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Abstract

We realize a dynamical decomposition for a post-critically finite rational map
admitting a combinatorial decomposition. We split the Riemann sphere into two
completely invariant subsets. One is a subset of the Julia set consisting of uncount-
ably many Jordan curve components with most of them being wandering. The other
consists of components that are pullbacks of finitely many renormalizations, togeth-
er with possibly uncountably many points. The quotient action on the decomposed
pieces is encoded by a dendrite dynamical system. Independently, we introduce
a surgery procedure to produce postcritically finite rational maps with wandering
Jordan curves and prescribed renormalizations.

Nous réalisons une décomposition dynamique d’une fraction rationnelle postcri-
tiquement fini admettant une dcomposition combinatoire. La sphére de Riemann
sera divisée en deux sous ensembles totalement invariants. L’un est un sous en-
semble de Julia avec un nombre non-dénombrable de composantes connexes, toutes
courbes de Jordan, majoritairement errantes; I’autre posséde comme composantes
connexes les preimages d’un nombre fini de renormalizations, avec éventuellement un
nombre non-dénombrable de points. La dynamique induite sur ’espace quotient de
ces composantes sera encodée par une dendrite dynamique. Indépendamment, nous
introduisons une chirurgie de combinaison afin d’obtenir des fractions rationnelles
ayant des courbes de Jordan errantes ainsi que des renormalizations prescrites.

1 Introduction

A rational map of one complex variable acts on the Riemann sphere and generates a
dynamical system by iteration. One general principal in analyzing the iterated dynamical
system is to decompose it into invariant sub-systems such that some of them have simpler
dynamics. The Riemann sphere is canonically decomposed into the disjoint union of the
Fatou set and the Julia set, defined by whether the iterated sequence forms a normal
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family in a neighborhood of the point. While the dynamics on the Fatou set is relatively

tame, the dynamics on the Julia set is wild and chaotic.

It may happen that on a periodic subset of the Julia set the first return map behaves
like another rational map on its own Julia set. The dynamics on the periodic subset is
usually called a renormalization.

A continuum is a compact connected subset of the sphere with uncountably many
points. It may also happen that a continuum in the Julia set wanders around and form
an orbit of pairwise disjoint continua. The continuum is usually called a wandering
continuum.

Our main contribution in this work is to show that the dynamics of a post-critically
finite rational map can be decomposed into two completely invariant parts, under a purely
combinatorial condition, namely the existence of a Cantor multicurve. In this case, the
decomposed pieces have a fairly simple dynamical description: on one side, we get mostly
wandering continua, and on the other side, we get mainly renormalizations. Furthermore,
the induced action on the quotient space can be effectively encoded by an expanding map
on a metric dendrite.

A Cantor multicurve is a natural refinement of a stable multicurves introduced by
Thurston. Many existing decomposition results can be described as cutting along stable
multicurves. Let us give an account of some of them.

For polynomials with a disconnected Julia set such that only finitely many filled Julia
components contain post-critical points, one can extract a stable multicurve from a finite
pullback of an equipotential curve in the basin of infinity. This stable multicurve forms
a puzzle under pullback. The pioneering work of Branner-Hubbard on cubic polynomials
uses a tableau to analyze the puzzle, and subsequently shows that the filled Julia set
consists of components that are either pullbacks of a renormalization or points [4]. Later
on DeMarco and Pilgrim use tableau and an infinite tree to encode the combination of
these points and renormalization copies [13].

For polynomials with connected Julia sets there are similar decomposition results.
Often there are more than one periodic external rays landing at a common periodic point.
These periodic external rays cut the Julia set into pieces. Together with equipotential
curves, these rays play the role of a stable multicurve and form again puzzles (called Yoccoz
puzzles). As before the return dynamics on a periodic puzzle piece is a renormalization.
And in various expanding cases, the remaining part of the Julia set, after extracting the
renormalized copies and their pullbacks, consists of uncountable many point components.
See for example [10, 20, 37], among others.

Let us turn now to non-polynomial rational maps. If a sub-hyperbolic rational map
has a disconnected Julia set, one can also extract a stable multicurve in the multiply-
connected Fatou domains and obtain a canonical decomposition of the Julia set, just as
what one did in the basin of infinity of a polynomial with disconnected Julia set. Detailed
analysis can be found in [8, 26].

The situation of a rational map with a connected Julia set is actually much harder:
there is no multicurves in the Fatou set that separate the Julia set, and there is no
completely invariant Fatou domains whose rays cut apart the Julia set. In some particular
cases such as the Newton’s method for cubic polynomials, or quadratic rational maps with
a 2-periodic critical point, rays from distinct Fatou basins may joint together and form a
cutting (see e.g. [19, 29, 33]). But this is by far the general case. For instance many Julia
sets are homeomorphic to a Sierpinski carpet, where any two distinct Fatou components
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have disjoint closures.

A rational map is said to be post-critically finite if its critical orbits contain only finitely
many points. For such a map, the Julia set is automatically connected. Conversely, any
sub-hyperbolic rational map with a connected Julia set is quasi-conformally conjugate to
a post-critically finite in a neighborhood of the Julia set. Our setting in the present work
is precisely about post-critically finite rational maps. And we aim to develop a general
decomposition procedure without invoking any particular topology of the Julia sets.

There is already a well-known combinatorial decomposition for these maps, in case
that the map has a fully invariant Jordan curve up to homotopy. Cutting along this curve
will decompose the rational map (or its second iteration if necessary) into two polynomials.
The rational map is called the mating of the two polynomials. See for example [31, 32].
However, the decomposed polynomials can not be considered as renormalizations in the
usual sense, as in general none of the small Julia sets is embedded in the original big Julia
set. Many tips of a small Julia set are glued together under mating [30].

In this work we will establish a new type of decomposition procedure for post-critically
finite rational maps. The first challenge is to find a natural class of multicurves to cut
along. Our key concept, Cantor multicurves, is introduced precisely for this purpose.
Contrary to the equator of a mating, a Cantor multicurve is a multicurve whose consecu-
tive pullbacks will generate a strictly increasing number of curves in each homotopy class.
See §2 for the definition.

The stability of multicurves is only measured up to homotopy. It is thus impossible to
literally cut along a stable multicurve to obtain exact invariant pieces. The crucial step
in our study is to promote a Cantor multicurve to a multi-annulus such that it is exactly
invariant in certain sense. We will call such a dynamical system an exact annular system
(see §3 for the definition)®. It will play the role of multiply-connected Fatou components
in the disconnected case, and will allow us to decompose the Julia set into pairwise disjoint
pieces.

Cantor multicurves and exact annular systems appear naturally in the study of rational
maps with disconnected Julia sets, starting from McMullen’s example of Cantor set of
circles (see e.g. [14, 22, 26], among others). In the connected Julia set case, these concepts
appear also in the flexible Lattes examples, and in Haissinsky-Pilgrim’s example with 4
postcritical points [15]. However they have never been applied to general post-critically
finite rational maps.

Actually our construction of the exact annular system from a Cantor multicurve is
somewhat indirect, after several failed attempts with more direct approaches. We were
led to modify the rational map to a branched covering in the Thurston equivalence class
such that it has a topological exact annular system. Then applying a theorem of Rees and
Shishikura, we obtain a semi-conjugacy from the branched covering to the rational map.
Finally a careful analysis of the semi-conjugacy shows that the exact annular system for
the branched covering descends to one for the rational map.

Once an exact annular system is found, we are naturally led to analyze the induced
decomposition. The first step is to study the Julia set of the exact annular system. This
is actually quite simple since it is expanding, as a sub-system of a post-critically finite
rational map. As in the case of rational maps with disconnected Julia sets we will prove

IThis is to be compared to the monograph [25], where stable multicurves are promoted to invariant
Jordan curves in the setting of branched coverings.
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that each component of its Julia set is a Jordan curve, there are uncountably many of

them and all but countably many of them are wandering.

The next step is to analyze the complement of the grand orbit of the Julia set of the
exact annular system. It has zero or uncountably many point components, and countably
many continuum components which are pullbacks of finitely many renormalizations.

Finally, one should encode the relation between these decomposed components, namely
study the induced action on the quotient space. We will show that this action is an
expanding dynamical system on a dendrite. This completes the decomposition study
along a Cantor multicurve of post-critically finite rational maps.

We will present further a result about wandering continua. For a post-critically finite
rational map, the existence of a non-simply connected wandering continuum is equivalent
to the existence of a Cantor multicurve. Moreover, the wandering continuum must be a
Jordan curve.

It is known that for a polynomial with connected Julia set and without irrational indif-
ferent cycles, it has no wandering continua if and only if its Julia set is locally connected.
See [3, 16, 17, 18, 36]. For rational maps, besides known examples with disconnected Julia
sets, Lattés example and Haissinky-Pilgrim’s example with 4 post-critical points [15], we
are not aware of a sufficient and necessary condition for the existence of a non-simply
connected wandering continuum as we have developed here.

Our final, and yet somewhat independent task is to construct post-critically finite
rational maps with Cantor multicurves and prescribed renormalizations. For this purpose
we will introduce a new surgery procedure which we call foldings, to construct a branched
covering from polynomials. The resulting map has a Cantor multicurve consisting of a
single curve. We will show that under certain conditions the branched covering is Thurston
equivalent to a rational map. Consequently, this rational map has a Cantor multicurve
and hence wandering Jordan curves, and with a renormalization which is the polynomials
we started with.

Perspectives. Here are some remarks and several problems related to this work.

(1) If a renormalization piece in our decomposition admits again a Cantor multicurve,
one can make a further decomposition. Or one can join it to the original one and then
make only decompositions for Cantor multicurves that are maximal under inclusions. In
this way we can declare that the renormalizations are post-critically finite rational maps
without Cantor multicurves. Maximal Cantor multicurves might not be unique. Therefore
our decomposition needs not to be canonical. This phenomenon occurs also in realizing
rational maps as matings of polynomials.

(2) The existence of simply-connected wandering continua is a very interesting problem
and remains largely open, except for flexible Lattes maps, see for example [7]. We suspect
that these are the only exceptions. One possible strategy to address the problem is to
prove first that, in the presence of a Cantor multicurve, a wandering continuum must lie
in a renormalization, and then rule out the latter possibility.

(3) The examples we constructed have a quotient dendrite that is the simplest case,
namely a segment. We wish to construct examples with branching points in the future.
The combinatorial construction is quite easy. The hard part is to show its rational re-
alization. There are some techniques around that might be to apply. For example the
iterated monodromy groups developed by Bartholdi-Nekrashevych [5] and the direct cri-
terion developed by Dylan Thurston [35].
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(4) Our final example provides a rational map with a Sierpinski carpet Julia set and

a Cantor multicurve. One may use our examples to test McMullen’s conjecture: the
hyperbolic component of rational maps whose Julia sets are Sierpinski carpets has compact
closure in the parameter space.

(5) Expanding Thurston type branched coverings have attracted many attentions in
the recent years. We hope that some of the techniques developed in this work can be
adapted to these expanding maps as well.

Definitions and statements. The following notations and definitions will be used
throughout this paper.

o Let U,V C C be open sets in the Riemann sphere. We denote by U € V if U C V.

e Let A C C be an annulus and E C A be a connected open or closed set. We say
that F is contained in A essentially if £ separates the boundary dA.

e A continuum E C C is called n-connected with n € NU {oo} if C\ E has exactly
n components.

e Let f be a rational map. Denote by J; the Julia set of f and F; the Fatou set of
f. Refer to [2, 6, 23, 24] for the definitions and basic properties. The post-critical set
of f is denoted by Py, refer to §2.1 for its definition.

e By a multi-annulus we mean a finite disjoint union of open annuli in C with finite
modulus.

Definition 1. Let A, A C C be two multi-annuli such that each component of Al is
contained in a component of A essentially. A map g : A} — A is called an annular
system if

(1) for each component A' of A', its image g(A') is a component of A and the map
g: Al — g(A') is a holomorphic covering;

(2) there is an integer n > 1 such that for each component A of A, the set g~"(A)N A
18 non-empty and disconnected.

The Julia set of g is defined by Jy = (09 "(A). An annular system g : A" — A
is called proper if A' € A; or exact if for every component A of A, each of the two
components of DA is also a component of O(AN A').

Convention. Let f be a post-critically finite rational map. We say that an annulus
AC C\Pf is homotopic rel Py to a Jordan curve 7 (or an annulus A’) in (C\Pf if essential
Jordan curves in A are homotopic to v (or essential curves in A’) rel Py; and a multi-
annulus A is homotopic rel Py to a multicurve I' (or a multi-annulus A’) if each component
of A is homotopic to a curve in I' (or a component of A")) rel Py and each curve in I" (or
each component of A’) is homotopic to a component of A.

Here are the main statements that we shall prove:

Theorem 1.1. (from a Cantor multicurve to an annular system) Let f be a
post-critically finite_rational map with a Cantor multicurve I'.  There exists a unique
multi-annulus A C C\P; homotopic rel Py to T such that g = f|a : A' = A is an ezact
annular system, where Al is the union of components of f~1(A) that are homotopic rel
P to curves in I'. Moreover, J, C J¢, there are uncountably many components in J,,
each is a Jordan curve. All but countably many of these components are wandering.

Theorem 1.2. (from a wandering continuum to a Cantor multicurve) Let f be a
post-critically finite rational map. If K is a non-simply connected wandering continuum
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in Jr, then K and all its forward iterates are Jordan curves and their homotopy classes

rel. Py form a Cantor multicurve.

A connected subset £ C C is called of simple type (w.r.t. Py) if there exists either
a simply-connected domain U C C such that E C U and U contains at most one point
in Py, or an annulus A C C\P; such that E C A; and of complex type (w.r.t. Py)
otherwise.

Theorem 1.3. (renormalization) Let f be a post-critically rational map with a stable
Cantor multicurve I'. Denote by J(I') the union of the grand orbit of the Julia set of
the annular sub-system derived from Theorem 1.1. Set IC(I') = @\j(F) Then every
component of K(T') is either a single point or a continuum that is eventually periodic.
There are only finitely many periodic continuum components and each of them s either
the closure of a quasi-disk or a complex type continuum. The former is the closure of a
periodic Fatou domain, while the latter is the filled Julia set of a renormalization. There
are at most #1I' + 1 renormalizations.

Theorem 1.4. (coding) Let f be a post-critically rational map with a stable Cantor
multicurve I'. There exist an expanding finite dendrite map 7 : T — T and a continuous
semi-conjugacy © from f to T such that for each point t € T, the fiber ©7(t) is a
component of either J(I') or K(I).

Refer to §5 and §6 for the definitions of renormalization and finite dendrite maps.

Outline of the paper. This paper is organized as follows. In §2, we recall Thurston’s
theory and give the definition of a Cantor multicurve. Some equivalent conditions in
the irreducible case are given here. In §3, we introduce the notion of exact annular
systems and show that every component of their Julia set is a Jordan curve if they are
expanding. Theorem 1.1 is proved in §4. In §5, we will study the decomposition pieces
and prove Theorem 1.3. In §6, we introduce the definition of finite dendrite maps and
prove Theorem 1.4. Theorem 1.2 is proved in §7. Our construction of rational maps with
Cantor multicurves and prescribed renormalizations is contained in the final section §8.
Precise statements will be given there.

2 Multicurves and Cantor multicurves

In this section, we will recall Thurston’s characterization theorem, introduce the notion
of Cantor multicurves, and establish some equivalent conditions.

