pra1), (—riqies +
bipi1) % (q1, p1)}-
:Z@(")

Then %(")(B) = B for all n.

BRdR, EEKR¥E ZHEXEE LA



S M & A ya 5|

o 2 V(B) = " V(5" (B)) = 2" (B)
for all n > 1.

BOB)=--.=BDB) = BOB) - ... = B(B) - ... = B.

The step Z("1)(B) = %" (B) can be
achieved by ¢, = A"(#("~1)) — A"(B) successive
prime packings. Note that ¢, > 0.

BRdR, EEKR¥E ZHEXEE LA



S M & A ya 5|

¢ Set B" := #)(B). A5 3| L7575

B°=B*>B>>...B"»... > B.

BRdR, EEKR¥E ZHEXEE LA



S M & A ya 5|

¢ Set B" := #)(B). A5 3| L7575
B°=B*>B>>...B"»... > B.

¢ Set B" := {B", x2, x}. FATHFRIMAA £
RS YR TP

B =B*>~B°>=..-B" = ... = B.

BRdR, EEKR¥E ZHEXEE LA



S M & A ya 5|

¢ Set B" := #)(B). A5 3| L7575
B°=B*>B>>...B"»... > B.

¢ Set B" := {B", x2, x}. FATHFRIMAA £
RS YR TP

B°=B*'~=B>---B" == B.
¢ T AR ERRB?

BRdR, EEKR¥E ZHEXEE LA



S _ERJH &R AL P A

¢ Let BO = {n?, x (1,2),---,n, x (1,n)}.

o(B) = o(BY) =3 "1 -
A3(B) Aa(B(O)) = ”12
AY(B) = A*(BO) = 2’71 2t ’7(1),3

BRdR, EEKR¥E ZHEXEE LA



S _ERJH &R AL P A

‘ Let B(O) - {n?,Z X (172)7 T 7n?,r x (17 I’)}

o(B) = o(B! )—Z"m
A3(B) = A3(BO) = nd
AY(B) = A*(BO) = 2”?,2 + ’7(1),3

5 =5x 4 6x2 — 4x3 + x4

nd 3 =4x+2x2+2x3—3xa+ x5
ma=x—3x2+Xx3+2Xa— X5 — D ,>5 M,
n?y,, r > 5.

BRdR, EEKR¥E ZHEXEE LA



S M & A ya 5|

€5

= ABO) - A3(B) =4n, +2n) 5+ n) , — A3(B)
= 2x—Xx3+2x5 — X6 — 05

BRdR, EEKR¥E ZHEXEE LA



S M & A ya 5|

€5

= ABO) - A3(B) =4n, +2n) 5+ n) , — A3(B)
= 2x—Xx3+2x5 — X6 — 05

S E 0
05 = n17,.

r>5

BRdR, EEKR¥E ZHEXEE LA



S M & A ya 5|

es = ANBO)—A%B)= 4”(1),2 + 2'7(1),3 + ’7(1),4 — A%(B)
= 2x—Xx3+2X5 — X6 — 05

.4,2 0
05 = nLr

r>5

B® = {1 ,x(1,2), m,5 % (2,5), n5 5% (1,3), n5 4 x (1,4), i 5 x (1,5),--- }

BRdR, EEKR¥E ZHEXEE LA



S _EMHGEA-B" MR

n} 5 = 3x +6x2 — 3x3 + X4 — 2X5 + X6 + 05,
m s =2x — X3+ 2Xs — X6 — 05

3 =2x 4 2x2 + 3x3 — 3x4 — X5 + X6 + 05,
ma=xX—3x2+Xx3+2xa— X5 — 05
m,=n,r>5

BRdR, EEKR%E ZHEXEE LA



S _EMHGEA-B" MR

n],=2x+Tx2—2x3+ x4 — 2xs — X7+ x8 + 305 — 2nd 5 — nY 5
nfr=x—Xx2—Xx3+xe+x1—xs—205+2n5+ns—1n
njs=x+x2+2xs—2x6 —x7+Xs +05—2n8 5 —n s +1
nis=2x+2x2+3x3—3x4 — X5+ X6+ 05 — 17

=7

na=X—-3X2+X3+2Xa— X5 —05—1

S
)
~

\

BRdR, EEKR¥E ZHEXEE LA



S _EMHGEA-B" MR

€g =

€9 =

€10 =

€12 =

—2x2 — X3 — X4+ X5+ X6 + X8 — Xo — 305

+3n0 5 +2nd 5 + nf ;

—2x2 —2x3+ Xa + X5 — X7 + X8 + Xo — Xx10 — 305 + 7
+2n?75 4= 2n?,6 ain 2n%7 + n%g;

—5x2 — X3+ 2x6 + X10 — X11 — 605 — 7

+5n 5 +4n 6 +3n0 7 + 200 g + nf g;

—X —5x2—3x3+2x5+ X6 — X7+ X8 + X12 — x13 — 805+ 17
+7nS 5 +5n2 6 +5nS 7 +4n2 g +3n2 g +2n% 1o + nf 3.

