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We consider the Cauchy problem for a viscous compressible
rotating shallow water system with a third-order surface-tension
term involved, derived recently in the modeling of motions for
shallow water with free surface in a rotating sub-domain Marche
(2007) [19]. The global existence of the solution in the space of

Keywords: : A Patt
Viscous compressible rotating shallow water Besov type is shown for initial data close to a constant equilibrium
system state away from the vacuum. Unlike the previous analysis about the

Cauchy problem
Global well-posedness

compressible fluid model without Coriolis forces, see for instance
Danchin (2000) [10], Haspot (2009) [16], the rotating effect causes

Besov spaces a coupling between two parts of Hodge’s decomposition of the

velocity vector field, and additional regularity is required in
order to carry out the Friedrichs’ regularization and compactness
arguments.
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1. Introduction

The nonlinear shallow water equation is used to model the motion of a shallow layer of homoge-
neous incompressible fluid in a three-dimensional rotating sub-domain and, in particular, to simulate
the vertical average dynamics of the fluid in terms of the horizontal velocity and depth variation.
In general, it is modeled by the three-dimensional incompressible Navier-Stokes—Coriolis system in
a rotating sub-domain of R3 together with a (nonlinear) free moving surface boundary condition for
which the stress tension is evolved at the air-fluid interface from above and the Navier boundary
condition of wall-law type holds at the bottom. Under a large-scale assumption and hydrostatic ap-
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proximation, the nonlinear shallow water equation has been derived recently in [14,19]. Usually, the
nonlinear shallow water equations take the following form of compressible Navier-Stokes equations

ht + div(hu) =0,
(hu); + div(hu ® u) + ghVh + f(hu)* = div(2£ (h)D(w)) + V(A (h) divu), (1)
h(0) =ho, u(0) =y,

where h(t, x) is the height of the fluid surface, u(t, x) = (u'(t, x), u?(t, x)) " is the horizontal velocity
field, ub(t, x) = (—u?(t, %), ul (t, %), x = (x1,x2) € R, D(u) = L (Vu + (Vu)"), g > 0 is the gravita-
tional acceleration, f > 0 is the Coriolis frequency, £ >0 and A are the dynamical viscosities satisfying
A+&=0.

For the shallow water system (1), there is a mount of work to deal with the global well-posedness
of strong solutions subject to some small initial perturbation of a constant state or the global exis-
tence of weak solutions for large initial data. When the viscosities satisfy £(h) =h and A =0, and
the effect of the Coriolis force and/or third-order surface tension term is omitted (f =0, 8 = 0), the
local existence and uniqueness of classical solutions to the Cauchy-Dirichlet problem for the shallow
water equations with initial data in C2t® was studied in [4] using Lagrangian coordinates and Hélder
space estimates. Kloeden and Sundbye [17,23] proved the global existence and uniqueness of classi-
cal solutions to the Cauchy-Dirichlet problem using Sobolev space estimates by following the energy
method of Matsumura and Nishida [20]. Sundbye [24] proved also the existence and uniqueness of
classical solutions to the Cauchy problem using the method of [20]. Wang and Xu, in [25], obtained
local solutions for any initial data and global solutions for small initial data hg — ho, ug € H25(R?)
with s > 0. The result was improved by Haspot to get global existence in time for small initial data
ho —ho € BY ;N B}, and ug € BY | as a special case in [16], and by Chen, Miao and Zhang in [8] to
prove the local existence in time for general initial data and the global existence in time for small
initial data where hg — hg € Bg’l N B}, and ug € B(Z),l with additional conditions that h > hy and

ho is a strictly positive constant. Cheng and Tadmor discussed the long time existence of approxi-
mate periodic solutions for the rapidly rotating shallow water for initial data (hg, ug) € H™(T?) with
m > 5 where the viscous terms are absent (i.e. £ = = 0) in [9]. The global existence of weak so-
lutions for arbitrarily large initial data is established in one dimension [18], where the vanishing
of vacuum states in finite time is shown, and in multi-dimensional bounded domain with spherical
symmetry [15] with the help of the Bresch-Desjardins entropy [2] and the L!-stability compactness
argument [21]. The global existence of weak solutions for arbitrarily large initial data is shown by
Bresch and Desjardins [3] where additional drag friction and capillary terms are involved to con-
struct a global approximate solutions. The related systems with a third-order term stemming from
the capillary tensor also have been considered by Danchin-Desjardins for a compressible fluid model
of Korteweg type [13] with constant viscosity coefficients, and the global existence of strong solution
is shown.

In the present paper, we consider the global existence of the Cauchy problem for the 2D viscous
shallow water equations

h; + div(hu) = 0,
(hu); + div(hu ® u) + ghVh + f(hu)* = 2pu div(hD(w)) + 21V (hdivu) + BhVAL,  (2)
h(0) =ho, wu(0) =y,

which corresponds to (1) for the case 2&(h) = A(h) =2uh with u > 0 a constant, and is derived
recently in [19] with a third-order surface tension term involved by considering second-order approx-
imation and parabolic correction where 8 > 0 is the capillary coefficient. Although there are many
mathematical results about the shallow water equations (1), there is no analysis about Eq. (2). It
also should be mentioned that the global existence of weak solutions does not apply here since the
Bresch-Desjardins entropy [2] is not satisfied for Eq. (2). In addition, the classical theory does not
cover the case with Coriolis force and capillarity term involved.
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We investigate the global existence of strong solution in some Besov space. Although we also
make use of the Hodge’s decomposition to separate the velocity field into a compressible part and an
incompressible part, unlike [10,11] we finally obtain a coupled system due to the rotating effect of the
Coriolis force. In fact, it cannot be decoupled into a system involving only the compressible part and
a heat equation containing only the incompressible part because of the appearance of the Coriolis
frequency, which leads to a strong coupling between the gradient vector field part and divergence
free part of the fluid velocity in terms of the Hodge’s decomposition. Thus, we have to investigate
the whole system of the height, the compressible velocity field part and the incompressible velocity
field part. With the help of the Littlewood-Paley analysis and hybrid Besov spaces, we obtain the
a priori estimates in Chemin-Lerner type time-spatial spaces which are necessary in order to use
the interpolation theory of time-spatial spaces involving hybrid Besov spaces. Then we use a classical
Friedrichs’ regularization method to construct approximate solutions and prove the existence of a
solution by compactness arguments. For the uniqueness of solutions, due to the contribution of the
third-order surface tension term, we can prove it in a larger space than that for the existence and we
do not need more regularity on the spaces.

For the convenience of the statement of main results, we note that B;{fz is a hybrid Besov space
defined in the next section, the space ES is defined by

ES = {(h, ) € C([0, 0); ngll’s) N L (0, oo; B;fﬁs”) x (C([0, c0); B;jll) N L1(0, oo; B;ﬁl))z},

and C([0, 00); B3'3?) is the subset of functions of the Chemin-Lerner type space L°(B3';?) defined
in the next section which are continuous on [0, co) with values in B;l ’15 Z,

For the initial data hg, we suppose that it is a small perturbation of some positive constant hq. The
main theorem of this paper reads as follows.