Let F' be a branched covering of the Riemann sphere C. We always assume deg F' > 2
in this paper. Denote by €2z the set of critical points of F'. The post-critical set of F
is defined by

Pr=J Fr ().
n>1

The map F'is called post-critically finite if Pr is finite.

A Jordan curve 7 in C\Pr is null-homotopic (resp. peripheral) if one of its com-
plementary components contains zero (resp. one) point of Pg; or is essential otherwise,
i.e. if each of its two complementary components contains at least two points of Pp.
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A multicurve I' is a non-empty and finite collection of disjoint Jordan curves in

@\PF, each essential and no two homotopic rel Pr. We will say that I' is stable if each
essential curve in F~!(3) for 8 € ' is homotopic rel Pr to a curve in I'; and pre-stable
if each curve v € I' is homotopic rel Pp to a curve in F~1(3) for some curve § € I'. A
pre-stable multicurve I is called irreducible if for each pair (v, 3) € I' x T, there exists
a sequence {0y = 7,01,+-+,0, = B} of curves in I such that F~1(d;) has a component
homotopic to d;_1 rel Pp for 1 < k < n.

Let I' be a multicurve. Its transition matrix Mp = (a,3) is defined by:

1
0= 2 G e )

where the summation is taken over components o of F'~1(3) which are homotopic to v rel
Pr. Denote by Ar the leading eigenvalue of its transition matrix Mp. A stable multicurve
I' is called a Thurston obstruction if \ > 1.

Two post-critically finite branched coverings F' and G are called Thurston equiva-
lent if there is a pair of homeomorphisms (¢,) : C — C such that ¢ is isotopic to 1 rel
Prand po Foyp™l =G,

Theorem 2.1. (Thurston’s characterization theorem) Let F' be a post-critically
finite branched covering of@ with hyperbolic orbifold. Then F is Thurston equivalent to
a rational map f if and only if F' has no Thurston obstruction. Moreover, the rational
map f is unique up to holomorphic conjugation.

Refer to [12] or [23] for the definition of hyperbolic orbifold.

Lemma 2.2. Let F' be a branched covering of C. For any pre-stable multicurve Iy, there
15 a stable and pre-stable multicurve I' such that I' D T'y and hence Ap, < Ap. Conversely,
for any stable multicurve I' with A\r > 0, there is an irreducible multicurve I'y C T' such
that A\p, = Ar.

Refer to [23] for the second part of the lemma. We only prove the first part.

Proof. Let fn be the collection of essential curves in F~"(T'g) for n > 1. Let I';, be a
sub-collection of T, such that no two curves in T, are homotopic rel P and any curve
in fn is homotopic rel Pr to a curve in I',,. Then I',, is a pre-stable multicurve and each
curve in I';, is homotopic to a curve in I',, ;1 for n > 1. Thus #I',, < #I,, ;1. Since for any
multicurve I', #I' < #Pr — 3, there is an integer N > 0 such that #I'y = #I'y1. Thus
I'y is a stable and pre-stable multicurve. O

Convention. Let I' be a collection of curves in @, we also use I' to denote the union of
curves in I' as a subset of C if there is no confusion.

Let T be a multicurve of F. For each v € T', denote by I'(1,~) the collection of curves
in F~(T') homotopic rel Pr to v and I'(1,T) := U,p I'(1,7). Inductively, for n > 1,
denote by I'(n + 1,7) the collection of curves in F~!(I'(n,T')) homotopic rel Pr to vy and
I'(n+1,T) :=U,er I'(n+1,7). Notice that I'(n, I') is contained in, but may not be equal
to, the collection of curves in F'~"(I") homotopic rel Pr to curves in I'. Denote by

kn(v) = #I'(n, ) for each v € T.
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Definition 2. A multicurve T' is called a Cantor multicurve if it is pre-stable and

Kn(y) = 00 as n — oo for all vy € T.

A stable Cantor multicurve is in particular both stable and pre-stable. In the clas-
sical construction of mating of polynomials, there is a Jordan curve whose pre-image is
a single curve homotopic to itself rel the post-critical set. In this case the multicurve
consisting of this single curve is not a Cantor multicurve. It is quite easy to give examples
of maps without Cantor multicurves, for instance topological polynomials (branched cov-
erings with a totally invariant point). Concrete examples of rational maps with Cantor
multicurves will be constructed in §8.

Lemma 2.3. Suppose that I' is an irreducible multicurve. The following statements are
equivalent:

(1) #I'(1,T) > #I.

(2) ki(y) > 2 for some vy €T

(3) kn(y) — oo for some v € T.

(4) Kn(y) = 00 for ally € T, i.e., ' is a Cantor multicurve.

(5) There is a curve 8 € T such that F~'(B) has at least two curves in I'(1,T).

Proof. (1) <= (2): Since I' is pre-stable, I'(1,v) is non-empty for each v € I'. Thus
#I'(1,T) > #I' if and only if k;(y) > 2 for some v € T

(1) <= (3): Since I is irreducible, F'~(v) has at least one curve contained in I'(1,T")
for each v € I'. Thus if #I'(1,I") > #I', then #I'(n + 1,T') > #I['(n,I') for all n > 1.
So #I'(n,I') — oo as n — oo. Therefore k,(7y) — oo for some v € I'. Conversely, if
#I'(1,1) = #1, then #I'(n + 1,I') = #I'(n, ") for all n > 1. Therefore x,(y) = 1 for all
vyel'and n > 1.

(3) <= (4): Since T is irreducible, for each pair (v,) € ' x T, there is an integer
n > 1 such that F'="(3) has a component ¢ homotopic to v rel Pr and F*(§) is homotopic
to a curve in I" for 1 < k < n. Therefore § € I'(n,v) and hence k,1x(7) > Kkn(8). So
Kn(7y) = 00 if K, (5) — oc.

(1) <= (5): Since I is irreducible, F'~1(v) has at least one curve contained in I'(1,T")
for each v € I'. Therefore #I'(1,T") > #I if and only if there is a curve § € T" such that
F~1() has at least two distinct curves contained in I'(1,T). O

Let I' = {71, -+ , 7} be a multicurve of F. Its reduced transition matrix M, =
(bi;) is define by b;; = k if there are k components of F~*(~;) homotopic to 7; rel Pp.
This definition was introduced by Shishikura.

Lemma 2.4. Let I' be a pre-stable multicurve of F. Then the leading eigenvalue of its
reduced transition matriz satisfies that \(M,r) > 1. Moreover, N(M,r) > 1 if " is a
Cantor multicurve. Conversely, if T' is irreducible and \(M,r) > 1, then I' is a Cantor
multicurve.

Proof. Note that M,rv > v for the vector v .= (1,---,1) since I' is pre-stable. Thus
A(M,r) > 1 by Lemma A.1 in [8]. If I' is a Cantor multicurve, then there exists an
integer n > 1 such that M»v > 2v. Thus A(M,r)" = AM(M];) > 1. Conversely, if I
is irreducible and A(M, ) > 1, then there exists at least one column of the matrix such
that the summation of the entries of this column is bigger than one. Thus I' is a Cantor
multicurve by Lemma 2.3 (2). O



3 Annular systems

In this section we will show that every component of the Julia set of an expanding exact
annular system is a Jordan curve.

Let A', A C C be two multi-annuli such that each component of A! is contained in a
component of A essentially. Recall that a map ¢ : A — A is an annular system if

(1) for each component A of A', its image g(A') is a component of A and the map
g: Al — g(A') is a holomorphic covering;

(2) there is an integer n > 1 such that for each component A of A, the set g="(A)N A
is non-empty and disconnected.

The Julia set of g is defined by J, := ()59 "(A). An annular system g : A — A
is proper if A' @ A; or exact if for every component A of A, each of the two components
of DA is also a component of (A N A').

Remark. The definition of the Julia set J, of an annular system ¢ is misleading.
At first, J, need not to be compact. Secondly, g~*(7,) = J, and g(J,) C J, from the
definition but ¢(J;) need not to be equal to J, since we do not require the map g to be
onto.

3.1 Basic properties

Proposition 3.1. Let g : A — A be an annular system. There is an integer N > 1 such
that deg(g™|4) > 2 for each component A of g~V (A).

Proof. Let m > 1 be the number of components of A. By contradiction we assume
that there is a component A of g~™(A) such that deg(¢™|4) = 1. There exist integers
0 < k < k+p < msuch that both g*(A) and g*"?(A) are contained in the same component
A% of A. So gP(g"(A)) C A°. Let AP C A° be the component of g~P(A°) containing g*(A).
Since g? : AP — A is a covering between annuli and ¢g*(A) is contained essentially in AP,
we have

deg (gp AP — AO) = deg (gp : gk(A) — gkﬂ’(A)) < deg(g™|a) = 1.

Thus the moduli of the annuli A? and A° are equal and hence A? = A°. It follows
that AY = gP(A°). Therefore A° N g="P(A) = A° for all integers n > 1. Since g7"(A) C
g " (A) for all n > 1, we conclude that A°Ng="(A) = A° for all n > 1. This contradicts
the condition that A° N g~™(A) is disconnected for some n > 1. So deg(g™|4) > 2 for
each component A of g~™(A). O

Proposition 3.2. Let g : A' — A be an exact annular system. Let {A"} be a nested
sequence of annuli of g7"(A), i.e. the annulus A™ is a component of g~"(A) and A" C

A™. Then either (,~; A" = 0 or for every n > 1, there is an integer m > n such that
AT e A"

Proof. By exactness, either for any n > 1, there is an integer m > n such that A™ € A",
or there are an integer N > 1 and a component L of A" such that L C A" for n > N.

We only need to show that ) -, A" = () in the latter case. Since A has only finitely
many components, there are a component B° of A and integers i > j > k > N such that
gAY = ¢7(AY) = gF(AF) = B°. As B has exactly two boundary components, there are a
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boundary component L’ of B, and two of them, say i and 7, such that ¢*(L) = ¢/(L) = L/
(This formula means that as z tends to L in A%, both ¢’(z) and ¢’(z) tends to L’).
Denote by B" = ¢7(A™) for n > 0, then {B"} is a nested sequence of annuli which
have a common boundary component L. Moreover, g°(B?) = B° and ¢P(L') = L’ for
p =i — j. It follows that g?(B™) = B"~VP for n > 1. Note that B? # B°. Otherwise
B™ = B for all n > 1 and thus contradicts the condition that B'Ng—"(A) is disconnected
for some n > 1. R
Let U be the component of C\L' containing B® and ¢ be a conformal map from U
onto the unit disk D. Then h := ¢ o g? o ¢! is a holomorphic covering from ¢(BP)
to ¢(BY), which can be extended continuously to the unit circle. By the symmetric
extension principle, h can be extended to a holomorphic covering map from the annulus
Vi to V, where Vi, V are the unions of ¢(BP), ¢(B°) with its reflection and the unit
circle, respectively. Since V; € V, h is expanding under the hyperbolic metric of V. So
Nyso P (V) = 0D and hence (),.qh "(¢(B°)) = 0. Note that ¢(B™) = h™"(¢(B")).
Therefore (., B"™ = 0 and hence (,., A" = 0. O

Let g : A' — A be an annular system and K be a connected component of 7,. Then
for each n > 0, there is a unique component of ¢g~"(.A), denoted by A"(K), such that
K C A"(K). Consequently, K C (1,5, A"(K).

Proposition 3.3. Let g : A' — A be an exact annular system.

(1) For any component K of J,, K is a 2-connected continuum contained essentially
in each A"(K) and K =(),»; A"(K).

(2) For each component A of A and any point z € A, there exist components K, Ko
of Jy N A such that the annulus bounded by Ky and K, contains the point z.

Proof. (1) For any n > 0, there is an integer m > n such that A™(K) € A"(K) by Propo-
sition 3.2. Since A" (K) is contained essentially in A"(K) for every n > 0, (5, A™(K)
is a 2-connected continuum contained essentially in each A"(K). By definition it is con-
tained in J, and hence is equal to K.

(2) Let A}, A} C A be the components of g~"(A) such that they share a common
boundary component with A. Then (), -,(A} U A%) = 0 by Proposition 3.2. Thus there
exists an integer m > 1 such that z ¢ (A7 U AZ'). Notice that there exists a component
K; of J, contained essentially in A7 (i = 1,2). Thus the annulus bounded by K; and K,
contains the point z. O

By Proposition 3.3, for each component K of 7, g(K) is a component of 7, and each
component of ¢g~(K) is also a component of 7,. We will say that a component K of J,
is periodic if there is an integer p > 1 such that g?(K) = K; or pre-periodic if f*(K)
is periodic for some integer k > 1; or wandering otherwise.

Proposition 3.4. Let g : A' — A be an exact annular system. Then any pre-periodic
component K of J, is a quasicircle.

Proof. We only need to consider periodic components of J, since each component of
their pre-images is also a quasicircle. Let K be a periodic component of J, with period
p > 1. Then g?(AP(K)) = A°(K) and AP(K) € A°(K) by Proposition 3.2. Now applying
quasiconformal surgery, we have a quasiconformal map ¢ of C such that pogPop™t =21

in a neighborhood of ¢(K'), where |d| = deg(g”|ar(x)) > 2. Thus K is a quasicircle. [



11
3.2 Semi-conjugacy to linear systems

Let g : A' — A be an exact annular system. In this sub-section, we want to characterize
its dynamics by a linear system as the following. Denote by Ay,--- , A, the components
of A and Af,---, Al the components of A'. Let

I=0LU---UIl, and I'=0U---UI},

be disjoint unions of open intervals on R! such that
(a) Z' C T and [} C I; whenever Al C A;, and
(b) for each I;, 0I; C (Z' N ;).
Define 0 : Z' — Z by o(I}) = I; if g(A}) = A, and o is linear on each I}. Set

I"=0¢"(I) forn>1and J, = [ | I".

n>1

Proposition 3.5. The linear system o : I — T is expanding and the closure of J, in R
1s a Cantor set.

Proof. To prove the expanding property, we only need to show that there is an integer
n > 1 such that for any = € Z", |(¢")'(z)| > 1. For each k > 1, let lj, Ly, be the minimum
and maximum of the length of the components of Z¥, respectively. Then Lj, < Ly for
any k > 1. To prove |(¢")’| > 1, it is sufficient to show that there is an integer n > 1 such
that L, < lo.

We will prove that Ly — L =0 as k — co. Assume L > 0 by contradiction. Then for
each k > 1, there is a component of Z* whose length is at least L. Therefore, there exists
a sequence {I*};>1 with I* a component of Z*, such that I* > [**! and |I*] > L.

Denote by I°° = (), I*. Then |[I*| > L and |I*| — |I*°| as k — oo. In particular,
there exists an integer ky > 0 such that as k > ko,

Ik L
|17 < 1+l1.
|| Ly

Since ¢ is an annular system, there exists an integer k; > ko such that I*' contains
another component I of Z¥'*! distinct from I*'*!. Thus

1] (79— 154
< —.
[Tt = [k I

Since o* is linear on I*', we have

(D _
ot (M) Ly

By the definition, |o*(I)| > I; and |o* (I"*1)] < L;. So

D) b
ok (TF+1)| = L,
This is a contradiction.

Now each component of 7, is a single point since the linear system ¢ is expanding. It
is easy to check that the closure of 7, in R is a perfect set and hence a Cantor set. [
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For any point # € J, and each k > 1, denote by I*(x) the component of Z% that

contains the point x, then N>, 7*(z) = {x}. For any two distinct points x,y € J,, either
they are contained in different component of Z*, or there exists an integer ko > 2 such
that I¥(x)NI*(y) = 0 and I*(z) = I*(y) for 1 < k < ko. In the latter case, o¥o=1(I%(z))
and o*o~1(I*(y)) are different components of Z'. Define the itinerary of a point x € 7,
by i(x) = (jo, j1,---) if o¥(x) € I} . Then i(x) # i(y) if = # y.