BRdR, EEKR¥E ZHEXEE LA



S _EMHGEA-B" MR

B12

ma=2x-2x3+xa—2xs—Xx7+txs+mMs+n—C—a

’7&1),11:04

”4{29*C*04

m3% = 2x+2x3 — 2x5 + 2x7 — 2xs — X12 + X13 — 2 — { + nis
”51)312—*X 3x3 + 2x5 + X6 — X7+X8+X12*X13+77*n(1),5
n%,25:2X+4X3+X4_X5_4X6_X8+X9_X12+X13

ni% = —X3 — X4 + X5 + X6 + Xs — Xo — B3

’7},21125
n%?3:2X+5X3_2X4_2X5_2X6_X8+X9_X10+X11+2n?,5_ﬂ
N30 = —x3 + 2X6 + X100 — X11 — M5 — N
"5,27:—X+2X3—X4—2X6+X7—Xg—x1o+x1z+2n§’,5+2n+(+z
Mu=xX—-Xs+tXxa—xr+xo+xu—xz2—ns—¢—a—2p
'714:4X3—2X5+2X7—XS—2X9+X10—X11+X12+”?,5—27l+2<‘
M =—2x3+xa+Xs — X7+ X8+ Xo— X10— M5 +n—C

Mm% =2x3—Xa— X5+ X7 — X8 — X0+ X100+ 25 =1+

B, BEEXR%¥ ZHEEE LA



%%K%ﬁf €n Z 0

¢ cotepp>0= (FF):

2x5+3x6 + X8+ X10+X12 = X +10x2 +4x3 + X7+ X11 + X13-
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%%K%ﬁf €n Z 0

¢ cotepp>0= (FF):

2x5+3x6 + X8+ X10+X12 = X +10x2 +4x3 + X7+ X11 + X13-

¢ If x,, <1 for all m <12, Inequality (***)
implies y < 8.

BRdR, EEKR¥E ZHEXEE LA



A 5 T A 2H A 1 0 AR N P —— R = 4%

¢ Question: VX € V3, X minimal, when is
S = @i, birational?

BRdR, EEKR¥E ZHEXEE LA



7 s B I A S 5 ) L AR B P —— AR = 4R

¢ Question: VX € V3, X minimal, when is
S = @i, birational?

¢ Known results:

o If Bx = (), then ®,, is birational for m > 5.
Wilson(m > 25, 1980); Benveniste (m > 8,
1984) ; Matsuki (m =7, 1986); M.
Chen(m = 6, 1998); Chen-Chen-Zhang

(m =5, 2007).

o If P, > 2, then ¢, is birational for

m > 11k + 5. Kollar (1986)

BRdR, EEKR¥E ZHEXEE LA



7 s B I A S 5 ) L AR B P —— AR = 4R

4 Chen-Chen (2007-2011)
o If P, <1for2< k<12 and Bx # 0,

(xx%) = x <8, P13 <6;

= B has finite possibilities.

e &, is birational for m > 73.
e Chen-Chen (2015): CD is birational for

m > 61 and vol(X) > .

BRdh, EEKR¥E ZHEXEE LA



7 s I A SR ) L AR B P - At

¢ Chen-Chen (2008): Q-Fano =ZEf& 1] fit
s yE AR s T 5 1/3307.

BRdR, EEKR¥E ZHEXEE LA



7 s I A SR ) L AR B P - At

¢ Chen-Chen (2008): Q-Fano =ZEf& 1] fit
s yE AR s T 5 1/3307.

4 Chen-Chen-Chen (2011): lano-Fletcher
AR HWHE AR UE B — 58 i 2% i P A = A
TERX YRR TR K.

BRdR, EEKR¥E ZHEXEE LA



7 s I A SR ) L AR B P - At

¢ Chen-Chen (2008): Q-Fano =ZEf& 1] fit
s yE AR s T 5 1/3307.

4 Chen-Chen-Chen (2011): lano-Fletcher
5 %5 A8 A IE B — 56 B i £ S A L N
FEARIL =R I e 2K

¢ Chen-Jiang (2015) : Q-Fano =4Ef&H)
Jx B J L —d_,, is birational for m > 39.

BRdR, EEKR¥E ZHEXEE LA



ZAPIRLIEEN

¢ WU OV S &EWH? (HhE2EN
&)

BRdR, EEKR¥E ZHEXEE LA



ZAPIRLIEEN

¢ WU OV S &EWH? (HhE2EN
&)

¢ S AR ARG AR, LT
e iR ?
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ZAPIRLIEEN

¢ WU OV S &EWH? (HhE2EN
&)

¢ S AR EHFRAGRFR S MAE, JLf
b g SRR 2

¢ MR (X)=1, 2, BEER/BERS
5?7 (B33t Kollar Al Mori FAF7EMESE )

BRdR, EEKR¥E ZHEXNEE LA



- B

o J. A. Chen, M. Chen. An Optimal
Boundedness on Weak Q-Fano 3-Folds,
Adv. Math. (219) 2008, 2086—2104

o J. A. Chen, M. Chen. Explicit Birational
Geometry of Threefolds of General Type, |,
Ann. Sci. Ec Norm. Sup. (43) 2010,
365-394

o J. A. Chen, M. Chen. Explicit Birational
Geometry of Threefolds of General Type,
Il, J. of Differential Geometry 86 (2010),
237-271
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- B

o J. J. Chen, J. A. Chen, M. Chen.
Quasi-smooth Weighted Complete
Intersections, J. of Algebraic Geometry 20
(2011), no. 2, 239-262

o J. A. Chen, M. Chen. Explicit birational
geometry of 3-folds and 4-folds of general
type (Part I11l1), Compositio Mathematica,
Doi: 10.1112/S0010437X14007817 (42
pages). ArXiv: 1302.0374

o M. Chen, C. Jiang, On the anti-canonical
geometry of Q-Fano 3-folds, (to appear)
Journal of Differential Geometry (45
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