Theorem 1.1. Let ¢ € (0, 1), hg — 1_10 € Bg’}ﬁ and ug € Bg"f. Then, there exist two positive constants « small
enough and M such that if

llho — hollgo.1+¢ + Iluo | jo.e < e,
2,1 2.1
then (2) yields a unique global solution (h, u) in (ho, 0) + (E' N E1*+¢) which satisfies
[(h—ho. W g1 prie < M(llho — holl o+ + o]l o ).

where M is independent of the initial data.

The paper is organized as follows. We recall some Littlewood-Paley theories for homogeneous
Besov spaces and give the definitions and some properties of hybrid Besov spaces and Chemin-Lerner
type spaces in the second section. In Section 3, we are dedicated into proving of the a priori estimates.
In Section 4, we prove the global existence and uniqueness of solution for small initial data by using
a classical Friedrichs’ regularization method and compactness arguments.

2. Littlewood-Paley theory and Besov spaces

Let v : R? — [0, 1] be a radial smooth cut-off function valued in [0, 1] such that

1, &1 < 3/4,
Y (&) = { smooth, 3/4 < |&| <4/3,
0, €] > 4/3.
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Let ¢ (&) be the function

(&) =y (/2) =¥ (&).

Thus, v is supported in the ball {¢§ € R?: |&] <4/3}, and ¢ is also a smooth cut-off function valued
in [0, 1] and supported in the annulus {&: 3/4 < |&| < 8/3}. By construction, we have

> e fe)=1. v&o.

keZ

One can define the dyadic blocks as follows. For k € Z, let

Avf:=F lo27) F f.

The formal decomposition

f=> A (3)

keZ

is called homogeneous Littlewood-Paley decomposition. Actually, this decomposition works for just
about any locally integrable function which yields some decay at infinity, and one usually has all the
convergence properties of the summation that one needs. Thus, the r.h.s. of (3) does not necessar-
ily converge in .#’/(R?). Even if it does, the equality is not always true in .’/(R?). For instance,
if f =1, then all the projections Ayf vanish. Nevertheless, (3) is true modulo polynomials, in
other words (cf. [12,22]), if f € ./(R?), then Y kez Ak f converges modulo 22[R?] and (3) holds
in .7 (R?)/ 2[R?].

Definition 2.1. let se R, 1< p,q< o0. For f e Z'(R?), we write

Ifllgs =D 2 NAkS N 2.

keZ

A difficulty comes from the choice of homogeneous spaces at this point. Indeed, || - | B, cannot

be a norm on {f € ./ (R?): ||f||Bs < oo} because “f”Bs =0 means that f is a polynomlal This
enforces us to adopt the following deﬁmtlon for homogeneous Besov spaces (cf. [11]).

Definition 2.2. Let s € R and m = —[2 — s]. If m < 0, then we define Bg’l(]Rz) as
B, = {f e .7 (R?): |fllps, <coand f = > Arfin y/(Rz)}.
keZ

If m >0, we denote by &2, the set of two variables polynomials of degree less than or equal to m
and define

21_{fe5ﬂ(R2)/me Ifllps, <ocoand f = ZAkfmy(Rz)/@m}
keZ

For the composition of functions, we have the following estimates.
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Lemma 2.3. (See [11, Lemma 2.7].) Let s > 0 and u € B; 1L,

(i) Let F € wsh+2. "°(R?) such that F(0) = 0. Then F(u) € 33,1- Moreover, there exists a function of one

loc
variable Cy depending only on s and F, and such that

[F@)| g < Co(llulli=)lullgs, -

(ii) Ifu,v € B2 p(v—uwe B Jforanse (—=1,1]and G € Wloc (R?) satisfies G'(0) = 0, then G(v) —
Gu) e B 51 and there exists afunctlon of two variables C depending only on s and G, and such that

[6) =G5 < C(lullem. Vi) (lullgy, + VI, )Iv—ullz, -

We also need hybrid Besov spaces for which regularity assumptions are different in low frequen-
cies and high frequencies [11]. We are going to recall the definition of these new spaces and some of
their main properties.

Definition 2.4. Let s, t € R. We define

k k
1Flgse =D 22N AkFlliz + 3 2 I Awf -

k<0 k>0
Let m = —[2 — s], we then define
BY | (R%) ={f e #'(R?): ||f||l~;;t1 <oo}, ifm<0,

B!

Nm

LR ={f e S (R?)) Pu: 1fllgse < oo}, ifm=>0

Lemma 2.5. We have the following inclusions.

(i) We have Bs’s1 = B; I

(ii) If s <t, then 32 1= BS 1N Bt . Otherwise, B2 =B a1t Bt
(iii) The space B Comades with the usual inhomogeneous Besov space B
(iv) Ifs1 < s2 and t1 > to, then B;l 1“ N BS2 tz.

Let us now recall some useful estimates for the product in hybrid Besov spaces.

Lemma 2.6. (See [11, Proposition 2.10].) Let 51,5, > 0and f, g€ L® N le 52 Then fg e le 52 and

18l S UFlIollglzonss + I1Fl g0 gl
2,1 2,1 2,1

Let sy, s2, t1, ta < 1suchthat min(sy +5s3,t1+t2) >0, f € le Handg e Bs2 2 Then fg e BS“LS2 Lo+t =1

and

||fg||BS1+Sz—1»f1+f2—1 S ||f||§51,f1 ||g||§527f2~
2.1 2.1 21
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In the context of this paper, we also need to use the interpolation spaces of hybrid Besov spaces

together with a time space such as LP(0, T; B;tl). Thus, we have to introduce the Chemin-Lerner type

space (cf. [5]) which is a refinement of the space LP(0, T; B;fl).

Definition 2.7. Let p € [1, o0], T € (0, o¢] and s1, S € R. Then we define

k
1 lzp sty = D 2N Ak Flno,miaz) + D 2 WAk f o o,1o02)-
’ k<0 k>0

. . o . . 7D ps.t
Noting that Minkowski’s inequality yields ”f”L‘;(Bg’f]) < ||f||i¥(l§§.yt]), we define spaces L7 (Byy) as
follows

IR(B3Y) ={f eLh(B3Y): 11l gty < oo}

If T = o0, then we omit the subscript T from the notation i’;(f?;”tl), that is, LP (Bg’f]) for simplicity.
We will denote by C(0, T; fi;’f]) the subset of functions of i‘;o(ég’ﬁ) which are continuous on [0, T]
with values in Bg’fl.
Let us observe that L}(B;’fl) = i}(B;’fl), but the embedding ilT’(B;’fl) C L‘;(Bg’ﬁ) is strict if p > 1.
We will use the following interpolation property which can be verified easily (cf. [1]).