Define the itinerary for each point z € J, by i.(2) = (jo,j1, ) if ¢¥(z) € A}k.
Define a map I1 : J, = J, by II(2) = z if i,(2) = i(z). It is well-defined and surjective
by Proposition 3.2.

Proposition 3.6. The map 11 : J, — J, is continuous and o oll = 1lo g on J,. For
each point x € J,, 1171 () is a component of J,.

Proof. Tt is easy to check that o oIl =ITo g on J,, and II"!(z) is a component of 7, for
each point x € J,. Fix any point z € J,. The collection {I*(z) N J, }x>1 forms a basis of
neighborhoods of the point x in J,. Now II7}({I*(z) N J,}) = A*(II7'(z)) N J, is open
in J, for every £ > 1. So II is continuous. [

Since the set of pre-periodic points is a countable set, we have:
Corollary 3.7. There are uncountably many wandering components in J,.

For any point x € J,, its w-limit set w(z) is defined to be the set of points y € J,
such that o*»(x) converges to y as n — oo for a subsequence k, — oo.

Proposition 3.8. Let x € J, be a wandering point. Then w(x) is an infinite set.

Proof. Assume that w(z) is finite. Define d(y1,y2) to be the Euclidean distance if i, yo
are contained in the same component of Z, or infinity otherwise. There exists a constant
d > 0 such that d(y1,y2) > 0 for any two distinct points 1,2 € w(x) and d(y1,y2) >
if y1,y2 are contained in different components of Z*'. Take a constant M € (1,00) such
that |o’(z)| < M for any point = € Z'. By the definition of w(x), there exists a constant
N > 1 such that for any n > N, there exists a unique point y, € w(z) such that
d(o™(z),yn) < 6/(2M). Thus d(c" " (z),0(y,)) < §/2. Tt follows that y,1 = o(y,) for
n > N. This contradicts the fact that o is expanding. O

3.3 Common boundary

Recall that each component of the Julia set of an exact annular system is a 2-connected
continuum by Proposition 3.3.

Theorem 3.9. Let g : A — A be an ezact annular system and K be a component of J,.
Let U and V' be the two components of C\K. Then OU =0V = K.

Proof. Assume that each component of A contains at least two components of A (other-
wise we consider g™ for some n > 2 by the definition). Then ||¢’|| > 1 under the hyperbolic
metric of A.

If K is eventually periodic, then K is a quasicircle by Proposition 3.4 and hence the
theorem holds. Now we suppose that K is wandering. Let II be a semi-conjugacy from
g:J, = J, to alinear system o : Z' — 7 defined in Proposition 3.6. Then z = II(K)
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is a wandering point. Thus w(z) is an infinite set by Proposition 3.8. In particular w(z)

contains a point y € Z such that y ¢ 0Z. It follows that there exists a component ™
of 0™™(Z) such that y € I" and I™ is contained in the interior of Z. Hence there exists
an increasing sequence {ny}r>1 of positive integers such that ny — oo as k — oo and
o™ (z) e I'.

Denote by A™ the component of g~™(A) corresponding to the interval ™. Then
A™ € Aand g™ (K) C A™. For any component J of J,, denote by A"(.J) the component
of g7"(A) that contains J . Then we have

g (ATT(K)) = AT (g™ (K)) = A™.
For each annulus W € A, define

width(W) = sup {dW(z, oL W) + dW(z,ﬁ,W)},
zeW

where 0.W denotes the two boundary components of W and dy (z,0.W) denotes the

infimum of the length of arcs connecting z to 0. W in W under the hyperbolic metric of

A.

Pick an annulus Wy bounded by smooth curves such that Wy, € A and A™ C W,.
Then width(Wy) < oo and there exists a constant A > 1 such that ||¢'(2)|| > A > 1 for
every point z € g~ ().

Denote by Wy the component of g~ (W;) that contains K. Then

AT (g (K)) € g™ (W) € A™ (g™ (K)

for 0 < j < k (set ng = 0). Note that A™ " (g™ (K)) C Wy if ny —n; > m. Thus
g (Wy) C Wy if k—j > m. Therefore ||(g™)'(2)|| > A\*=™ for any point z € W}, since the
finite orbit {z,g(2), -+, g™ (2)} passes at least k —m times through the set g—!(Wj)
where ||¢'|| > A and ||¢'|| > 1 always. So

width(W;,) <A™ Fwidth(Wy).

Hence width(W}) — 0 as k — oo.

Clearly OU U 90V C K. In order to prove that OU = 0V = K we only need to show
that K C OU by symmetry. Otherwise, assume z € K\OU. Then the spherical distance
d(z,0U) > 0. Label the boundary components of W} by d.:W}, such that 0, W, C U.
Then d(z,0,Wy) > d(z,0U) > 0. Note that there exists a constant M > 0 such that
dw, (z,0:Wy) > M - d(z,04Wy) for all k > 0. Therefore

Wldth(Wk) > de(Z,a+Wk) > M - dU(z,ﬁiU) > 0.

This contradicts the fact that width(W}) — 0 as k — oc. O

3.4 Local connectivity

In the appendix we will give an example constructed by X. Buff showing that an exact
annular system may have a non-locally connected wandering Julia component. The next
theorem gives a sufficient condition about the local connectivity of wandering components.
The idea of the proof comes from [26].
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Theorem 3.10. Let g : A — A be an exact annular system. Suppose that g is expanding,

i.e. there exists a smooth metric p on A and a constant X > 1 such that ||¢'|| > X\. Then
every component of J, is a Jordan curve.

Proof. Pick a pre-periodic component of 7, in each component of A and denote by I'y
the collection of them. It is a multicurve consisting of quasicircles. Denote by I',, the
collection of curves in g~"(I'g). Then for any curve v € I';, and any curve g € I';, with
m # n, either they are disjoint or one coincides with another.

For each curve 8 € I'y, there is a unique curve v € Iy such that 5 and ~ are contained
in the same component of A. If 3 # ~, there is a homotopy ®5 : S* x [0,1] — A from
v to 8 such that ¢ := ®4(+,t) is a homeomorphism for any ¢ € [0, 1], and in particular,
do(SY) = 7, ¢1(SY) = B and ¢;(S?) is a curve between 3 and . If 8 = ~, define
Ps(-,t) : S — B to be a homeomorphism independent on t.

Define the homotopic length of a path ¢ : [0,1] — A by

h-length(d) = inf {length of a under metric p},

where the infimum is taken over all the path « in A connecting §(0) to §(1) and homotopic
to 0. Then |

h-length(d) < 3 h-length(d)
for any lift 0 of 6 under the map g since ||¢'|| > \.

For each 8 € T'; and any s € S, ®4(s, ) maps the interval [0,1] to a path g ; in the
closed annulus ®4(S* x [0, 1]) which connects two points in each of its boundary. So there
is a constant C' > 0 such that h-length(ds 5) < C for each B € I'; and any s € S*.

For each wandering component K of J,, let c,, be the unique curve of I', with «,, C
A"(K). Then ¢"(ay,) € I'g and B := g"(an41) € I'y are contained in the same component
of A. Now the homotopy @4 from g™ () to 5 defined above can be lifted to an homotopy
from «, to any1, denote it by ¥, : St x [0,1] — A"(K), by the following commutative

diagram:
Y

St x [0,1] AY(K)

A B

S % [0,1] == 9" (A"(K),

where d = deg(g|an(x)) and Py(s,t) = (s%,t), i.e. P(-,t) is a covering of S* with degree
d. Set ¢, = U,(-,t). It is a homeomorphism for any ¢t € [0,1], and in particular,
Uno(SY) = a,, and ¢, 1(S) = a,, 1. For any s € S, ¥,,(s,¢)(S!) is a path connecting a
point in «,, with a point in «,,.; whose homotopic length is less than C'A\™".

These isotopies ¥,, can be pasted together to a continuous map ¥ : S* x [0,00) — A
as the following:

( Uy(s, t) on S' x [0,1]
\I’1<¢f,é o o(s), t — 1) on St x [1,2]

U(s,t) =

\I’n<¢;(1)0¢n71,1 o-~-owié o p1(s), t—n) on S x [n,n+ 1]
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Set h; = W(-,t). Then h,(S') = a,. For each s € S! and any integers m > n > 0, the

homotopic length of the path (s(n,m) := {U(s,t) : n <t < m} satisfies:

—n 1-m
h-length (Cs(n,m)) SOV O S
Note that the two endpoints of (s(n,m) are h,(s) € a, and h,,(s) € a,,. The above
inequality shows that {h,} is a Cauchy sequence and hence converges uniformly to a
continuous map h. Since o, C A"(K), we have h(S') C ,.,; A"(K) = K. Note that
h(S") separates the two components of C\ K. Thus h(S') = K by Theorem 3.9. Therefore
K is locally connected and hence is a Jordan curve. O]

4 From multicurves to annular systems

We will prove Theorem 1.1 in this section. We were unable to prove this theorem directly.
Instead we will take a detour to the space of branched coverings of the sphere. We will
first modify topologically the rational map f to a branched covering F' in its Thurston
equivalence class such that F' has a topological exact annular system. We then apply a
theorem of Rees and Shishikura (refer to Theorem A.1 in the appendix) to obtain a semi-
conjugacy from F' to f. Finally we show that the existence of an exact annular system is
preserved under the semi-conjugacy.

Proof of Theorem 1.1. Step 1. Topological modification. Let f be a post-critically
rational map with a Cantor multicurve I'. There exists a multi-annulus € C C\P; homo-
topic to I' rel P such that its boundary € is a disjoint union of Jordan curves in @\Pf.
Let €* be the union of all the components of f~!(€) which are homotopic to curves in T
rel P¢. Then for each v € I, there is at least one component of € homotopic to 7 rel Py
since I is pre-stable.

For each 7 € T', denote by €*(v) the smallest annulus containing all the components
of €* which are homotopic to 7 rel Py. Then its boundary are two Jordan curves in @\,Pf
homotopic to vy rel Py. Set €(I") = U,er@*(7y). There exist a neighborhood U of Py and
a homeomorphism 6, of C such that 6, is isotopic to the identity rel U and 6,(€) = €*(T).

Set F := f o6y and ¢! := 6, (¢*), then P = P; and F is Thurston equivalent to f
via the pair (6p,1d). Moreover, the restriction Flg : €' — € is a topological exact annular
system.

Step 2. Semi-conjugacy. By Theorem A.1, there exist a neighborhood V' of the
critical cycles of F' and a sequence {¢,} (n > 1) of homeomorphisms of C isotopic to the
identity rel PrUV such that fo¢, = ¢,_10F and the sequence {¢,} converges uniformly
to a continuous onto map h of C and foh=hoF.

Step 3. Survival of the annular system. This is the main step. Define
T={we C: h~*(w) crosses some component of €},

here we say a continuum FE crosses an annulus C if F intersects the both boundary
components of C. Then 7" C J; by Theorem A.1 (3). It is easy to see that T is closed.

Lemma 4.1. The set T is empty.
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This lemma is crucial. Here the property of Cantor multicurves is essential. It is

not true for the equator curve in a mating of polynomials. We prove at first a purely
topological result.

Lemma 4.2. Let I' =y U--- U7y, be a finite disjoint union of Jordan curves on C and
L c C be a compact subset. Then for any Jordan domain D containing L, there is an
integer N > 0 such that for any two distinct points z1, 2o € L, there exists a Jordan arc
d in D connecting z, with zo such that #(6 NT) < N.

Proof. Set
A ={a: «ais a component of I' N D such that « N L # 0}.

Then N := #A < oo. In fact, let v : S* x {1,--- ,;n} — I' be a homeomorphism. Then
v HT' N L) is a compact subset, which is covered by the open intervals {y~!(a), a € A}.
Therefore A is finite.

For any two distinct points zq, 2o € L, set

A(z1,22) ={a € A1 «UOID separates z; from z5}.

There exists a Jordan arc 0 C D connecting z; with z5 such that J intersects each o €
A(z1, 22) on a single point and disjoint from other components of I' M D. So #(d NT") <
#A(Zl, ZQ) < N. ]

Proof of Lemma 4.1. Assume T # () by contradiction. Then f(7T) C T. In fact, suppose
w € T, ie., h™}(w) crosses some component of €, then A~!(w) crosses some component
C' of €. By Theorem A.1 (4), h™'(f(w)) = F(h™'(w)). So h='(f(w)) crosses F(C!)
which is a component of €, so f(w) € T. Set To =[50 f™(T). Then T is a non-empty
closed set and f(T) = Tw. -

Pick one point wy € Ti. Since f(T) = Tw, there exists a sequence of points {wy, }n>o
in T, such that f(w,11) = w, (i.e. Ty contains a backward orbit). Either w, is periodic
for all n > 0 or there is an integer ny > 0 such that w, is not periodic for all n > ny.
In the former case all the points w, are not critical points of f since w, € J;. In the
latter case, there exists an integer n; > 0 such that w, are non-critical points of f for
n > ny. So in both cases, we have a sequence of points {wy,},>0 in T\ such that
f(Wni1) = wy.

Set L, = h™'(w,). By Theorem A.1 (4), L, is a component of F~*(L,_;) and there
exists a Jordan domain Dy O Lg such that F™ : D,, — Dg is a homeomorphism for n > 1,
where D,, is the component of F'~"(Dy) containing L,,.

Pick an essential Jordan curve in every components of €. They form a Cantor multic-
urve ['g. By Lemma 4.2, there exists an integer N > 0 such that for any two distinct points
20, 24 € Lo, there is a Jordan arc 6 C Dy connecting zo with z{), such that #(6 N Ty) < N.

On the other hand, since I'y is a Cantor multicurve, there is an integer m > 0 such that
for each component C' of €, there are at least N + 1 components of FF~™(&) contained
essentially in C'. Since L,, crosses a component of €, there exist two distinct points
Zms 20 € Ly, such that F~([y) has at least N + 1 components separating z,, from z/.

Now F"™(zp,), F™(z!)) € Lo. So there exists a Jordan arc § C Dy connecting F(z,,)
with F™(z] ) such that #(0 NTy) < N. Let §,, be the component of F~™(§) connecting
Zm with 2/ . Then

#(0m N F" (o)) < N
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since F™ : 0,, — 0 is a homeomorphism. This contradicts the fact that =™ () has at

least N + 1 components separating z,, from z;,. O

Corollary 4.3. For any n > 0 and any distinct components Ey, Ey of @\F‘"(C), h(Ey)
is disjoint from h(Es).

Proof. E; and E, are separated by a component A of F~"(€). If h(Ey) Nh(Es) # 0, pick
a point w € h(E;) N h(Ey), then A~ (w) crosses A. So F*"(h™'(w)) = h™(f™(w)) crosses
F™(A) by Theorem A.1 (4). This contradicts Lemma 4.1. O

Construction of the multi-annulus A. Denote by E = h=*(h(E)) for any subset
E c C. Then E is also a continuum if E is a continuum by Theorem A.1 (5).

Denote by € = C\€. Then F~Y(€) = FjE) by Theorem A.1 (7). Thus if E' is a
component of F~1(&), then Elisa component, of Ffl(g) by Corollary 4.3.

For any two disjoint continua F;, Fy C @, we denote by A(Ej, Ey) the unique annular
component of @\(El UFj,). For each component C of €, there are two distinct components
E,,E_ of € such that C = A(E,, E_). Define C := A(E+, E_) It is an annulus contained
essentially in C' by Corollary 4.3. We claim that the following statements hold:

(a) hL(h(C)) = C.

(b) C N E =0 for any subset E C C with ENC = 0.

(¢) h(C) is an annulus homotopic to C' rel Py.

Proof. (a) For any point z € C, if h™'(h(z)) is not contained in C, then it must
intersect £, U E_. So 2z € E+ UE_. This is a contradiction.

(b) If z € CNE, then h-(h(z)) C C and hence is disjoint from E. It contradicts the
condition that z € E.

(c) Let Q4,Q_ be the two components of @\5 Then both @+ and @ are disjoint
from C by (b). Moreover, they are also disjoint from each other since i~ L(h(z)) does not
cross C' for any point z € C by Lemma 4.1. So C\h( ) has exactly two components,

h(Qy) and h(Q_). Therefore h(C) is an annulus. Since h is homotopic to the identity rel
Py, the annulus h(C) is homotopic to C' rel Py. O

Now let € be the union of C for all the components C' of €. Then &; C € and it
is a multi-annulus homotopic to I' rel P;. Set A to be the union of h(C) for all the

components C of €. Since h(C}) is disjoint from h(Cs) for distinct components Cy, Cy of
¢ by (b), A is a multi-annulus and homotopic to I' rel P by (c). Moreover, A is disjoint
from a neighborhood of critical cycles of f since h is the identity in a neighborhood of
critical cycles of f.

Construction of A!. For each component C! of ¢!, there are two distinct components
EL, E! of F71(€) such that C' = A(EY, E'). Define Cl = A(EL, El) as above. It is an
annulus essentially contained in C'. Moreover, the following statements hold:

(a1) A~} (R(CY)) = C™.

(b1) C'NE =0 for any subset £ C C with E N Cl =

(c1) h(Cl) is an annulus homotopic to C" rel Py.

Set @7 to be the union of C for all the components O of 1. Set A! to be the union
of h(C’l) for all the components C! of €. Then it is a multi-annulus essentially contained

in A.
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Invariance of A. Note that each component of € is a Component of (C\é’ and each

component of €1 is a component of C\F (&) = C\F 1(&). So F : ¢l — € is proper.
Since € = h=1(A) and ¢l = h=1(AY), the map f: A' — A is also proper.

For any component E of £, there is a unique component E' of F~(£) such that
OF C OE". Moreover, E* C E and E\E" is a disjoint union of Jordan domains in E. We
claim that E\E El\E

Since &/ O E*', we have E S El. On the other hand, any component D of (@\E is
a Jordan domain. Assume z € E N D, then h=(h(z)) is a full continuum intersecting
OE by Theorem A.1 (3). Thus h™'(h(z)) intersects OE!. Therefore z € E' and hence
E\ECE 1\E The claim is proved.

By the claim, ¢! C € and each component of O is a component of 9¢l. Hence A' ¢ A

and each component of A for any component A of A is a component of JA! for some
component A of A in A. So f: A' — A is an exact annular system.

Step 4. Uniqueness of A. Suppose that f : Al — A; is another exact annular
system such that A; is homotopic to I' rel P;. Pick an essential Jordan curve in every
components of A and A;, respectively. They form two multicurves I'y C A and I'y C A;.
Both of them are homotopic to I' rel P;. So there exist a neighborhood U of the critical
cycles of f and a homeomorphism 6, of C such that 0o(Ty) = T'; and 6y is isotopic to the
identity rel Py UU. By Theorem A.1, there exist a neighborhood V' of the critical cycles
of f and a sequence {0,} (n > 1) of homeomorphisms of C isotopic to the identity rel
PyUV, such that fo#6, =0,_; o f. Moreover, {6, } converges uniformly to a continuous
map h of C.

It is easy to see that h is the identity in the Fatou set of f. On the other hand, A is
also the identity on the Julia set J; since the closure of U,,>of~"(Py) contains J; and 6,
is the identity on f~"(Ps). So {6,} converges uniformly to the identity.

For each component A of A, set A(n,I'y) to be the closed annulus bounded by two
curves in AN (f|41)7™(Ty) such that AN (f|a1)™(To) C A(n,Ty). Then 6,(A(n,Ty)) C
A,y since 6,(f"(T'0)) = f~™(I'1). By Proposition 3.2, for any compact set G C A,
G C A(n,Ty) as n is large enough. So A C A; since {0,} converges uniformly to the
identity. It follows that A C A;. By symmetry, we have A = A;.

Step 5. Properties of 7,. We want to prove that J, C J;. Assume by contradiction
that there is a point z € J,\Jr. Then {f"(z)},>0 converges to a super-attracting cycle
of f asn — oo. But f*(2) € ¢"(J,) C J,- Thus A contains a critical cycle. This is a
contradiction since A is disjoint from a neighborhood of critical cycles.

There is a singular conformal metric p on C where the singularities may occur at Py
such that f is strictly expanding on (((Aj, p) except in a neighborhood of super-attracting
cycles (e.g., the hyperbolic metric on the orbifold of f, refer to [10, 34, 36]). Applying
Theorem 3.10, we see that every component of J, is a Jordan curve. In particular, there
exists a wandering Jordan curve on [J, by Corollary 3.7. O

5 Decompositions and renormalizations

We will prove Theorem 1.3 in this section. At first, we want to introduce the definition
of rational-like maps and prove a straightening theorem.
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5.1 Rational-like maps

Definition 3. Let U € V' be two finitely-connected domains in C. A map g: U —V 1s
called a rational-like map if

(1) g is holomorphic and proper with degg > 2,

(2) the orbit of every critical point of g (if any) stays in U, and

(3) each component of @\U contains at most one component of @\V

The filled Julia set of g is defined by

We say that a rational-like map g : U — V is a renormalization of a rational map
fif g = fP|u for some integer p > 1 and deg g < deg fP.

Figure 1. A rational-like map.

Remark. A rational-like map here is actually a repelling system of constant com-
plexity in [8].

Proposition 5.1. Let g : Uy — Uy be a rational-like map. Then g=™(Uy) is connected for
any n > 1. The filled Julia set K, is a continuum.

Proof. Pick a domain V; € U, such that every component of ((Aj\VO contains exactly
one component of @\UO, U, € Vy and every component of 9V is a Jordan curve. Set
Vi =g Y(Vp). Then V; € Vj, every component of @\Vl contains at most one component
of @\VO and each component of 0V; is a Jordan curve.

Since every component of (@\Vl contains at most one component of @\VO, each com-
ponent W of V;\ V] is either a disk or an annulus. In the latter case, one of the component
of the boundary 0W is a component of the boundary 0V; and the other is a component
of the boundary 0V;.

Denote by V,, = ¢g7"(Vp) for n > 1. Then V,,.; € V,, for n > 1. Since all the critical
orbits of g stay in U; and thus in K4, each component W of \/1\72 is also either a disk or
an annulus. In the latter case, one of the component of OW is a component of 0V; and
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the other is a component of 9V,. Therefore, V; is also connected and every component

of @\Vg contains at most one component of C\Vj. Inductively, we have that V4 is
connected and every component of C\V,,,; contains at most one component of C\V,,. Tt
follows that I, is a connected compact set. O

Similar to Douady-Hubbard’s polynomial-like map theory [11], we may have a straight-
ening theorem for rational-like maps with a slightly different proof.

Theorem 5.2. Let g : U — V be a rational-like map, then there is a rational map f with
deg f = deg g and a quasiconformal map ¢ Of@ such that:

(a) fo¢p=¢ogin a neighborhood of Ky,

(b) the complex dilatation pis of ¢ satisfying ps(z) =0 for a.e. z € Iy,

(c) Ty = 96(K,), and

(d) each component of C\p(IC,) contains at most one point of Py.

Moreover, the rational map f is unique up to holomorphic conjugation.

Proof. Pick a domain V; € V such that every component of @\Vl contains exactly one
component of @\V, U € Vi and every component of 0V; is a quasicircle. Then U; :=
g ' (V1) € V4, every component of C\U; contains at most one component of C\V; and
each component of QU is a quasicircle. R

Let E1,---, E,, be the components of £ := C\V;. Let By,---, B, be the components
of B := @\71 such that B; D E; for 1 < i < m. Then £ € B. Define a map 7 on the
index set by 7(i) = j if g(0B;) = 0.

Let D; C C (i = 1,---,n) be round disks centered at a; with unit radius such that
their closures are pairwise disjoint. Denote their union by D. Define a map ¢ on D by

Q(z) =r(z — az‘)di + a4, 2z € Dy,

where 0 < r < 1 is a constant and d; = deg(glog,). Then Q(D;) € D.(;y. Denote by
D.(r) := Q(D;) and D(r) = Q(D).

Let ¢ : € — D(r) be a conformal map such that ¢(E;) = D;(r). It can be extended to a
quasiconformal map in a neighborhood of £ since the components of £ are quasidisks with
pairwise disjoint closures. Since @ : 9D — 9D(r) and g : OB — O are coverings with
same degrees on corresponding components, there is a homeomorphism ¢, : 9B — 9D
such that ¥ o g = Q o ;.

Since each component of 0B is a quasicircle, the conformal map ¢ : € — D(r) can be
extended to a homeomorphism ¢ : B — D such that 1|5 = 11 and 9 is quasiconformal
on B. Define a map

on Uy,

) -

G = { P loQo1 on B.

Then G is a quasiregular branched covering of C. Set O := v '{ay, -+ ,a,}). Then
G(O) C O and Ps\K, C O

since no critical point of g escapes. Moreover, for each point z € @\ng, its forward orbit
{G™(2)} converges to the invariant set O.

By Measurable Riemann Mapping Theorem, there is a quasiconformal map ® of C such
that its complex dilatation satisfies g = 0 on Uy and pug = puy on B. Set F':= PoGod ™.
Then F is holomorphic in the interior of ®(g~(U;) U E).
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For any orbit {F™(2)},>0, if z is not contained in the interior of ®(¢~!(U;) U ), then

z is contained in either ®(U;)\® o g~1(U;) or the closure of ®(B)\®(£). In the latter
case, F(z) € ®(€) and thus F?(z) is contained in the interior of ®(£). In the former case,
F(z) € ®(B)\®(€) and thus F?3(z) is contained in the interior of ®(&). Thus F"(z) is
contained in the interior of ®(€) for n > 3 in both cases. This shows that every orbit of F
passes through the closure of @\fb(g_l (U1)UE) at most three times. Applying Shishikura’s
Surgery Principle (see Lemma 15 in [1]), there is quasiconformal map ®; : C — C such
that f = @, 0o F o &' is a rational map. Moreover, g, (z) = 0 for a.e. z € (K,). Set
¢ =®;0®. Then fop =¢ogon U and py(z) =0 for a.e. z € K.

For a compact set £ C @\gb(ng), its forward orbit { f"(F)} converges to the invariant
set ¢(O) C Fy. Moreover, Pi\od(K,) C ¢(O). So @\gb(/Cg) C Fy. Since ¢(K,) is
completely invariant under f, we have 0¢(IC,) = J.

If there is another rational map f; satisfying the conditions of the theorem, then there
is a quasiconformal map 6 of C such that f; o6 =6 o f in a neighborhood of ¢(K,) and
po(z) =0 for a.e. z € ¢(KC,).

Let W be a periodic Fatou domain of f in @\gb(ng) with period p > 1. Then W
is simply-connected and contains exactly one point 2y € Py, which is a super-attracting
periodic point. Therefore there is a conformal map n from W onto the unit disc D such
that 7(z) = 0 and no fP oy~ '(z) = 2% with d = deg,, f» > 1. On the other hand, let
z1 € (W) be the the super-attracting periodic point of f;, then there is a conformal map
m : O(W) — D such that 7;(z;) = 0 and 1y o f oy '(2) = 2% Therefore

mofofr ol onl(:) = 2

in a neighborhood of 9D in D. This shows that 7' =7, 0§ o ™! is a rotation on 9D (see
the commutative diagram below).

Let Oy = ' oT on. Then Oy : W — 0(W) is holomorphic, fy = 6 on the boundary
OW and f1 06y =0y o f.

__ Define 6 : C - C by ©¢ = Oy on all the super-attracting Fatou domains of f in
C\o(K,), and ©g = 6 otherwise. Then O is a quasiconformal map and @Oo f = fi06q on
the union of ¢(K,) and all the super-attracting Fatou domains of f in (C\gb( ). Pullback
O, we get a sequence of quasiconformal maps O, : C — C such that Ogo f" = fl' 0O,
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in particular, the following diagram commutes.

/ n
c—= .C
/ i
C—>2 ~C
/ i
C—2 -G

It is easy to check that ©, converges uniformly to a holomorphic conjugacy from f to
J1- [

5.2 Renormalizations

Let f be a post-critically rational map with a stable Cantor multicurve I'. By Theorem
1.1, there is a unique multi-annulus A C C\P; homotopic rel Py to I' such that g =
fla : A = A is an exact annular system, where A! is the union of the components of
/7' (A) homotopic rel Py to curves in I'. Moreover, J, C J; and each component of J,
is a Jordan curve. Denote by

J(T) = U f_n(jg)'

n>1

Since ¢g~1(J,) = J,, we have J, C f~(J,), each component of 7, is also a component of
f71(J,) and each component of f~1(J,) is a Jordan curve. Consequently, f~H(J(I")) =
J(I') and each component of J(I') is a Jordan curve. By the definition of 7,, we have:

Jm = N .

n>1m>n

Denote by K(I') = C\J(T"). It is completely invariant and

Kr) = U@\ ).

n>1m>n

Since A C 9f!(A), we have
Af "HA) c of (A) C K(T') for n > 1.

Recall that a connected subset E C C is of simple type (w.r.t. Py) if there exists
either a simply-connected domain U C C such that E C U and U contains at most one
point in Py, or an annulus A C (/C\\Pf such that £ C A; and is of complex type (w.r.t. Py)
otherwise. Since f(Py) C Py, for each simple type continuum E C ((A:, each component of
f7Y(E) is also simple type.

Set B° = @\A It has #I" + 1 components and each of them is of complex type. For
each component B of BY and any component A of f~"(A) with n > 1, either AN B =)
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or A C B since 04, C dA,.1. In the latter case, the essential Jordan curves in A is

either null-homotopic or peripheral since I' is stable. Thus for each n > 1, B\ f7"(A) has
exactly one complex type component. R

Denote by B" the union of complex type components of C\ f~"(A) for n > 1. Then
B™ C B" ! and it also has exactly #I'+1 components since each component of A\ f~"(.A)
is of simple type. Obviously, each component of B" is also a component of f~(B"1).

Denote by
K.=()B"

n>0

Then IC. is compact and has exactly #I'+ 1 components which are of complex type. Each
of its components is also a component of f~!(K.). It is easy to verify that K. C K(T")
and each component of K. is also a component of IC(I').

Each component of @\ICC is either a component of A or a simply-connected domain
contains at most one point of Ps. Therefore each component of K(I')\/. is of simple
type. In summary we have:

Proposition 5.3. The compact set K. is the union of complex type components of IC(T).
It has exactly #I + 1 components and each of them is also a component of f~1(KC,.).

By the above result, there exist periodic components in /C..

Theorem 5.4. Let K be a periodic component of K. with period p > 1. There exist
domains U € V in C such that K C U and g = fP|y : U — V is a renormalization of f
with filled Julia set Ky = K.