Lemma 2.8. Let s, t, s1,t1,S2,t2 € Rand p, p1, p2 € [1, oo]. We have

0 1-6
PP psty S p1 = py <
”f”LIT’(Bél) X ”f”LITJl (B;l1tl)”f”LI;Z(B;Z]tz)’

where % = z% + 1{);29’ s=0s1+ (1 —0)syandt=0t; + (1 —0)ty.
Now, we define the following work space.
Definition 2.9. For T > 0 and s € R, we denote

Ef = {(hw e C(10, T]; By M) n L' (0, T: BS' %) x (C(10, T1; BS 1) N L' (0, T; BSH))?)
and
[hw] s = Wllse gy + 100 zge sy + IRl g graseay + N0l s,
We use the notation E° if T = 400, changing [0, T] into [0, +00) in the definition above.
3. A priori estimates
Noticing that divD(u) = %Vdivu + %Au and substituting h by h + hg in (2), we have

hy +u- Vh + hgpdivu = —hdivu,
VhD(u) + Vhdivu

u +u-Vu— pAu—3uVdivu+ fut +gVh — BVAh =24 P
0

o (4)

h(0) =ho — hg, u(0) =up.



3240 C. Hao et al. / ]. Differential Equations 247 (2009) 3234-3257

For all s € R, we denote ASf =.Z1(J&°f). Let c= A~!divu and d = A~! div* u where div:u=
VL .u and VL = (=8, 37). Then, it is easy to check that

u=-A"'ve—aA"1viq
Now, we can rewrite the system (4) in terms of these notations as the following:

h +u-Vh+hoAc=F,

ct+u-Vc—4uAc —fd—gAh— BAPh =G,

di — pAd + fc = A~ divt H, (5)
u=—-A"'vc— A"1vid,

h(0) =ho —ho, u(0) = uy,

where

F = —hdivu,

G=u-Vc+ A~ divH,

VhD(u) + Vhdivu
h—l—ﬁo .

H=—-u-Vu+2u

For these equations, we study the following system:

h +V-Vh+hoAc=F,
ct+V-Vec—4puAc—fd —gAh — BAPh =G, (6)
di — uAd+fc=P,

where v is a vector function and we will precise its regularity in the following proposition.

Proposition 3.1. Let (h, c, d) be a solution of (6)on [0, T), T > 0,0 <s<2and V(t) = fot ||v(r)||B%] dt.The
following estimate holds on [0, T): ’

t
Il zoe sy + 1€ e ) + Il gse sy +f(\\h(r)}|ézf,s+z + Hc(r)HB;ﬁ] + }|d(r)|\33’+11)dr
0
CV() . . .
< e (10l ey + 10y

t
+/e—CV<T>(}|F(r)HB§JLS + 6@ ] + \}P(f)||3;jll)df>»
0

where C depends only on s, hy and coefficients u, f, g and .

Proof. Let (h,c,d) be a solution of (6) and we set

(h,¢,d,F,G,P)=e XVO, c d F,G,P).
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Thus, (6) can be transformed into

hi +v-Vh+hgA¢=F — KV'(t)h,
& +V-VCE—4uAC —fd—gAh— BAh =G — KV (t)C, (7)
di — uAd+f¢=P — KV'(t)d.

_ Applying the operator Ay to the system (7), we obtain the following system by noting
(hka Eka dk’ Fk7 Gk’ Pk) = (Akh’ AkE, Akd’ AkF’ AkGa AICP):

dth + A(V - Vh) + hoAG, = Fyx — KV (t)hy,
dCr + Ax(V - VE) — 4 AGy — fdy — gAhy — BA3hy = G — KV ()&, (8)
dedy — Ady + ¢ = Py — KV’ (t)dy.

To begin with, we consider the case where v=0, K =0 and F = G = P =0 which implies that (8)
takes the form

dthy + hoAG, =0,
0¢Ck — 4L ACK — f&k — gAﬂk — ﬂABflk =0, 9)
dedy — L Ady + ¢y = 0.

3.1. The case of high frequencies

Taking the L? scalar product of the first equation of (9) with ﬁk, of the second equation with ¢y,
and the third one with di, we get the following three identities:

1d - -
> ¢ 1Ml + ho(Agk, hi) =0,

1d . - ~ . ~ ~ -

> g Gkl + 41l AGI T, — f(di, &) — g(Ahk, &) — B(Ahe, AG) =0, (10)
1d - ~ .~

> g 9kl E2 + il Adill Tz + £, di) =0.

Now we want to get an equality involving Ahy. To achieve it, we take L? scalar product of the first
equation of (9) with A2hy and AGy, respectively, then take the L2 scalar product of the second equa-
tion with Ahy and sum with both last two equalities. This yields

1d
2dt
d - . - - . - L -

- (Al € + holl ATl — f(d, Ahi) = gll ARyl — Bl A%hi |12 + 414 (A, A%hi) =0,

| AR lIZ, + ho (A€, Ahy) =0,
(11)

Let K1 > 0 be a constant to be chosen later and denote for k > 0

B

g - ~ - ~ ~
ap = %nhknfz - EnAhknfz + N2 + Ndil2, — 2K1 (A, &)

By a linear combination of (10) and (11), we can get
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2dt
+ il Ady17, — 4K (AG, A%hy) + K1 (dy, ) =0.

Using Schwartz’ inequality, Young’s inequality and Bernstein’s inequality

~ 4 . -
Idell2 < 52 k) Adg |l 12,

we find, for any positive numbers M1, M», M3, that

- ~ Mj - 1 ~ 12
(A, A%hi)| < =1 AGNE, + M, | A%hi |7

-~ - 8M, -~ -
|, A < =5 1 AdllF, + | Ahgll2,.

L
2M>
~ . M3 ~ 1 .
|(Ahg, &)| < 7||Ahk||f2 - Mncknfz.

Thus, we need to determine the values of K1, M1, M3 and M3 such that

ap—Foky —apki oo g2 g L o
- - — >0, - —— >0, - —>0,
2 01 Hiq ) 2M; g 2M,
8fK1M K
pn— 172 o, B kmsso0 1-Xi_o
9 ho M3

One can verify that the above inequalities will hold if one has

4
0<K1<min(_¢,% _ﬁ,%),

5 f 9 2
Mi=22 My=— 4t My== —ﬁ
28 4g " 16K, 3\

Hence, we obtain

2 ) o2 ~ 12 =2 2
c1ap < lhgllz + 1Akl T2 + lICkll 2 + ldill2 < c20rf.
Therefore, there exists a constant ¢ > 0 such that

1d 5 . o2
——o; +c27a; <0.
2dt K k

d = - ~ = 12
af + (4p — hoK1) [ A7, + K1l Ahy |17, + BKq | Ahi| 12

(12)

(13)

In the general case where F, G, P, K and v are not zero, we have, with the help of Lemma 6.2

in [11], that
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1d 5 % 2
ia“k + (€27 + KV')af
g ~ = = = B, .~ .= = = =
< Ft_(Fk’ hi) + (Gk, Ck) + (P, Ck) + ﬁ—(AFk, Ahy) — K1(AFy, ¢x) — K1(Gg, Ahy)
0 0

_ ;(Ak(v~ Vi, i) — (Ak(v- V). &) — EE(AAk(v- Vh), Ahy)

0 0
+ K1 (AAR(V- Vh), &) + K1 (Ar(v - VE), Ahy)

Sar(IFellz + 1Gell 2 + 1Pl 2 + | AF]l 2

—k(s—1 T —k(s—1 ~
+ 12Dl s + 727V Il 1
—k(s—1) . T . —k(s—1) 1= . —k(s—=1D) 1.
+ 72 Ivligz Al |+ villvligz (2 Ells-1 +2 Ihllgs ))-
where ), ¥ <1 and s € (0, 2].

3.2. The case of low frequencies

We replace the second equation of (11) by the following equation

d ~ - . ~ - -
oo (R @) + o A% 72 — f(Ade. A%Ri) — ]| A%
— B A3h ||}, + 4 (A%, A%Ry) =0. (14)
Let K3 > 0 be a constant to be chosen later and denote for k <0

B

g ~ ~ ~ ~ ~ ~
ap = Enhkué + %uAhkuiz + (1CkIIZ, + ldkll?, — 2Ko (A% Ry, E).

A linear combination of (10), the first equation of (11) and (14) yields

1d - = ~ 12 =2
3 Eaﬁ + 4,Uv||ACk||fz —hoK> HA2C1< |12 +gKa| A%hy |7
~ 2 ~ ~ ~ ~ ~
+ BK2 | APhi |12 + 1l Adill > — 4uKa (A%Ck, APhy) + FK2(Adk, A%hi) = 0. (15)
Using Schwartz’ inequality, Young’s inequality and Bernstein’s inequality

- 8 -
| Ahgll2 < §2’<||hk||Lz,

we find, for any positive numbers My, M5, Mg, that

.37 82 My
‘(Azck, A3hk)} < 32

- 1 ~
A&7z + 57 A% 1%,

~ ~ Ms -~ 1 ~ 12
|(Adk, A%hy)| < TllAdkllfz + IMs | A2he|1

. 8*Mg -~ 1
37 = 2 =2
|(APh, &) | < 5 34 | Ahgll7> + Mg lICkll72-
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Thus, we need to determine the values of Ky, M4, Ms and Mg such that

ap— S ks — auk, EM4 g g2 o L o
- = - — >0, - -
H= 3zt = 22553 2Ma &7 IMs
fKo M 84 K
~ 2275 o, L = KyMg>0, 1-——-2>0.
2 ho  2-3% Me

One can verify that the above inequalities will hold if one chooses

32.4 4
0<Ky< min( Hp 'B Mg>,
82(hoB + 5u2) 82 hy f2

5 f 32
M4=—M, 5=—+i, Me = 5 -ﬁ
2B 4g  fK, 82\ hy
Hence, we obtain
csof < hkll%, + ARkl + 112 + dil% < cao. (16)

Therefore, there exists a constant ¢ > 0 such that

1d

a2 +2%a? <o.
2 dt ot k=

In the general case where F, G, P, K and v are not zero, we have, with the help of Lemma 6.2
in [11], that

1d

4
o ozk —|—(c2 “+ KV )ock

< ﬁ—<ﬁk, hi) + (Gi, Gx) + (P, &) + Eﬁ(AFk, Ahy) — K1(A3Fy, &) — K1(Gk, A%hy)
0 0

- ;(Ak(v- Vi) i) — (Ae(v- VE), &) — HE(AA;((V- Vi), Ay
0 0

+ K1 (A3 Ak (v - Vh), &) + K1 (A (v - VE), A3hy)

S o (I1Felli2 + 1Gilliz + 1Palliz + 727 VIVl g Nllgsr + 327 TV IVl g 18] s
+ 72 IVl IRl vl 27TV I 1 27 KD IRl s 1)),

where ), ¥« <1 and s € (0, 3].
Thus, combining two cases of high and low frequencies, we obtain for any k € Z

1d Y
. dta,f + (€2% min(1,2%) + K V') o

S ouc(IFeliz + Gl + I1Pilliz + 1AFliz + 112 0V [ (1,6 oo s 1), (A7)

where we choose ¢ = min(¢, ¢) and V (t) = fot ||"||1'3§1-
We are now going to show that the inequality (17) implies a decay for h, ¢ and d.
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3.3. The damping effect for h

Dividing (17) by «y, we get

%ak(t) + (€2 min(1, 2%) + K V') o

SIFlz + 18kl + 1Pillz + 1AFlz + 92 5OV [ Doy (18)

Integrating over [0, t], we have

t
o (t) + 2% min(1, 2%) / o (t)dt
0
t

S a(0) + / (| Fe@ ] 2 + |G| 2 + [ Pe(@) | 2 + | AFk(D)|| 2) dT
0

+ | V@O [re(0)27*D| (h, c)HBs 15, ps — Kag(D)]d (19)

o

By the definition of oc,f, we have

20 Day ~ 28 max (1, 27¥) gl 2 +2°C7V Gl 2 + 24 Vel 2, VREeZ. (20)

Thus, we have, by taking K large enough, that

> @ | (. ¢ HBS 15 g1 — K2°6 Dy ()] <.
keZ

Changing the functions (h, ¢,d, F, G, P) into the original ones (h,c,d, F, G, P) and multiplying both
sides of (19) by 2k6—D_ According to the last inequality, and due to (19) and (20), we conclude after
summation on k in Z, that

t
IRl oo sy F el gy + Il gs ) + c/”h(r) ngﬁg,m dt
0

+c2/ 241 min(1,2%) ()| pdr +€ 3 / 26+ min(1,2%) |d() | 2 07

keZ 0 keZ 0

eV O (1(0).(0).d®) [ gs-15,.

t
+eCV(t)/eCV(I)H(F,G,P)(T)HB;]S (B5)? dr. (21)
0
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3.4. The smoothing effects of c and d

Once the damping effect for h is established, it is easy to get the smoothing effect on ¢ and d.
Since (21) implies the desired estimate for high frequencies, it suffices to prove it for low frequencies
only. We therefore suppose in this subsection that k < 0. 3

Taking the L? scalar product of the last two equations of (8) with ¢ and d; respectively, we have

1d - - - - o~ - -
Mnhkufz + ho(Ck, Ah) = (Fi, h) — KV ©) Il 2, — (Ar(v - Vh), k),
1d . 5 = 112 7 I 30 =
| 5 ge Ikl +4nllAGdz — f(d. &) — g(Ahy. C) — B(A hy. ) (22)

= (Gr. C) — KV (O 1& 17, — (Ak(v - V), &),

1d - ~ -~ -~ -
5 g IklT2 + 1l Adil 2 + i, € = (i, di) = KV (@)1l -

Define 62 = %Hﬁkllfz + lIGkl2, + ||c~lk||%2. By using Lemma 6.2 in [11], (22) yields, for a constant
0
¢ > 0, that

1d . i i
5&9’3 +C2%02 SO (| AR 2 + Gl 2 + 11 Piell 2)

+ 6V (O (Cy2 KD (e b+ IR B;_ll) — K6).