Proof. Let By,---,B,_1 be the components of @\A such that K C By and fY(K) C B;
for 0 < i < p. Let Aq,---, A, be the components of A whose boundary intersects By. Set

W’:BOUOAi.

=1

It is a finitely-connected domain. Let W] be the component of f~P(W’) containing K.
Then W] C W’ and each component of W/\W/ is either an annulus disjoint from P; or a
disk containing at most one point of Py since I is stable.

Each A; contains exactly one component of W]\ K, denoted by A, which is a compo-
nent of f7?(A) and shares a common boundary component with A;. By relabelling the
index of A;, we may assume that

fP(A]) = Ay, - ,f”(Af;—l) = Ag and fP(Af) = Ay, g = 1.

There is at least one of them, say A;, such that A? C A;. Otherwise AY = A; for 1 <i <gq
and hence f%(A;) = A;. It contradicts the fact that f: A' — A is an annular system.

Assume that A7 C A;. There exists a Jordan curve 7; essentially contained in A; such
that it is disjoint from Af. Let v, be the component of f~7(v;) in A?. Then we can find a
Jordan curve 7, essentially contained in A, such that 4, separates 7, from K. Inductively,
for 2 <i < g, let 4 be the component of f~P(vy;41) in A?, we can find a Jordan curve ;
essentially contained in A; such that 7, separates v; from K. Since 7, is disjoint from A7,
the component of f~7(v,) in A; separates v, from K as well.



24
Do this process for each cycle, we have a Jordan curve -; essentially contained in

each periodic annulus A; such that if fP(AY) = A;, then the component of f~7(v;) in
A; separates ~; from K. If A; is not periodic but A; = fP(A?) is periodic, then there is
always a Jordan curve 7; essentially contained in A; such that the component of f~7(v;)
in A; separates v; from K.

In summary, we have a Jordan curve v; C A; for each A; such that if fP(AY) = Aj,
then the component of f~P(v;) in A? separates v; from K. Let W C W’ be the domain
bounded by the curves ~; defined above. Then W; € W, where W is the component of
f7P(W) containing K, and each component of W\W] is either an annulus disjoint from
Py or a disk containing at most one point of Py.

Let W,, be the component of f~"?(W) containing K for n > 2. Then W,, € W,,_; and
each component of W\W] is either an annulus disjoint from Py, or a disk which contains
at most one point of P;.

Since Py is finite, there is an integer N > 1 such that W, NPy = Wy NPy for n > N.
Set U = Wyy1, V =Wy and g := fP|y : U — V. Then every critical points of g stay
in U. By Proposition 3.1, there is an integer n > 1 such that deg(f™|4) > 2 for all the
components A of A". So we have deg g > 2. Therefore g : U — V is a rational-like map.

Now we want to show that degg < deg fP. Otherwise J; C K,. But we know that
the Julia set of the annular system f : A" — A is contained in J;. This is impossible.
So deg g < deg fP. It follows that ¢ is a renormalization of f. O]

From Theorem 5.2, Theorem 5.4 and Theorem 2.1 in [34], we have:

Corollary 5.5. Let K be a component of KC.. For each component W of @\K, its bound-
ary OW s locally connected.

5.3 Topology of (I

Recall that K. is the union of complex type components of K(I'). Each component of
f~™(K(T)) for n > 1 is also a component of IC(I'). It is either a component of K. or a
simple type continuum which could be:

(a) (disk-type) a compact set contains exactly one point of Py; or

(b) (annular-type) a compact set disjoint from P, but has exactly two complementary
components contains points of Py; or

(c) (trivial-type) a compact set disjoint from P; and has exactly one complementary
components contains points of Py.

For each point x € Pf\K, (if exists), either x ¢ U,>1f~"(K.) or there exists an integer
no(z) > 1 such that f~®(KC,) has a disk-type component containing the point z. In
both cases, there exists an integer ny(x) > 1 such that f~™ @ (k) has an annular-type
component separating the point x from other points in P;. For each component A of A,
there exists an integer no(A) > 1 such that f~"2(4)(K.) has an annular-type component
contained in A essentially. Since Py is finite and A has only finitely many components,
there exists an integer s > 1 such that

no(z) for z € (Ups1f"(K))\K,
s> < ni(z) for x € PA\K,,
na(A)  for each component A of A.
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Figure 2. The components of ..

Denote by K. the union of components of f~*(kK.) which are not trivial-type. Then
f(Ke) C K. Denote by U = @\ICe. Then f~'(U) C U. Tt usually has infinitely many
components except the case that .U A = C. Each component of U is either a simply-
connected domain contains at most one point in Py, or a component of f~*(.A) and hence
is an annulus.

Denote by U,, = f~"(U) for n > 0. Then U,,+1 C U,. Each component of U, is either a
simply-connected domain contains at most one point in Py, or a component of f~"*(A).

Denote by K, = K(I')\ U0 f~"(K.). For each component K of K,, denote by U, (K)
the component of U, that contains K for each n > 0.

Lemma 5.6. For each component K of K, and each n > 0, there exists an integer m > n
such that Uy, (K) € U,(K).

Proof. 1f U, (K) is an annulus, then it is a component of f~"7(A). Pick a point z €
K. From Proposition 3.3 (2), there exist two components A, Ay of f~™ (. A) for some
m > n such that both A; and Ay are contained in U, (K) essentially and the 2-connected
continuum between A; and As, denoted by E, contains the point z. Note that both 0A;
and 0A, are contained in f~™ *(K.). Thus U,,(K) C E and hence U,,(K) € U,(K).
The same argument works when U, (K) is simply-connected. O]

Lemma 5.7. Let K be a component of K, and n > 0 be an integer. If U,(K) is an
annulus, then there exists an integer m > n such that U,,(K) is either simply-connected
or an annulus but is not contained in U, (K) essentially.

Proof. Otherwise, {U,,(K)} are all annuli and U,,+1(K) is contained in U, (K) essentially
for all m > n. Then N,,>oU,(K) is a component of J(I'). Contradiction. O

Let K be a component of .. By Lemma 5.7, we know that as n is large enough,
either U, (K) is simply-connected, or U, (K) is an annulus and one component £, (K) of
C\U,(K) contains at most one point of Ps. Denote by V,(K) = U,(K) U E,(K) in the
case or V,,(K) = U,(K) otherwise. Then V,,(K) is a simply-connected domain contains at
most one point of Py as n is large enough and V,, 1 (K) C V,,(K) for all n > 0. Moreover,



26
for each integer n > 0, there exists an integer m > n such that V,,,(K) C U,(K). Thus

N0V (K) = Np=oU, (K) and it is disjoint from U,>of " (K.) and J(I'). Thus we have

K = () Uu(K) =[] ValK).

n>0 n>0
Corollary 5.8. Each component of KC(I') is compact.

Proposition 5.9. Let K be a periodic component of IC.. Then K 1is either a single point
or the closure of a quasi-disk, which is a periodic Fatou domain of f.

Proof. Let K be a periodic component of K. with period p > 1. Then as n is large enough,
Vo (K) is simply-connected and f? : V4, (K) — V,,(K) is proper with at most one critical
point. Moreover V,,.,(K) € V,,(K) by Lemma 5.6. If K contains no super-attracting
periodic points of f, then

deg(fp : Vn+p<K) — Vn(K)) =1

as n is large enough. Thus K is a single point. Otherwise f? : V,;,(K) — V,(K) is
a polynomial-like map and K is the closure of a quasi-disk, which is a periodic Fatou
domain of f. O]

The set U can be decomposed into & = D UG LI'R by the following:

(1) D consists of simply-connected components of & which are disjoint from P (hence
are components of ).

(2) G consists of simply-connected components of & which contains exactly one point
of Pf.

(3) R consists of annular components of U (each of them is component of f~%(.A)
which is either contained essentially in A or peripheral around a point x € Py\K,, i.e. it
separates the point  from other points of Py).

Obviously, both G and R have only finitely many components, but D either is empty
or has infinitely many points.

Lemma 5.10. For each component G of G, f~1(G)NR =0 and G contains exactly one
component of f~1(G).

Proof. Assume that f~'(G) has a component W C R, then G = f(W) C f~*T!(A). But
f75t(A) is disjoint from Py. Contradiction.

Denote by x be the unique point of PyNG. Then f(z) is also contained in a component
G, of G. Thus f~!(G;) has a component in G.

Let Wi be the component of C\K. that contains f(z). Let Wy be the component of
f~Y(W}) that contains the point . Then G C Wjy. Since W, contains a unique point in
f71(P}), so does G. Therefore G contains exactly one component of f~1(G). O]

Split the set D into D = D' U D" by their components according to whether or not
they intersect f~1(P;UR). Since f~*(U) C U and R has only finitely many components,
we know that D’ has only finitely many components.

Lemma 5.11. Let K be a wandering component of KC(I'). There exists an integer n > 0
such that f"(K) C D'.
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Proof. At first, we claim that there exists an integer m > 0 such that f™(K) C D.

Assume by contradiction that f*(K) C RUG for all n > 0.

Suppose that there exists an integer ny > 0 such that f*(K) C R for all n > ny.
There is a component A of A such that f"0*(K) C A since each component of R is a
component of f~%(A) which is either contained essentially in A or peripheral around a
point x € Py\IC.. On the other hand, there are at least one component of I, contained
in A. Thus each component of A\K, is either a component of D or is contained in
A'. Thus fm™(K) C A' by the assumption. Therefore f"**(K) C A! for all n > ny.
Consequently, K C J(I'). Contradiction.

From the assumption, there exists an integer k > 1 such that f*(K) C G. Then
f*Y(K) c GUD by Lemma 5.10 and hence f*"*(K) C G by the assumption. Therefore
fM(K) C G for all n > 0. It follows that K is eventually periodic by Lemma 5.10. It is a
contradiction. Now the claim is proved.

By the claim, there exists an integer m > 0 and a component W of D such that
f™(K) Cc W. If W is a component of D" then f™(K) C D since W is disjoint from
f7Y(Ps) and f71(R). Assume by contradiction that f**"(K) C D" for all n > 1. Let
W, be the component of D" that contains f™*™(K). Since each of them is a component
of K., we have f(W,) = W,,;. Thus they are either eventually periodic or wandering.
Since OW,, C Jy, the former case is impossible since they are disjoint from P;. The latter
case is also impossible by Sullivan’s no wandering Fatou domain Theorem. O]

Proposition 5.12. Fach wandering component of IC(I') is a single point.
Proof. For each simply-connected domain D C @\Pf, denote by

h-diameter(D) = sup {[y(z,w)],

z,weD

where v(z,w) is an arc in D connecting the points z and w, and ¢[y(z,w)] is the infimum
of the length of arcs in @\Pf under the orbifold metric over all the arcs in @\Pf homotopic
to y(z,w) rel PyU{z, w}.

It is easy to verify that if D is locally connected and disjoint from super-attracting
periodic points of f, then h-diameter(D) < oo.

For each component D of D, D is locally connected by Corollary 5.5 and disjoint from
super-attracting periodic points of f. Thus h-diameter(D) < oo. Therefore there exists
a constant M < oo such that h-diameter(D) < M for each component D of D'.

Since D’ is disjoint from superattracting cycles of f, there exists a constant A > 1 such
that ||f']| > X on f~1(D’) under the orbifold metric.

Let K be a wandering component of .. From Lemma 5.11, there exists an in-
finite increasing sequence {nj} of positive integers such that f™(K) C Dy and Dy
are components of D'. Let Wy be the component of f~" (D) that contains K, then
h-diameter(W)) < MA~*. Thus the diameter of W}, converges to zero as k — oco. It
follows that K is a single point. O]

Proof of Theorem 1.3. Combining Propositions 5.3, 5.9, 5.12 and Theorem 5.4, we obtain
Theorem 1.3. O
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6 Coding the component-wise dynamics

In this section we will prove Theorem 1.4, which is suggested by Pilgrim. At first we give
some definitions.

Definition 4. A dendrite is a locally connected and uniquely arc-wise connected con-
tinuum. Let T C C be a dendrite. A continuous onto map 7 : T — T is called a finite
dendrite map if there exists a finite tree Ty C T such that the following statements hold.

(1) For eachn > 1, T, := 7 "(T}) is also a finite tree with v(T,) = 7~ "(v(Ty)), where
v(+) denotes the set of vertices of a tree.

(2) T, C Tyiq and v(T,) C v(Thy1)-

(3) T is a homeomorphism on each edge of T,,.

(4) Un>oT, is dense in T .

(5) deg T := sup{#7 ! (z), z € T} < .

6.1 The tower of tree maps

Definition 5. By a tower of tree maps we mean an infinite sequence of triples
{Tn, tny Tn }n>0, where T,, are finite trees, iy, : T, — Thi1 are inclusions and 1, © Tpy1 — T,
are continuous onto maps such that:

(1) tn,(V0n) C Vyy1, where V, is the set of vertices of T,;

(2) 7,1 (Vn) = Var; and

(8) the following diagram commutes:

Tn Tn—1 Tn—2 T1 T0
Tn Tn—l : Tl TO
Tn+1 n Tn—1 T2 T1 70
: T T, e 15 T Ty

The degree of the tree map 7, : T,,.1 — T, is defined by

deg T, = sup{#Tn’l(y), yeT,}.

Note that the sequence {deg7,} is increasing. The degree of the tower is defined to be
its limit as n — oo.

A tower of tree maps {7}, tn, T }n>0 is called expanding if there exist a constant
A > 1 and a linear metric on Tp such that (7go¢g) : Ty — Tp is C* under this linear metric
and the norm of its derivative is bigger than A on 7j.

Theorem 6.1. Let {T,,, tn, v }n>0 be an expanding tower of tree maps. Suppose that its
degree is bounded. There exist an expanding finite dendrite map T : T — T and inclusions
in Ty — T for alln >0 such that i, = 1,41 © L, and the following diagram commutes:

I T T, e T T
Wk
T 7— T 7— T . T T T T

Moreover the finite dendrite map 7 : T — T is unique up to topological conjugacy.



29
We will call 7: 7 — T the limit of the tower of tree maps {71}, tn, Tn }n>0-

Proof. Let |- | be an expanding linear metric on Ty, i.e. there exists a constant A > 1 such
that |(m00¢0)'| > A on Tp. Define a metric on ¢o(7p) C 77 such that ¢ is an isometry and a
metric on 77\ to(7p) such that the norm of the derivative of 7 is a constant A > max{\, d},
where d is the degree of the tower. Then we get a metric on 77 such that ¢y is an isometry
and A; > |7)| > A on Th.

Inductively, we can define a metric on each T, with n > 1 such that ¢,,_; is an isometry
and A\ > |7/ _1| > X on T,,.

Denote by S the space consisting of left infinite sequences (- - - ,t1,ty) with ¢, € Ty
for some integer k& > 0, such that for any n > 0, if ¢, € T}, 4, then t, 11 = t,1%(t,). Define
an equivalent relation on S by

( 7817807) ~ ( 7t17t0)

if there exists an integer & such that s, = t,4x whenever n,n +k > 0. Let S be the
quotient space S/~. For each point (- -- ,t1,tg) in S, we denote by [- - - , t1, o] representing
its equivalence class in S. Since ¢, is an isometry, there exists a metric p on S such that
the inclusion ¢, : T, — S defined by:

in(t) = [ g1 0 tn(t), tn(t),1]

is an isometry. Clearly, 4,11 0 ¢, =i, on T,.

Since 7, 0 t,, = t,_1 © T,—1 on T, there exists a continuous onto map 7 : § — S such
that 7 04, =i,_1 0 7,_1 on T,,. Moreover A\; > |7/| > A.

Since A; > d, S is bounded. Let 7 be the completion of S. Then it is a dendrite. The
map 7 can be extended to be a continuous onto map on 7 since 7 is uniformly continuous.

The proof of the uniqueness of 7: 7 — T is direct. O

6.2 Coding the quotient action

Let f be a post-critically finite rational map with a stable Cantor multicurve I". We want
to define a tower of tree maps from f and construct a semi-conjugacy from f to its limit.
Denote by I',, the collection of the curves in f~"(I') for n > 0. Then each curve in I,
is essential in @\f‘"(Pf) and no two of them are homotopic in @\f‘”(Pf).
For each curve v € T',,, denote by I',11(7y) the curves in I',;; homotopic to v rel
f7"(Py). Since I' is pre-stable and stable, the next lemma is easy to check:

Lemma 6.2. For each curve v € Ty, Tpi1(y) # 0 and any curve in Ty \Iyi1(y) does
not separate curves in I'y1(7y). Moreover, for any two curves v; and o in 'y, if there is
no curve in Iy, separating v1 from v, then each curve in Uy \(T'ni1(71) Ul 41(72)) does
not separate curves in Uyyq(71) UL 1(72).

Dual trees. For any n > 0, let T}, be the dual tree of I', defined by the following:
There is a bijection between vertices of T,, and components of C\I',. Two vertices are
connected by an edge if their corresponding components of @\Fn have a common boundary
component, which is a curve in I',. Thus there is a bijection between edges of 7T, and
curves in I',. Denote by e, the edge of T, corresponding to the curve v € I',,.
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Inclusion maps. The homotopy rel f~"(Py) induces an inclusion ¢, : T, — 1,41 by

the following: For each curve v € I',,, define

Ly @ €y —> U eg U {common endpoints of eg}
BETn41(7)

to be a homeomorphism such that it preserves the orientation induced by a choice of
orientations on these curves.

By the definition, ¢, is continuous on each edge. The continuity of ¢, at vertices
comes from Lemma 6.2. The injectivity comes from the fact that no two curves in I';, are
homotopic rel f~"(Py).

Induced tree maps. Given any n > 0. A continuous map 7 : T,,,1 — T}, is called
an induced tree map if for each edge e, of 7,1, corresponding to a curve v € I'y 4y,
T : €y —> €f(y) is a homeomorphism such that it preserves the orientation induced by the
map f: v — f(y). It is easy to check that induced tree maps always exist.

Lemma 6.3. There exists a linear metric py on the tree 11 and an induced tree map
7o : Ty — Ty such that 1o o 19 is linear on each edge of Ty and |(to o 10)'| > A for some
constant A > 1.

Proof. Let {e1,--- ,e,} be the edges of Ty. Let M = (b;;) be the reduced transition matrix
of I' defined in §2. Then its leading eigenvalue A\g > 1 by Lemma 2.4 since I' is a Cantor
multicurve. Thus there exist a constant A € (1, \o) and a positive eigenvector v = (v(e;))
such that Mv > Av by Lemma A.1 in [8]. Define a linear metric p; on 7; such that for
each edge e of T1, it has length v(75(e)). Then the length of ¢y(e;) is:

|L0(6i)| = wa U(@j) > )\U(ei).

J

Define 1y : 77 — Tj to be an induced tree map such that ¢y o 7 is linear on each edge of
T,. Then |(L0 OT())/| > A ]

There exists an induced tree map 7 : Ty — T} such that 74 01 = 19 o 79 on Tj.
Inductively, for each n > 2, there exists an induced tree map 7,1 : T, — T,,_1 such that
Tp-10tn—1 = lp—20Tp—o 00 T,,_y. Then {T,,, tn, T, }n>0 is an expanding tower of tree maps
with degree deg7, < deg f. We call it the induced tower of tree maps of f with
respect to the multicurve I'.

Denote by 7¢ : T(I') — T(I') the limit of the induced tower of tree maps of f with
respect to the multicurve I'. Then it is an expanding finite dendrite map by Theorem 6.1.
The next theorem is a more precise version of Theorem 1.4.

Theorem 6.4. Let f be a post-critically rational map with a stable Cantor multicurve T.
There exist an expanding finite dendrite map 75 : T(I') = T(I') and a continuous onto
map O : C— T(I') such that T;0© = ©o f. Moreover, for each pointt € T(I'), the fiber
©7L(t) is a component of either J(T') or K(T).

Proof. Let {T,, tn, Th}n>0 be the induced tower of tree maps of f with respect to I'. We
may identify 7,, with i,(7,,) C T(I') by Theorem 6.1. Then 7,, = 74. Let Z C T} be the
union of open edges of T} contained in Tj. Let o be the restriction of 74 on Z. Then o
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is an expanding linear system. So J, is dense in Z. Let ¢ = f : A' — A be the exact

annular system obtained in Theorem 1.1. There exists a bijection from the components
of A! to the components of Z according to the correspondence from I'; to the edges of T}
and the homotopy rel f~'(P;).

Define a map ©¢ : J, — J, by the itinerary as in Proposition 3.6. It is order-
preserving. Since its image J is dense in Z, it can be extended to a continuous onto map
Oy : C — T, such that each component of (C\.A maps to a vertex of Ty. It is easy to check
that 74 0 ©9 = Og o f on A"

Pullback the map ©q by the above equation, we get a continuous onto map ©; : C— Ti
such that each component of C\ f~*(.A) maps to a vertex of T3 and 740 ©; = ©; 0 f on
FHA). )

Inductively, we get a sequence of continuous maps O, : C — T, such that each
component of C\ f~"(A) maps to a vertex of 7, and 77 00,, = O, 0 f on f7"(A). It is
easy to check that ©, converges uniformly to a continuous onto map O : C — T () as
n — oo and the map © satisfies all the conditions. n

7 Wandering continua

We will prove Theorem 1.2 here.

Definition 6. Let f be a rational map. By a wandering continuum we mean a non-
degenerate continuum K C Jy (i.e. K is a connected compact set consisting of more than
one point) such that f"(K)N f™(K) =10 for any n > m > 0.

A continuum E C @\Pf is called essential if there are exactly two components of
C\E containing points of P and each of them contains at least two points of P;.

Lemma 7.1. Let f be a post-critically finite rational map. Suppose that K C Jr is a
wandering continuum. Then either f™(K) is 1-connected for all m > 0; or there exists an
integer N > 0 such that f"(K) is essential for n > N.

Proof. Set K, = f*(K) for n > 0. Since #P; < oo and K is wandering, we have
K, NPy =0 for all n > 0. Thus if K, is 1-connected, then K, is also 1-connected for
m <n.

Suppose that there is an integer ny > 1 such that K, is not 1-connected, then K, is
not 1-connected for all n > ng. Let p(K,) > 1 be the number of components of C\K,,
containing points of P;. Since K, are pairwise disjoint, there are at most (#Py — 2)
continua K, such that p(K,) > 3. Thus there is an integer n; > ngy such that p(K,) < 2
for all n > n;.

If p(K,) =1 for all n > ny, let K be the union of K, together with the components
of C\K disjoint from Pf, then f : K — Kn+1 is a homeomorphism for n > ny. Since
Ky, is not 1-connected, K, \K,, is non-empty. Let U be a component of K, \K,,. Then
UNPy=0. UNT; # 0, then f(U) D Jy for some m > 1. But f™(U) is a component
of @\Kn1+m- It is a contradiction. So U N Jr = 0. Noticing that OU C K,, C J;, the
simply-connected domain U is exactly a Fatou domain. But OU is wandering. Thus it is
a contradiction since there is no wandering Fatou domain by Sullivan’s theorem (refer to
[24]). Therefore there is an integer ny > ny such that p(K,,) = 2.



32
We claim that p(K,) = 2 for all n > ny. Otherwise, assume that there is an integer

m > ngy such that p(K,,) = 1, then there is a disk D containing K,, such that DNP; = 0.
Let D,, be the component of f*~™(D) containing K, for no < n < m. Then D, is disjoint
from P;. So p(K,) =1 for ny <n < m. This contradicts p(K,,) = 2.

We may assume #P; > 3 (otherwise f is conjugate to the map z — z*% and hence has
no wandering continuum), then f has at most one exceptional point. If there is an integer
m > ngy such that @\Km has a component containing exactly one Py point, then there is
a disk D D K,, such that D contains exactly one Py point. Let D,, be the component of
fm"™(D) containing K,, for no < n < m. Then D, is simply-connected and contains at
most one point of P;. Thus @\Kn has a component containing exactly one P; point for
ny < n < m. Therefore either there exists an integer N > ny such that for n > N, f"(K)
is essential, or ((A:\ f™(K) has a component containing exactly one P, point for all n > ns.

In the latter case, denote by U the component of ((E\Kn2 containing exactly one Py
point. If U N J; # 0, then there is an integer & > 0 such that C\f*(U) contains at most
one point (an exceptional point). On the other hand, there is a disk D O K, such
that D contains exactly one P; point. Let D,, be the component of f~*(D) containing
K,,. Then D, is simply-connected and contains at most one point of Py. Thus U C D,,.
Therefore f*(U) C D and hence @\D C @\ f5(U) contains at most one point. This
contradicts #Py > 3. So U is disjoint from Jy and hence is a simply-connected Fatou
domain. This again contradicts Sullivan’s no wandering Fatou domain theorem. [

Lemma 7.2. Suppose that K C J; is a wandering continuum and is not 1-connected.
There is a multicurve I'i such that:

(1) for each curve 7 in Uk, there are infinitely many continua f"(K) homotopic to ~y
rel Py, and

(2) there is an integer N1 > 0 such that for n > Ny, f"(K) is essential and homotopic
rel Py to a curve in I'k.

Proof. By Lemma 7.1, there is an integer N > 0 such that f"(K) is essential for n > N.
Since the f™(K) are pairwise disjoint, for any integer m > N, we may choose an essential
Jordan curve 3, in @\Pf for N < n < m such that they are pairwise disjoint and f"(K)
is homotopic to 3, rel Py. Let I',, be the collection of these curves. Let I, c T, bea
multicurve such that each curve in T, is homotopic to a curve in T,,. Then each curve
in T, is homotopic to a curve in Fm+1 This implies that #I,, is increasing and hence
there is an integer mo > N such that #L,, is a constant for m > myq since any multicurve
contains at most #Py — 3 curves. Therefore each curve in I',i1 is homotopic to a curve
in T,,, for m > mg. This shows that the multicurves I',, are homotopic to each other for
all m > my.

Let T C Iy, be the sub-collection consisting of curves v € T',,, such that there
are infinitely many f”(K) homotopic to v rel P;. Then it is non-empty and hence is a
multicurve. Obviously, 'k is uniquely determined by K and there is an integer N; > 0
such that for n > Ny, f"(K) is essential and homotopic rel P to a curve in I'k. ]

Lemma 7.3. 'k is an irreducible Cantor multicurve.

Proof. By Lemma 7.2, there exists an integer N; > 0 such that f"(K) for n > Ny is
homotopic to a curve in I'k rel Py. Thus 'k is pre-stable. For any pair (v, ) € ' x Ik,
there are integers ky > k; > Nj such that f¥(K) is homotopic to v and f*2(K) is
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homotopic to a rel P;. Thus f¥7%2(a) has a component ¢ homotopic to vy rel P;. So for

1 < i < ky — ki the curve fi(d) is homotopic rel Py to f¥1+(K) and hence to a curve in
I'k rel Py. This shows that 'k is irreducible.

Now we want to prove that 'y is a Cantor multicurve. We may apply Lemma 2.3
and assume by contradiction that f~1(v) for each v € I'x has exactly one component
homotopic rel Py to a curve in I'k.

Assume N; = 0 for simplicity. Denote by I'x = {70, ,7,—1} such that 7, is homo-
topic to K and 7, is homotopic to a component of f~*(v,41) for 0 < n < p (set v, = 7).
It makes sense since for each v € T'x, f~!(y) has exactly one component homotopic rel
Ps to a curve in I'. Then f"(K) is homotopic to v if n = k(modp).

For n > 0 and £ > 1 denote by A(n,n + kp) the unique annular component of
C\(f"(K)U fr*#(K)). Then f™ : A(n,n+kp) — A(n+m,n+ kp+m) is proper for any
m > 1. This is because that A(n + m,n + kp + m) is disjoint from P; and homotopic to
frm™(K), so f~™(A(n 4+ m,n + kp +m)) has a unique component homotopic to f™(K),
which must be A(n,n + kp).

One may choose (n, k) such that A(n,n + kp) contains points of J;. On the other
hand, f™ is proper on A(n,n + kp) for all m > 1, whose image contains no points of P;.
It is a contradiction. O]

Proof of Theorem 1.2. Suppose that K C J; is a wandering continuum and is not 1-
connected. Then I'k is an irreducible Cantor multicurve by Lemma 7.3. By Lemma 7.2,
there exists an integer N; > 0 such that f™(K) for n > N; is homotopic to a curve in I'
rel Py. We assume N; = 0 for simplicity.

Let £ be the collection of the essential components E of f~™(f"(K)) for n,m > 0
such that f*(E) is homotopic to a curve in T' for 0 < ¢ < m. Then f(FE) € & for any
element F € £, and any two elements in £ are either disjoint or one contains another as
subsets of C.

For each v € 'k, let £() be the sub-collection of continua in € homotopic to ~y rel Py.
We claim that for any continuum E € £(v), there are two disjoint continua F1, Fy € E(7)
such that £ C A(FE1, E»), where A(Ey, E2) denotes the unique annular component of
C\(E; U Ey).

Consider {f"(E)} for 0 <n < 2-#I'x +1. There is a curve € 'k such that at least
three of them are contained in £(f). Numerate them by f™(F) (i = 1,2,3) such that
fm(E) C A(f"(E), f**(F)). Let A be the component of f~"3(A(f™(E), f"2(F))) that
contains £. Then A = A(FE,, Ey) where E; (i = 1,2) is a component of f~"3(f™(E)).
Now the claim is proved.

Denote A(y) = UA(E, E') for all disjoint pairs E, E' € £(vy). Then A(7y) is an annulus
in @\Pf homotopic to v rel Py, and A(y) N A(S) = 0 for distinct curves 3,7 € k.

Denote by A = U,er,A(y) and A' the union of components of f~'(.A) homotopic to
curves in I'. Then A' C A and dA C A" by the claim and the definition of £. So
g = fla : AY = A is an exact annular system. In particular, f*(K) C A and hence
f"(K) c A for all n > 0. So K C J,. Since K is connected, it must be contained in a
component of J, which is a Jordan curve by Theorem 3.10. But K is essential. Therefore
K coincides with the Jordan curve. ]



8 Foldings of polynomials .

In this section, we introduce a topological surgery to produce branched coverings with
Cantor multicurves from polynomials. We give two criteria for these maps to be equivalent
to rational maps. This section is self-contained and can be read independently to the
previous sections.

8.1 Folding maps

Let F' be a post-critically finite branched covering of C and B be an essential Jordan curve
in C\Pr. The pair (F, 3) is called a folding map if F~!(3) contains at least two curves
and each of them is homotopic to 8 rel Pr. The curve f is called the folding curve and

m(F, ) := #{components of F~*(3)}

is called the folding times.