Dividing by 6, and integrating over [0, t], we infer

t t

O (t) + C f 2% (T) dT <O (0) + C f [[Ck(D) |2 + [ Pu(D) | 2] dT
0 0

t

+ C/ V' (0)y(0)27 ¥ (||ecr) \}3;1 +||h(T) Hsgf) dr.
0

Therefore, changing the functions (E, C, a, F,G, 13) into the original ones, we get

Z ok(s—1) Hhk(t) H 2 a2) + Z ok(s=1) Hck(t) ” i(12)
k<0 k<0

t

t
T BCL U PO MURRNY | pP UCL e IRy b pe el Nt
k<0 ! 0 k<O 0 k<O

=

t
<O (1(0), c(0), d(O)) | -1, g1z + f e (6@, P@) | g5 dT
0

+ecv(t)(||0||zto0(3;jll) + ”h(f)HZCT”(BZ]]’S))’
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Using (21), we eventually conclude that

/Zzl<(5+l)HCk(T)HL2 dr+Cf22k(s+])udk(f)uﬂ dz

k<0 k<0

t
SeCV(t)(” (h(0). c(0).d(0)) Hl~3§_11‘5><(33_11)2 +/eCV(T) I(F(x),G(2), P(‘L’))”fg;—lls (52 dr)

0

Combining the last inequality with (21), we complete the proof. O

4. Existence and uniqueness

This section is devoted to the proof of Theorem 1.1. The principle of the proof is a very classical
one. We shall use the classical Friedrichs’ regularization method, which was used in [6-8,16] for ex-
amples, to construct the approximate solutions (h", u"),cy to (4), and then we will use Proposition 3.1
to get some uniform bounds on (h", u"),cn.

4.1. Construction of the approximate sequence
To this end, let us define the sequence of operators (Jn)nen by
Inf = 9_113(%7n)($)9f’
and consider the following approximate system:
hy + Jn(Jnt" - V Joh") +ho A Jnc" = F",
cf + Jn(Jnt" - V JnC") = 4pA Juc" — £Jnd" — g A Jph" — BA® Joh" = G",
1 & — A Jpd" 4+ fJpc" = JpA~ div H,

u'=-A"ve" - ATV,
(", ", d")(0) = (hn, A~ " divun, A divtuy),

where

hn= Jn(ho —ho), Uy = Juug,
= —Jn(Jnh" div Jpu"),
G" = Ju(Jnu" - V Jnc") + JnAT divH",
V Jnh"D(Jpu") + V Jph" div J,u”

H'=—Ju" - V]u"+2u ,
! ! £(Jh" + hg)

with ¢ a smooth function satisfying

ho/4,  Isl <ho/4,

s, ho/2 < |s| < 3ho/2,
7Tho/4, |s| > 7ho/4,
smooth, otherwise.

’(s) =
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We want to show that (23) is only an ordinary differential equation in L? x L? x L?. We can observe
easily that all the source term in (23) turn out to be continuous in L? x L? x L. For example, we

consider the term J,A~!div W. By Plancherel’s theorem, Hausdorff-Young’s inequality and
n 0

Hélder’s inequality, we have

. V].hdiv Ju? - V Joh" div [ou®
A~ ld 4 =1 L&, 8) F _
Jn iv Tl B Bl.mlEl (61,82) U i) |z

V Jph"div Jpu" . 1

< = < ||V Jah" div Jpu® -
H ¢(Jnh™ + o) |12 v e £(Jnh" + o) |l
4 , 4

< V| o iy It o < 216 g1y FR ]
ho ho n’
4n3

< E}Ih” 2 0]l 2

Thus, the usual Cauchy-Lipschitz theorem implies the existence of a strictly positive maximal time T,
such that a unique solution exists which is continuous in time with value in L? x L? x L2. However,
as J2 = Jp, we claim that J,(h",c", d") is also a solution, so uniqueness implies that J,(h",c", d") =
(h", c",d™). So (h",c",d") is also a solution of the following system:

e+ Jn(u" - VA") + hoAc" = FT,

"+ Ju(u" - V") — 4pAC” — fd" — gAR" — BARH = GT,

1 d" — pAd" 4 fc" = A7 divt HY, (24)
u'= A"V — AT viat,

(", ¢, d")(0) = (hn, A" diva,, A7 divhuy),

with

hn = Jn(ho —ho),  up = Jnu,

F{ =—Jn(h" divu®),

Gl = Ja(u"- V") + JnAT divHY,
Vh"D(u") + Vh" divu"

Hi=—-u"-Vvu"+2u e
¢ (h" + ho)

The system (24) appears to be an ordinary differential equation in the space

L2:= {a e L?(R?): supp Fa C B(%n)}

Due to the Cauchy-Lipschitz theorem again, a unique maximal solution exists on an interval [0, T
which is continuous in time with value in L2 x L2 x L2.



C. Hao et al. / ]. Differential Equations 247 (2009) 3234-3257 3249

4.2. Uniform bounds

In this subsection, we prove uniform estimates independent of T < T, in E} N E}” for (h", u").
We shall show that T, = +oo by the Cauchy-Lipschitz theorem. Denote

E(0) := llho — ol go.1+= + l[uo|l go.
Ethu,t) == [ (hw g + | (hw | s

Ty = sup{t € [0, T;;): E(h",u",t) < AEE(O)},

where C corresponds to the constant in Proposition 3.1 and A > max(2, C~1) is a constant. Thus, by
the continuity we have T, > 0.

We are going to prove that T, =T, for all n € N and we will conclude that T, = +oc for any
neN.

According to Proposition 3.1 and the definition of (h,, u,), the following inequality holds

(0", )] 5y < Ce Wiy 3.0 (11 ~ ol z91 + Iuollg,
1y oy + " Ve [ oy + 1HT s )

Therefore, it is only a matter to prove appropriate estimates for F{, Hf and u" - Vc". The estimate
of F} is straightforward. From Lemma 2.6, we have

| F1 HL1 (B <Cfn" ”LC;O(B%}) ”“HHL}(BgJ) < CE*(R",u",T). (25)

21)

With the help of Lemma 2.6 and interpolation arguments, we have

[ Ve g, <oz IV Lz ag ) < Clo ey
<qwmwgﬂww4@ﬂ<c#wﬂwfy 26)
In the same way, we can get
Hun . Vun HL-}-(B%]) < CEz(hn, un, T) (27)

To estimate other terms of HY, we make the following assumption on E(0):

2C1ACE(0) < hy,

where C; is the continuity modulus of B} ; € L. If T < Ty, it implies

1 < C1ACE(0) < =

1] < o gy < ol o

Thus, we have

1" ho,

Lo([0.T]xR2) S
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which yields
n h 1. 3 n h n h
h" +hg € Eho, Eho and é’(h +h0)=h + hg.

From Lemmas 2.6 and 2.3, and interpolation arguments, we have

i Vh" . Vu" . h"Vh" . Vu"
sy 9 < |[vh"-vu ”L1(331)+ ho+mn
HBY D 0 LL(BS )
h"Vh"
A PR P e WL PR
T 2,1
hn
< CIh", u <1+ = )
| HL (B‘”)” HLl(BN) o+ |2 qi )
<C|n" HLOC(BZl)“u o1 (321)( T “hnHLOO(321))
< CE*(h",u", T)(1+ E(h",u", T)). (28)
Similarly, we can get
n, n
EOHM < CE*(h",u", T)(1+ E(h", u", T)). (29)
ho+h" llL1s9,)

Hence, from (26)-(28), we gather
[u" - v ”L%(BS,Q + |HY Hpﬂsg.l) <C(1+4phy'(1+ E(R",u", T)))E2(K", u", T).  (30)
Similarly, according to Proposition 3.1 and the definition of (hy, u,), the following inequality holds
Cllu"1
[(h", u )HEW <Ce 1 <321>(||h0 —h0||Bs v + ol s
+ HFn”ﬂ(Bg 1y + |u®- vt LB ) + || HY “Ll (BS | ))-

The estimate of F] is straightforward. From Lemma 2.6, we have

F 0 g tvey < st [ |y s, < CE2(, . ). (31)

With the help of Lemma 2.6 and interpolation arguments, we have

I 9 g < I gy 19,
<C|u" HL%O(B%]) [u" ”L%(%Tf) < CE*(h",u", T). (32)
In the same way, we can get
Ju" - Vu" HLl(Bg )<CE2(h u", T). (33)
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From Lemmas 2.6 and 2.3, and interpolation arguments, we have

P Vh" . vu" < |[VH Ve ’ h"Vh" . vu"
°| R +hn s, Ly (B5.0) ho+hm lliss
h"Vh"
K CIVRY| o e | VU" . +CH_7 vu" .
” HLT (Bz,l)H HLlT(B%’l) ho + h" L%(B§.1)|| HLlT(B;,])
hn

< g Iy (14

LC;O(B;_])>

< C”hnHL‘;O(Bg:}“) Hun HL}@;])U + th HL%O(BQJ))

flo-l—hn

< CE*(W",u", T)(1+ E(h",u", T)). (34)
Similarly, we can get
n. n
o | L D) < CE(h", u", T)(1 + E(h", u", T)). (35)
ho + h™ L1(B5 )

Hence, from (32)-(35), we gather
|- Ve HL}(B;]) + ||H} ”L%(BE,Q <C(1+4phy'(1+E(R",u", T)))EX (K", u", T).  (36)
From (25), (30), (31) and (36), it follows
[ u)

HE}HE#S < CeACEO1 4+ CAXC2(1 4 4phy ' (1 + ACE(0)))E(0)]E(0).

So we can choose E(0) so small that

2

1+ CA%C?*(1+4phy' (1 + ACE(0)))E(0) <

’

A+2

) A+ - .
eACZE(O)g% and 2C;ACE(0) < . (37)

which yields || (h", u”)||E1T < Q—EACE(O) for any T < Tj. It follows that T, = T;. In fact, if Tn < T, we

have seen that E(h",u", T,) < Q—EA(? E(0). So by continuity, for a sufficiently small constant ¢ > 0

we can obtain E(h",u", T,, + o) < ACE(0). This yields a contradiction with the definition of T.

Now, if T, =T; < oo, then we have obtained F(h",u", T;)) < ACE(0). As [|h"||, o1+ < 0o and
P2

”“n”LT*(BSﬁ) < 00, it implies that ||h”||LT*(L%) < 00 and ||u"||LT* (12) < 0. Thus, we may continue the
n ’ n n

solution beyond T,; by the Cauchy-Lipschitz theorem. This contradicts the definition of T, . Therefore,
the approximate solution (h", u"),cy is global in time.



3252 C. Hao et al. / ]. Differential Equations 247 (2009) 3234-3257

4.3. Existence of a solution

In this subsection, we shall show that, up to an extraction, the sequence (h", u"),cy converges in
2' (Rt x R?) to a solution (h, u) of (4) which has the desired regularity properties. The proof lies on
compactness arguments. To start with, we show that the time first derivative of (h",u") is uniformly
bounded in appropriate spaces. This enables us to apply Ascoli’s theorem and get the existence of a
limit (h,u) for a subsequence. Now, the uniform bounds of the previous subsection provide us with
additional regularity and convergence properties so that we may pass to the limit in the system.

It is convenient to split (h",u") into the solution of a linear system with initial data (h,, u,;) and
the discrepancy to that solution. More precisely, we denote by (h},u}) the solution to the linear
system

8’: Tg + dlvu? == 0,
b} — A} — 3V divu + f(ul') " + gVh! — BVAR} =0, (38)

(hi.ul) g = (hn, un),

and (h",u") = (h" — hi, u" —ul).
Obviously, the definition of (h,, u,) entails

hn, — ho — ho 1nBOl+‘9, u, — up int’f, asn — +oo.

Proposition 3.1 insures us that

(hf,u}) — (hp,up) inE'NE™®, (39)
where (h,u;p) is the solution of the linear system

othp +divu; =0,
dup — Aup — 3uVdivu, + fu; +gVh, — BVAh, =0, (40)

(hy,up)e—o = (ho — ho, up).

Now, we have to prove the convergence of (h", @"). This is of course a trifle more difficult and requires
compactness results. Let us first state the following lemma.

Lemma 4.1. (1", &)y is uniformly bounded in C7 (R*: BY 1) x (C7+ (RT; BY )%

Proof. Throughout the proof, we will note u.b. for uniformly bounded. We first prove that ach™ is w.b.
in L2(RT, Bg 1)» which yields the desired result for h. Let us observe that h" verifies the following
equation

dh" = — Jn (K" divu") — Jo(u" - VA") — ho divu" + ho divu].

According to the previous subsection, (h"),en is u.b. in i"o(B;’l) and (U"),ey is wb. in EZ(B;J) in
view of interpolation arguments. Thus, — J,(h" diva?) — J,(u" - Vh") — divu” is u.b. in ZZ(B(Z’J). The
definition of u] obviously provides us with uniform bounds for divu] in iz(Bg’l), so we can conclude
that d;h" is u.b. in LZ(BSJ).



C. Hao et al. / ]. Differential Equations 247 (2009) 3234-3257 3253

Denote ¢} = A~ divu?, &" = A~ divi", d¥ = A~ divt u? and d" = A~! div" @". Let us prove now
that 9,c" is wb. in (L°F + LW)(BSJ) and that 9,d" is wb. in (L5 + L”)(Bg’l) which gives the

required result for u" by using the relation u* = —A~1vc" — A~1v14d",
Let us recall that

" = AuA(c" —cf) +f(d" —d}) + gA(R" — h}) + BA> (h" — h})
Vh"D@@u") + Vh" divu" >
h" + hg

— JaA7! div(u" Vu' —2u

dd" = pnA(d" —df) — f(c" — )

Vh"D(u") + Vh™ di
— JaA" N divt <u” -vu" - 2u )+ va )

hn—l-ho

Results of the previous subsection and an interpolation argument yield uniform bounds for u”"

~ £ . ~2+e . ~ . ~ £ .