Two folding maps (F, 8) and (G, «) are called Thurston equivalent if F' is Thurston
equivalent to G through a pair of homeomorphisms (¢, ¢) such that ¢(f3) is homotopic to
a rel Pg. R

Let (F, ) be a folding map. Denote by U,V the two components of C\/. Denote by
Ui, Vi the two disc components of @\Fﬁl(ﬂ) such that U; is homotopic to U (i.e. there
is an isotopy 6 of C rel Py such that U; = 6(U)). Then V; is homotopic to V. There are
three possibilities:

Type A: F(U,) =U and F(V}) =U.

Type B: F(U;) =U and F(V;) =V.

Type C: F(U;) =V and F(V;) =U.

All our examples in §8.5 are of Type A. Following the recipe of Example 3 one can
easily construct folding maps of the other two types.

Define
deg(F |, ), in type A,
d(F,3) = { min{deg(F|y,),deg(F|v;)}, in type B,
\/deg(F‘Ul) deg(F’V1)7 n type C.

The following facts are easy to check:

e (I, ) is of type A if and only if m(F, ) is even.

e (F™,B) is also a folding map with m(F™, ) = m(F, f)" and d(F™, 3) = d(F, 5)" for
n > 1.

o If (F,[3) is of type A (resp. type B), then (F™, ) is also of type A (resp. type B)
for n > 1; If (F,3) is of type C, then (F?*~1, 3) is of type C and (F?*, 3) is of type B for
k>1.

We will prove the following theorems in this section.

Theorem 8.1. Let (F,3) be a folding map. Suppose that
(a) the multicurve {5} is not a Thurston obstruction;
(b) any stable multicurve disjoint from [ is not a Thurston obstruction; and
(c) d(F, 5) <m(F,f).

Then F' has no Thurston obstructions.
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Theorem 8.2. Let (F,3) be a folding map. Suppose that

(a) the multicurve {5} is not a Thurston obstruction;

(b) any stable multicurve disjoint from (3 is not a Thurston obstruction; and

(¢’) there exist an integer p > 1 and a finite tree T' C @\6 whose vertices are contained
in Pr such that FP(T) is contained in T homotopically (i.e., there exists a homeomorphism
0 of C isotopic to the identity rel Py such that FP(T) C 6(T)), FP is injective on T and
F~P(T) has a component homotopic to B rel Pp.

Then F' has no Thurston obstructions.

Remark. (1) Obviously the conditions (a) and (b) in the theorems are necessary. We
will give examples in §8.5 to show that these two conditions are not sufficient, and the
conditions (c¢) and (c’) are not necessary. In fact, The map F5 in Example 2 satisfies the
conditions (a) and (b) and (c¢’) but not (c), whereas the map Fj in Example 3 satisfies
the conditions (a) and (b) and (c) but not (c’).

(2) Denote m = m(F, ) and d; (1 < i < m) the degree of F' on the components of
F~1(). Then the multicurve {3} is not a Thurston obstruction if and only if

A({ﬁ}):dil+---+di<1.

8.2 Foldings of polynomials

Let (F, 3) be a folding map of type A and g be a polynomial with connected Julia set. We
say (F,f) is the folding of g if it is Thurston equivalent to another folding map (G, «)
such that G71(U) has a disc component U; @ U, where U is one of two Jordan domains
enclosed by a, and G|y, = ¢.

Let (F,(5) be a folding map of type B and (g1, g2) be a pair of polynomials with
connected Julia sets. We say (F, () is the folding of (g1, ¢2) if it is Thurston equivalent
to another folding map (G, «) such that there are disjoint Jordan domains U and V' in
C with both dU and 8V homotopic to « rel Pg, both G Y(U) and G}(V) have a disc
component Uy € U and V; € V, G|y, = ¢1 and G|y, = go.

The following result relates a folding map to a folding of polynomials, without taking
into account whether the latter map is Thurston equivalent to a rational map or not.

Theorem 8.3. Let (F,[3) be a folding map of type A (or type B). Suppose that {8} is
not a Thurston obstruction. Then (F, ) is the folding of a polynomial g (or a pair of
polynomials (g1, g2)) if and only if any stable multicurve disjoint from [3 is not a Thurston
obstruction. Moreover, the polynomial g (or the pair of polynomials (g1, g2)) is unique up
to holomorphic conjugation.

Proof. Suppose that (F, f3) is the folding of a polynomial g whose Julia set is connected.
By the definition, there is a folding map (G, «) which is Thurston equivalent to (F, ),
such that G71(U) has a disc component U; @ U, where U is one of two Jordan domains
enclosed by a, and G|y, = ¢.

Let I be an irreducible multicurve of G which is disjoint from «. If there is one curve
v € I homotopic to a rel Pg, then I' = {7} and hence A\(I') < 1. Now we assume that for
any v € I', v is not homotopic to a rel Pg. Then v is homotopic rel Pg to a curve in U.
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Set P = (PcNU)U{oco}. Then P, C P, g(P) C P and I' is a multicurve of the

)
marked polynomial (g, P). By Theorem 3.3 in [8], A(I") < 1. Applying Lemma 2.2, we
see that A(I') < 1 for any stable multicurve I

Conversely, suppose that any stable multicurve of F' disjoint from 3 is not a Thurston
obstruction. Let W be the component of C\S such that F'(W;) = W, where W is the
component of @\F ~1(3) homotopic to W. There is an isotopy 6 of C rel Pr such that
O(W,) € W. Set Gy = F o071, Then (G4, 3) is Thurston equivalent to (F, 3).

Denote P = Pr N W. Then G1(P) C P and G, : (§(W;),P) — (W, P) is a marked
repelling system (ref to [8]). Applying Lemma 2.1 and Theorem 3.5 in [8], there exist
a polynomial-like map ¢, : Vi — V with both V' and V; Jordan domains and a pair of
homeomorphisms (¢, ) from W to V such that v is isotopic to ¢ rel PUIW , ¢ (O(W})) =
Viand ¢ o Gy o~ = g, on Vi. Extend (¢,v) to homeomorphisms of C such that they
coincide with each other outside of W. Let Gy = ¢ o Gy o ™', Then (Gq, ¢(B)) is
Thurston equivalent to (F, ) and Gs|y, = g1 is a polynomial-like map. By Straightening

Theorem (refer to [11] Theorem 1), there is a quasiconformal map h of C such that
for G := hoGyoh™, Glyu,) is a polynomial g. Therefore (F,[3) is the folding of the
polynomial g. The uniqueness of g comes from Thurston Theorem.

This argument also works for type B. We omit its proof. O

Combining Theorems 8.1, 8.2 and 8.3, we obtain

Corollary 8.4. Let (F, 3) be a folding of a polynomial g (or a pair of polynomials (g1, g2) ).
Suppose that {5} is not a Thurston obstruction.

(a) If d(F, B) < m(F, ), then F' has no Thurston obstruction.

(b) Suppose that there exist an integer p > 1 and a finite tree T' C @\B whose vertices
are contained in Pr such that FP(T) is contained in T homotopically, FP is injective
on T and F7P(T) has a component homotopic to B rel Pr. Then F has no Thurston
obstruction.

8.3 Proof of Theorems 8.1 and 8.2

Let (F,3) be a folding map. For any two essential Jordan curves v and « in @\Pp, set
k(7y, «) to be their geometric intersection number. It is defined by

k(v,a) = min{#(0 Na)},

where the minimum is taken over all the choices of § in the homotopy class of 7. By
definition k(~, a) = 0 if v is homotopic to « rel Pp.

Lemma 8.5. Let I' be an irreducible multicurve of F. Then either k(v, ) # 0 for all
veT ork(y,B)=0 forallyeT.

Proof. Suppose that k(v,8) = 0 for some v € I'. For any curve a € T', since T is
irreducible, a is homotopic to a component of F~"(v) rel Pg for some n > 0. Let §
be a Jordan curve in @\PF homotopic to v rel Pr such that it is disjoint from 3, then
a is homotopic to a component of F~"(9) rel Pp, which is disjoint from F~"(5). Thus
k(c, B) = 0 since F~™(/3) contains a curve homotopic to 3 rel Pp. ]
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Lemma 8.6. Let v and a be essential Jordan curves in C\Pg such that k(~, ) # 0.

Suppose that F~(v) has a component § homotopic to « rel Pp. Then

m- k(a/>ﬁ)

deg(F :6 — ) > i)

where m = m(F, 3).

Proof. Denote by d(0) = deg(F : § — 7). We may assume that #(y N B) = k(v, ).
Denote by ay, -+ , ay, the components of F~1(3). Then

#(60UJap) = d(0)- #(018) = d(6) - k(3.6) .

On the other hand,

#(m Uap) =Y #06nay) =Y ka,8) =m-ka,B) .
p=1 p=1 p=1
Combining the above two inequalities we get the lemma. O]

Lemma 8.7. Suppose that T' = {1, , .} is an irreducible multicurve of F such that
ki = k(vi, B) # 0. Let Mr = (a;;) be the transition matriz of I'. Then

dok?

j

@ij < mk? "’
KA

where dy = d(F, 8) and m = m(F, ).

Proof. We may assume that #(y; N 8) = k(y;, 8) = k; for any ; € I'. Fix a pair (4, j). If
F~*(~;) has no component homotopic to 7;, then a;; = 0. Now suppose that F'~'(v;) has
n > 0 components homotopic to 7;. Denote them by {ds,s = 1,--- ,n}. We claim that
n < dok;/k;.

Denote by U, V the two components of @\5 . Denote by Uy, V; the two disc components
of C\F~(8) such that Uy, Vi are homotopic to U and V, respectively. Denote d; =
deg(F|v,) and dy = deg(F|y;). Then both UN~; and V' N~; have exactly k;/2 components
(notice that k; = #(y; N B) is an even number). It follows that U; N F~1(;) has exactly
dik;/2 components and V; N F~1(v;) has exactly dak;/2 components.

On the other hand, since both 9U; and dV; are homotopic to 3 rel Pr, both U; N d;
and V; N J; have at least k;/2 components for s = 1,--- ,n. It follows that

2

< #{components of Uy N (U(SS)}
dik;
5
So n < dyk;/k;. We also have n < dok;/k; if we replace Uy by V; in the above inequality.
Hence n < min{dy, da}k;/k; < dok;/k;.
Now applying Lemma 8.6, we have

< #{components of Ui N F_l('Yj)} =

n

1 k; kj ki ki dok?
= < Lo =n—21 <dy-1 L =—2.
i Zdeg(F(Ss —)’yj) - kaz nmk‘z - Ok’l mk‘l mk‘f

s=1

This proves the lemma. O]
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Proof of Theorem 8.1. Denote m = m(F, 3), dy = d(F, f) and p = #Pp. By the condition

dy < m, there is an integer N > 1 such that (p — 3)d}" < m?".

Now we consider the folding map (FV, 8). Note that #Pp~ = p, m(FY,3) = m" and
d(FN,B) =d}. Let T' = {71, -+ ,Va} be an irreducible multicurve of FV. If k(v;, 3) = 0
for some v; € I, then k(v;, 8) = 0 for all ; € I' by Lemma 8.5. So I' is homotopic rel Pp
to a multicurve disjoint from S. Thus it is not a Thurston obstruction by the conditions
(a) and (b).

Now we assume that k; = k(v;,3) # 0 for all 7; € I'. Set the vector v = (v;) with
v; = 1/k?, then by Lemma 8.7

k1 ndy
(Mrv); ZCLUUJ < Z mejz . k_? - meiz.

7=1

Notice that n = |I'| < #Pr~v — 3 = p — 3. Therefore

(p—3)dy _ 1
(MFV)iSmT/{j?<ﬁ:Ui .

It follows that Mrv < v and hence A(T') < 1 (refer to Lemma A.1 in [8]). Thus F¥ has no
Thurston obstruction by Lemma 2.2. This implies that F' has no Thurston obstruction.
[l

Proof of Theorem 8.2. Denote m = m(F,). Let I' = {71, -+ ,7} be an irreducible
multicurve of F. If k(v;, ) = 0 for some v; € I', then k(y;,3) = 0 for all v; € I" by
Lemma 8.5. So I' is homotopic rel Pr to a multicurve disjoint from (. Thus it is not a
Thurston obstruction by the conditions (a) and (b).

Now we assume that k(v;, 8) # 0 for all 7; € I'. Denote by k(v;,T) the geometric
intersection number.

Case 1. k(v;, T) = 0 for some curve v; € I'. Assume that 7; is disjoint from 7. By
condition (¢’), F7P(T') has a component homotopic to 3 rel Pr. Thus k(d, 3) = 0 for all
the components d of F7P(y;). But I is irreducible, so k(v;, ) = 0 for some v; € I'. It is
a contradiction.

Case 2. k(v;, T) # 0 for all curves v; € I'. We may assume that p =1 and F(T) C T
We also assume that #(v; N T) = k(y;,T) for v; € T'. Let §5 (s = 1,---,n) be all the
components of F~*(;) homotopic to a curve in I, then F' : (Ud,)NT — ~,;NT is injective
since F'(T') C T and F|r is injective. So

> #(6,NT) < #(yNT) = k(v T).

s=1

Therefore if ~; is homotopic to a curve in F~1(v;), then k(y;,T) < k(~;,T). Since I is
irreducible, we have k(v;,T) is a constant for all v, € I' and F~'(v;) has exactly one
component homotopic to a curve in I'. Relabel the index such that F~(v;41) has a curve
d; homotopic to 7; for j = 1,--- ,n (set y,41 = 71). Let Mp = (a;;) be the transition

matrix of I'. Then )

deg(F : 5]‘ — 7j+1)

Ajj+1 =
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for j=1,---,n (set ann+1 = apn1), and a;; = 0 otherwise. By Lemma 8.6, we have
mk;
deg(F : 5] — ’}/jJrl) > —Z.
j+1

So aj+1 < kjp1/(mk;). Set the vector v = (1/k;), then Mrv < (1/m)v and hence
AT) < 1/m < 1 (refer to Lemma A.1 in [8]). Applying Lemma 2.2 again we conclude
that F' has no Thurston obstructions. O

8.4 Sierpinski maps

A connected compact subset ' C C is called a Sierpinski carpet if it is locally connected,
nowhere dense and its complementary components are Jordan domains with pairwise
disjoint closures.

A rational map is called a Sierpinski map if its Julia set is a Sierpinski carpet. A
polynomial is called of Sierpinski type if its Julia set is connected and locally connected,
it has at least two bounded Fatou domains, and the bounded Fatou domains have pairwise
disjoint closures.

Theorem 8.8. Let [ be a post-critically finite rational map. Suppose that (f,5) is a
folding of a Sierpinski type polynomial g. Then f is a Sierpinski map.

Proof. Note that {5} is a Cantor multicurve of f. Applying Theorem 1.1, there exists an
annulus A C @\Pf homotopic to 3 rel Py, such that f: f~'(A) — A is an exact annular
system. N

Denote by By, B, the two components of C\ A, then they are components of f~!(B; U
B,). Rearranging the indices if necessary, we may assume that f(By) = f(Bs) = B.
There exists a Jordan curve S essentially contained in A such that U; € Uy, where Uy is
the domain enclosed by 3y and containing B; and U] is the pre-image of f~!(Uj) containing
B;. Since 3, is homotopic to § rel Py, the polynomial-like map g1 = f|y, : Uy — Up is
quasiconformally conjugate to a restriction of the polynomial g.

Each periodic Fatou domain of f is contained in B;. Thus it is a periodic Fatou domain
of the polynomial-like map g;. Since the polynomial g is of Sierpinski type, every periodic
Fatou domain of f is a Jordan domain. Since f is hyperbolic, every Fatou domain of f is
a Jordan domain.