[ (B5.1) NLz+ (B%ff). Since h" is wb. in L°°(B] ;), c{ and ¢" are u.b. in LZ% (B2 1), we easily verify
that A(c" —c!) and JpA~!div(u" - Vu" —2u thD(“;zithn divu®y Jre wb. in L5 (BY 1)- Obviously, we
have d"+! and df*! ub. in L>°(BY ;). Because h" and h} are wb. in L>°(B} ,), we have A(h"*! —hIth

. ~4 ~ 3+¢ .

u.b. in LOQ(B0 1)- We also have h" and h} are ub. in (L3 + L%)(B3 1) in view of Lemma 2.8. Thus,
A3R" is wb. in (L3 + L5 )(B 1)- So we finally get 9¢c" wb. in (L + L°O)(B 1)- The case of dd"
goes along the same lines. As the terms corresponding to A3(h" — hi) do not appear, we simply get

dd™ u.b. in (L —|—L°°)(B - O

Now, we can turn to the proof of the existence of a solution and use Ascoli’s theorem to get strong
convergence. We need to localize the spatial space because we have some results of compactness for
the local Sobolev spaces. Let (xp)pen be a sequence of Cj° (R?) cut-off functions supported in the

ball B(0, p+1) of R? and equal to 1 in a neighborhood of B(0, p).
For any p € N, Lemma 4.1 tells us that ((xph", xpu"))nen is uniformly equicontinuous in
C(RT; (BO y142) and bounded in E1*%.

Let us observe that the application f +~ xp,f is compact from B 1 into B2 1» and from Bgl

into B2,1' After we apply Ascoli’s theorem to the family ((Xph”,xpu”))neN on the time interval

[0, p], we use Cantor’s diagonal process. This finally provides us with a di_stribution (h,w) belong-
ing to C(R™; BO1 X (32 1) ) and a subsequence (which we still denote by (h", u"),en) such that, for
all p e N, we have

(xph", xpu") = (xph, xp)) asn— +oo,

in C([0, pI; BO1 X (B2 ]) ). This obviously infers that (h", u") tends to (h,u) in 2'(RT x R?).
Coming back to the uniform estimates of the previous subsection, we moreover get that (h,u)
belongs to

[®°(RT: By x (BY 8) ) NLY(RY: (BT N B x (Bgﬁ”)z) (41)

and to C'2(R*: BY ;) x (€7 (R B ).
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Let us now prove that (h, u) := (hy, u;) + (h, @) solves (4). We first observe that, according to (23),

W + Jn(u" - VA") + ho Ac" = — J (h" divu"),
w4 Jo(u" - VU') — A" - 3uVdivu® + f(u") " + gVh" — BVAR"
Vh"Du") + Vh" dlvu”
h" + ho

=2/ Jn

The only problem is to pass to the limit in 2'(R* x R?) in the nonlinear terms. This can be done by
using the convergence results stemming from the uniform estimates and the convergence results (39)
and (41).

As it is Just a matter of doing tedious verifications, we show, as an example, the case of the

term Vzﬂ Denote L(z) = z/(z + hg). Let 6 € CORT x R?) and p € N be such that suppé C

[0, p] x B(0O, p). We consider the decomposition
hof VA" dive"  hof Vhdivu
f_lo + hn f_l() +h
= Ja[0(1 = L(h")) xp VA" xp div(a} —war) +6(1 — L(h")) xp Vh" xp div(x, (0" — @)
+6(1—L(h")) xpV(xp(h" —h)) diva+6Vhy, divu(L(xph) — L(xph"))]
hOHVh dlvu
ho+h

n

+(Un—=D

The last term tends to zero as n — +oo due to the property of J,. As QL_(h") and h" are u.b. in
L>*(B) ) and u! tends to u; in L'(B3 ), the first term tends to O in L'(BY ). According to (41),

Xp(@" — 1) tends to zero in L'([0, p]; B3 ;) so that the second term tends to 0 in L'([0, p]; BY ).
Clearly, xph" — xph in LOO(B;J) and L(xph™ — L(xph) in L®°(L>® N B}vl), so that the third and the
last terms also tend to O in Ll(BO 1) The other nonlinear terms can be treated in the same way.

We still have to prove that h is continuous in BO I*¢ and that u belongs to C(R™; (B2 1) ). The

continuity of u is straightforward. Indeed, u satlsﬁes
VhD(u) + Vhdiva

du=—u-Vu+ pAu+3uVdivu — fut —gVh+ BVAh+2u 5
+ o

and the r.h.s. belongs to (L + L*)(BY |) by noting that we also have h e L*(B] ) N (L3 + LH(B3 )
in view of the interpolation argument’ In a similar argument, one can obtain u e C(RT; (B;])z). We
have already got that h € C(R*; BY ,). Indeed, ho — hg € 82 L uel2RY; Bé’l), hel®Rt; B%’]) and
then 8:h € L2(RT; 32,1) from the equatlon dth = —hg divu — div(hu). Thus, there remains to prove the
continuity of h in B;ﬁe.

Let us apply the operator Ay to the first equation of (4) to get

3t Axh = —Ap(u- Vh) — hoApdivu — Ag(hdivu). (42)

Obviously, for fixed k the r.h.s. belongs to L}OC(]RJF; L?) so that each Ayh is continuous in time with
values in L2
Now, we apply an energy method to (42) to obtain, with the help of Lemma 6.2 in [11], that

1d

> g 18khIE < ClARRI 2 (2™ T Il i g | + 1Ak divalz + | Axch diva ]| ),
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where ) ', o < 1. Integrating in time and multiplying 2k(+8) e get

t
20 (0] < 207 Agtho ~Fo) | + € [ (o) g a5,
0

+ 2409 | Apu(D) | + 2409 A(h divay ()] ) de

Since h € L°°(Bl+5) ue Ll(B2 2*%) and hdivu e Ll(BHS) we can get

qup 2ka+e) |Akh®) |2 < o — ’_10||3;+1€ +(1+ ||h||L00(3%+18))||u||L1(g§,f+e) + [hdivulf} (B1%)
keZ *= ' ' ' ’

< OQ.

Thus, } <y Akh converges uniformly in L*(R¥; B”S) and we can conclude that h e C(RT; B;*ls)

4.4. Uniqueness

Let (h1,uy) and (hy,uy) be solutions of (4) in EIT N E}“ with the same data (hg — ho, ug) con-
structed in the previous subsections on the time interval [0, T]. Denote (8h, u) = (hy — hy,uy; —uy).
From (4), we can get

3:8h +uy - V8h + ho divéu = F»,
ddu+uy - Véu — ASu — 3V divsu + f(Su)t + gVsh — BV ASh = G, (43)
(8h, 8u) = (0, 0),

where

Fr =—du- Vh] —6h diVllz — h1 divéu,

Véhdivuy Vhidiviu 1 1 .
Gy = —8u- Vg 42— 22 o TLEVOR L o - _ Vh, divuy
ho + hy ho + hy ho+hy ho+hq
VShD(u VhiD(su 1 1
4o yohbw) L, ViDOw ( — )Vh1D(u1).
ho + hy ho + hy ho+hy  ho+hy