Any two Fatou domains of f are either contained in the same component of f~"(Bj)
for some integer n > 0, or separated by a component of f~™(A) for some integer m > 0
and hence have disjoint closures. In the former case they have disjoint closures since g is
of Sierpinski type. So f is a Sierpinski map. O]

8.5 Examples

All our examples will be deformations of the airplane quadratic polynomial Q.(z) = 2%+c,
i.e. the parameter c is chosen to be the unique real solution of the equation (c*+c)*+c = 0.
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The critical point z = 0 forms a super attracting cycle with period 3. Denote by:

U={z: || <1} and § = 90U,
V={z:|z| >2}U{oco} and B, = 9V,
A={z:1< |z <2},
p:U—C, re? — %, an angle-preserving homeomorphism,
0:V = U, o(z) =2/z, ahomeomorphism.
Example 1. Set g(z) = Q°%(z). We want to construct a branched covering F' which

[

is the folding of the polynomial g. We will define F' piecewisely as following:

Gli g%g
F1: GQZ V —-U o
Ggi A— AUV

G, :U — U,z plogop(z). Then Gy can be extended continuously to the
boundary with G4(z) = z* on 8 = 9U.

e Gy : V = U by Go(2) = Gy 0 0(z). Then Gslp, (2) = (2/2)%.

e G3: A — AUV is a branched covering such that its boundary value coincides with
G, on (3, and G5 on f,, and its critical values are contained in V. The precise definition
of G5 requires some care in order to control the obstructions of Fj.

Let zg < 0 be the unique fixed point of Q). on the negative real axis (it is called the
a-fixed point). Then g '(x¢) = Q.%(zo) has four points z_1, g, z1, T2, displaced in R
relative to the super-attracting cycle as follows:

c<x_1<x0<0<x1<c2+c<x2.

Denote by R(f) the external ray of Q. of angle 2. It is also a ray of g. Both R(1/3)
and R(2/3) land on the a-fixed point xy. Denote by Ly = R(1/3) U{z¢} U R(2/3). Then
Q.(Ly) = Lo and Q. switches the two rays. And g(Ly) = Lo by fixing each ray. Now
gil(Lo) has 4 arcs L_l, LQ, Ll, Lg with T; € Lz

Pullback these four arcs by p we get Sy := p~' (L) (k= —1,0,1,2) in U. The two ends
of Sy, are (¥ e2™r) with 0_; = 5/12, 0y = 1/3, 61 = 1/6, 0 = 1/12, and ¢}, = —0y.
As Gy = p~togop, we have G;1(Sy) = Ui__,S;.

Pullback then by o, we get Ej, := 0 1(S;) in V. As Gy = G} o o, we have G5 '(Sy) =
Ui_ Ey. As o(re?™) = p(2/(re*™™)) and ¢y, = —0;, we know that the two ends of the
arc By are (2e2™0 2¢e2miek),

Set I; to be the union of two radial arcs in A for k = —1,0,1,2 by

I, = {7“62”9’“,7‘ €1, 2]} U {re%w’“,r € [1,2]}.

Then ~, := Sx U E, U I, is a Jordan curve.

e Define G5 on each of the 8 radial arcs in A such that it maps the arc homeomorphi-
cally onto Iy U Ep, and maps (2™, 2e%™) to (274 ¢=2mi(41),

Extend G3 continuously in each of the 8 quadrilaterals of A\(Ugl)) as a orientation
preserving branched covering of degree two. The image must be one of the two components
of (AUV)\(Ip U Ey). We also assure that the unique critical point in each quadrilateral
is mapped to either y. = o= (p~1(c)) or yo = c1(0).
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Figure 3. The four arcs of rays L_1, Lo, L1, Ly (from left to right)

This ends the definition of Fj. It is a branched covering of C with post-critical set
PFl = p_l(Pg) U {yO’ yc}'

Example 2. This example will be a little modification of the map F; above. Let D be
the Fatou domain of (), containing the point c. Let x, € (¢, 2_;) be the right intersection
point of D with real axis, which is also called the root of D. Set y, = o' (p™(z,)).
Choose a homeomorphism A : C — C such that h is the identity in AUU, h(y.) = y. and
h(yo) = y,. Set Fy := h o Fy. Notice that Pr, = p~*(P,) U{yr, v}

Proposition 8.9. The map F has a Thurston obstruction, whereas the map F5 has none.

Proof. The curve Fy '(y) has 4 components v 3 x5, (k = —1,0,1,2) with deg(Fy : vz —
v0) = 2 for every k. The curve v, is null-homotopic and ~; is peripheral. Both vy and
v-1 are essential and homotopic to each other rel Pp. Set I' = {70}. Then I is a stable
multicurve with A(I') = 1/2+1/2 = 1. So I' is a Thurston obstruction.

Let Ty = [Ye, yr]. Then Fo(Qgr, N A) = {ye,y»} C To. The annulus V\Tj contains no
critical values of Fy. It follows that F, '(Ty) has a component K essentially contained in
A. Thus K is homotopic to 8 rel Pg,. Set Ty := Fy(Ty) = p~* o g([c, z,]). Then the line
segment T} is a 3-periodic interval and F3 is injective on T;. This allows us to apply our
criterion Theorem 8.2 to conclude that the map F3; has no Thurston obstructions. O

Example 3. Let 3; (i = 1,---,6) be disjoint Jordan curves essentially contained in
A labelled by the order from U to V. Denote by A; the annulus bounded by g;_; and f;
(set Bp =P and By = ;) fori=1,--- 7.

Denote by O the grand orbit of the super-attracting cycle of Q.. Define a branched
covering Fj of C piecewisely as follows:

e F3:U U, 2+ ptoQ.op(2).
o [3:V — U, z+ (2/2)% or any degree 4 branched covering with critical
values in p~(0O).
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Figure 4. Construction of F3

o [3: Ay, Az, A5, A7 — A are coverings with degree 2,8 16,4 respectively such
that they can be continuously extended to covering maps on the closures with
B3, B4 being mapped to § and with the actions on fU S, coincide with previous
defined boundary maps.

e [y : Ay — U is a branched covering? such that its boundary map coincides
with the previous defined boundary maps on As U A5, and its critical values
are located in the set p~1(0). Its degree is the sum of the degrees on Aj, As,
ie. 24.

e Similarly F3: Ay, Ag — V' are branched coverings such that their boundary
maps coincide with the previous defined boundary maps and their critical val-
ues are located in (F3|y) ' op™(O). Their degrees are 10 and 20, respectively.

Every critical point of Fj is eventually super-attracting. Note that F;'(j3) has 4
connected components with the sum of the inverse of the degrees satisfying
1 1 1 1 15 |
SR TR T
Each of the 4 pulled back curves is homotopic to 8. Furthermore 2 = deg(F3|y) < 4.
These properties allow us to apply our criterion Theorem 8.1 to F3 to conclude that it
has no Thurston obstructions. Thus Fj is Thurston equivalent to a post-critically finite
hyperbolic rational map f (note that #Ppg, > 5 and hence its orbifold is hyperbolic) by
Thurston Theorem.
The bounded Fatou components of (). have pairwise disjoint closures. Applying The-
orem 8.8, we may furthermore conclude that the Julia set of f is a Sierpinski carpet.
One may wonder if there is a finite tree " C U whose vertices are contained in Pp, such
that F3 (7)) is contained in 7" homotopically for some integer p > 1 and F} is injective on
T. The existence of such a tree would allow us to apply Theorem 8.2 instead of Theorem
8.1 to discard any eventual obstructions.

2The existence of such a branched covering is known since Hurwitz. For a concrete construction see
e.g. [27].
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We shall see that such a tree 7" can not exist. Note that each point in Pr, NU

eventually maps to the unique critical cycle. Since F3|y is topologically conjugated to the
polynomial ()., we only need to prove that there is no finite tree T' C C whose vertices
are contained in the grand orbit of the super-attracting cycle of Q., such that Q¥(T) is
contained in 7" homotopically and ()? is injective on 7" for some p > 1.

But this is true for any post-critically finite polynomial g whose bounded Fatou com-
ponents have pairwise disjoint closures (which is the case of @.). Take the centers z1, 2o
of any pair of distinct Fatou domains of g. There can not exist an arc § connecting zy, 2o
such that ¢” is injective on § for some integer p > 1 and ¢P(J) is homotopic to J rel
P,U{z1, 22}. Otherwise, by taking pre-images consecutively and apply Shrinking Lemma
in [21], we can show that the Fatou domains of 2, 2o have common boundary points.

A Rees-Shishikura’s semi-conjugacy

Let F' be a formal mating of two post-critically finite polynomials. Suppose that F is
Thurston equivalent to a rational map f. There is a semi-conjugacy from F to f. This
result was obtained by M. Rees if both polynomials are hyperbolic [28], and proved by
Shishikura in general [30]. The same result is still true for general post-critically finite
branched coverings. Here we provide a statement with a general form.

Theorem A.1. Let F : C — C be a post-critically finite branched covering which is
Thurston equivalent to a rational map [ through a pair of homeomorphisms (g, 1) of
C. Suppose that F is holomorphic in a neighborhood of the critical cycles of F'. There
exist a neighborhood U of the critical cycles of F' and a sequence of homeomorphisms
{¢n} (n > 0) of C homotopic to 1y rel P, such that ¢,|u is holomorphic, ¢nlu = ¢olu
and f o ¢pi1 = ¢p 0 F. The sequence {¢,} converges uniformly to a continuous map
h:C—C. Moreover, the following statements hold:

(1) ho FF'= foh.

(2) h is surjective.

(3) h=Y(w) is a single point for w € Fy and h™*(w) is either a single point or a full
continuum for w € Js.

(4) For points x,y € C with f(x) =y, h}(z) is a component of F~*(h~'(y)). More-
over, deg F'|,-1(,) = deg, f.

(5) h"Y(E) is a continuum if E C C is a continuum.

(6) h(F~\(E)) = [*(h(E)) for any E C C.

(7) F~Y(E) = F-Y(E) for any E C C, where E = h='(h(E)).

One may also refer to [9] for a detailed account in a generalized form. The crucial part
of theorem is the construction of the homotopy (¢g, ¢1) rel a neighborhood U of critical
cycles and the convergence of the sequence {¢,}. The other statements are directly
deduced. The statements (5)-(7) is used in this paper, so we add them in the theorem
and provide a proof here.

Proof of (5)-(7).
(5) Suppose that E C C is a connected closed subset. The closeness of h™'(E) is easy

to see. Now suppose that h~!'(F) is not connected, i.e., there are open sets Uy, Us in C
such that h™1(E) C U UU,, Uy N Uy = ) and both U; and U, intersect h~!(E). Then
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K := h(C\(U, U U,)) is a compact set disjoint from E. Since E is connected, there is a

connected neighborhood V of E such that VN K = (). Since {¢,} converges uniformly to
h, there exists an integer n > 0 such that

d(h, ¢n) = su% d(h(z), gbn(z)) < min {d(E, av),d(V, K)},

where d(+,-) denotes the spherical distance. Then it follows that ¢n(@\(U1 uly))NV =0,
hence ¢, (V) C U; UU,. On the other hand, since V'O E, both U; and U, intersect
¢, 1(V). This contradicts the fact that ¢, ' (V') is connected.

" (6) From f o h(F~Y(E)) = h o F(F-L(E)) = h(E), we have h(F-(E)) C f~(h(E)).
Conversely, for any point w € f~'(h(F)), f(w) € h(E). So there is a point z; € F such
that f(w) = h(zo). By (5), the map

F:htw) — h—l(f(w))
is surjective. Noticing that 29 € h™!(f(w)), there is a point 2; € h™!(w) such that F(z;) =
2p. S0 w = hA(zl) € h(F~Y(z)) C h(F'(E)). Therefore, f~'(h(E)) C h(F~Y(E)).
(7) F~Y(E) = F~! (h—l(h(E))) e ( f—l(h(E))). From (6), we obtain

FYE)=h""! (h(F*l(E))) — F(E).

B Buff’s example

Example. Denote by U = {z: 1 < |z| < ro} with ry > 2. Define a spiral in U by:

5:{pei0:@§p<7’0,0: ! }
2 To = p

Set Ay = U\J. Then A; is an annulus with modulus mod(A;) < logry/(27). Pick an
integer d > 2 such that dmod(A;) > logre/m. Set 71 > 1 be the constant such that
logry/(2m) = dmod(A;). Then ry > r3. Set A = {z:1 < |2] < ri} and Ay = h(A;)
with h(z) = r;/z. Then A, is disjoint from A; and there is a holomorphic covering g
of degree d from A; (i = 1,2) to A such that g fixes the two components of dA. Then
g: A UAy — Ais an exact annular system .

Theorem B.1. Let ¢ be the collection of the components of the Julia set of the exact
annular system g : Ay U Ay — A. With the topology induced by the corresponding linear
system, Z has a dense subset whose elements are not locally connected.

Set B ={(,0 <Im ¢ <logri}. Then 7(¢) = exp(¢) : B — A is a universal covering.
Denote by Ey = A\(A; U Ay). For each component E,, of g7"(Ey) (n > 0) and any point
z € A\E,, denote by

h-dist(z, 0A; E,) = inf {diam(w‘l(v))},



45

A
1
\

& <

Figure 5. An annular system with spirals

where the infimum is taken over all the open arc in A\E,, connecting z with 0A, and
diam(7~1(v)) is the Euclidean diameter of a component of 7=1(v).

Denote by Ej = A\(U U h(U)) = Ey\(0 U h(J)). It is easy to check that for any
constant M < oo, there exists a constant € > 0 such that for any point z € A\ Ey, if the
Euclidean distance dist(z, E{) < ¢, then h-dist(z, 0A; Ey) > M.

For each component E,, of ¢7"(Ep) and any k > n > 0, denote by Vi(E,) the union
of the two components of g=*(A) whose closures mect E,. Then Vi(E,) = Vi(E,) U E,
is an annulus with VkH(En) C %(En) and ﬁkznvk(En) =F,.

By the above argument, we see that for any constant M < oo, there is an integer
k(M) > 1 such that for any component K of J, N Vi(ar)(Ep), there exists a point z € K
such that h-dist(z, 0A; Ey) > M. By Koébe distortion theorem, we may prove the next
lemma.

Lemma B.2. For any component E, of ¢-"(Ey) (n > 0) and any constant M < oo,
there is an integer k(M, E,) > n such that for any component K of Jy N Vi) (En),
there exists a point z € K such that h-dist(z,0A; E,) > M.

Proof of Theorem B.1. For each integer m > 0 and any component F, of ¢ "(Ep)
(n > 1), define A (m, E,) to be the sub-collection of # such that K € A (m, E,) if
K C Vim,g,)(En). Then A (m, E,) is an open set in _#. Set .4"(m) to be the union of
A (m, E,) for all n > 1 and all the components E,, of g~"(Ep). Then it is an open dense
subset of #. Thus A4 =[),,~, -4 (m) is a dense subset of ¢ in Baire’s category.

For each K € .4, we want to show that K is not locally connected. Otherwise K is
a Jordan curve and hence there is an constant M < oo such that for any point z € K,
there are open arcs d4(z) and 0_(z) in A\K connecting z with the two components of
OA, respectively, such that diam(r~!(d+(2))) < M.

Fix an integer m > M. Since K € .4 (m), there exist an integer n > 0 and a
component FE,, of g~"(Ey) such that K € A4 (m, E,). Thus there is a point z € K such
that h-diam(z,0A; E,,) > m > M, contradicting the fact that diam(7 1 (d.(2))) < M. O
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