Similar to (4), we can get
Clluzll;1 32
T 72,1 ~ .
[ h. sw g1 < Ce (IF2llpy gor, + 162l )-
Noticing that hq L‘;"(Bg:}) N L}(Bgﬁ) and uy € L}(Bg’l), we can get
”FZ”Ll (30 )~ TZ ||5“||L00(30 )”hl ”LZ(BZ ) + ||8h||L00(30 )||U2||L1 (32 ) + ”hl ”LOO(BO )||5ll||L1 (32 )
Moreover, from hy € L#(B3 ) N L (B} ;) by Lemma 2.8, we have

||F2||L1 (31 )~ ||8u||L2 (Bl )”h] ”L2(32 ) + ||5h||L00(31 )||ll2||L1 (32 ) + ||h1 ”LOO(Bl )||511||L1 (32 )
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Noting that hy, hy € L‘;"(B;’]), u,up € L}(Bil), and

1-
lIh1 Il 1 f0.T]xR2) < Eho’ ||h2||Loo([o,T]xR2) < Eho,

by the construction of solutions, we have

”G2”L]T(B(2),1) 5 ”8“”@0(32’])”‘11 ”LlT(B%J) +4M(1 + ”hZHL‘;O(B%J))HSh”L%O(B%,])HUZHL}(B%’])
+4M(1 + ”hZHL‘]’.O(B% 1))”hl ”L‘;.O(B; ) ”‘Su”ﬂT(B% D)
+AplIShl o gy ) 1M llge iy llvnllpn sz

X (1 + ||h1 ”L‘;O(B%,l) + ||h2||]j%0(jg%’1) + “hl ||L%°(B;’1)||h2||L%O(B%’]))-

Thus, we obtain

Clluzll 1 -
b, 5wy < Ce BN (14TH + 4! (1 + ol g01.)

- |lhq ”LC;O(BS;b + Z(T)}| (8h, (Su)HE1T,

where limsupy_, o+ Z(T) =0.

Supposing that ’f(jgfg)z (A+1)CE(0) < % besides (37) for E(0) and taking 0 < T < 1 small enough

such that C”“2”L1T(B§1) <In2 and Z(T) < % we obtain ||(8h,8u)||E1T = 0. Hence, (h1,uq) = (hy, uy)
on [0, T]. ’

Let T, (supposedly finite) be the largest time such that the two solutions coincide on [0, Ty,]. If
we denote

(hi(®), @i (1)) == (hi(t + Tm), it + Tr)), i=1,2,

we can use the above arguments and the fact that

~ 1- ~ -
||hi||L00(R+><R2) < Eho and ||hi||Lm(R+;Bg‘1m3;1) < ACE(0)

to prove that (Fh,ﬁ]) = (fzz, u,) on the interval [0, T;;;] with the same T,; as in the above. Therefore,
we complete the proofs.

Acknowledgments

Hao was partially supported by the National Natural Science Foundation of China (NSFC) (grant
Nos. 10601061 and 10871134), the Scientific Research Startup Special Foundation for the Winner
of the Award for Excellent Doctoral Dissertation and the Prize of President Scholarship of Chinese
Academy of Sciences. Hsiao was partially supported by the NSFC (grant No. 10871134). Li was partially
supported by the NSFC (grant No. 10871134), the NCET support of the Ministry of Education of China,
Chuang Xin Ren Cai Project of Beijing Municipal Commission of Education, and the Huo Ying Dong
Foundation 111033.



C. Hao et al. / ]. Differential Equations 247 (2009) 3234-3257 3257

References

[1] J. Bergh, J. Lofstrom, Interpolation Spaces. An Introduction, Grundlehren Math. Wiss., vol. 223, Springer-Verlag, Berlin Hei-
delberg, 1976.
[2] D. Bresch, B. Desjardins, Some diffusive capillary models for Korteweg type, C. R. Mecanique 331 (2003).
[3] D. Bresch, B. Desjardins, Existence of global weak solutions for a 2D viscous shallow water equations and convergence to
the quasi-geostrophic model, Comm. Math. Phys. 238 (2003) 211-223.
[4] A.T. Bui, Existence and uniqueness of a classical solution of an initial boundary value problem of the theory of shallow
waters, SIAM ]. Math. Anal. 12 (1981) 229-241.
[5] J.-Y. Chemin, N. Lerner, Flot de champs de vecteurs non lipschitziens et équations de Navier-Stokes, ]. Differential Equa-
tions 121 (1992) 314-328.
[6] J.-Y. Chemin, N. Masmoudi, About lifespan of regular solutions of equations related to viscoelastic fluids, SIAM ]. Math.
Anal. 33 (2001) 84-112.
[7] J.-Y. Chemin, P. Zhang, On the global wellposedness to the 3-D incompressible anisotropic Navier-Stokes equations, Comm.
Math. Phys. 272 (2007) 529-566.
[8] Q. Chen, C. Miao, Z. Zhang, Well-posedness for the viscous shallow water equations in critical spaces, SIAM J. Math. Anal. 40
(2008) 443-474.
[9] B. Cheng, E. Tadmor, Long time existence of smooth solutions for the rapidly rotating shallow-water and Euler equations,
SIAM ]. Math. Anal. 39 (2008) 1668-1685.
[10] R. Danchin, Global existence in critical spaces for compressible Navier-Stokes equations, Invent. Math. 141 (2000) 579-614.
[11] R. Danchin, Global existence in critical spaces for flows of compressible viscous and heat-conductive gases, Arch. Ration.
Mech. Anal. 160 (2001) 1-39.
[12] R. Danchin, Fourier analysis methods for PDEs, in: Lecture Notes, November 14, 2005.
[13] R. Danchin, B. Desjardins, Existence of solutions for compressible fluid models of Korteweg type, Ann. Inst. H. Poincaré
Anal. Non Linéaire 18 (1) (2001) 97-133.
[14] J.F. Gerbeau, B. Perthame, Derivation of viscous Saint-Venant system for laminar shallow water; Numerical validation, Dis-
crete Contin. Dyn. Syst. Ser. B 1 (2001) 89-102.
[15] Z.-H. Guo, Q.-S. Jiu, Z. Xin, Spherically symmetric isentropic compressible flows with density-dependent viscosity coeffi-
cients, SIAM ]. Math. Anal. 39 (2008) 1402-1427.
[16] B. Haspot, Cauchy problem for viscous shallow water equations with a term of capillarity, preprint; Math. Models Methods
Appl. Sci. (2009), in press.
[17] PE. Kloeden, Global existence of classical solutions in the dissipative shallow water equations, SIAM ]. Math. Anal. 16
(1985) 301-315.
[18] H.-L. Li, J. Li, Z. Xin, Vanishing of vacuum states and blow-up phenomena for the compressible Navier-Stokes equations,
Comm. Math. Phys. 281 (2008) 401-444.
[19] E. Marche, Derivation of a new two-dimensional viscous shallow water model with varying topography, bottom friction
and capillary effects, Eur. J. Mech. B Fluids 26 (2007) 49-63.
[20] A. Matsumura, T. Nishida, The initial value problem for the equations of motion of viscous and heat-conductive gases,
J. Math. Kyoto Univ. 20 (1980) 67-104.
[21] A. Mellet, A. Vasseur, On the barotropic compressible Navier-Stokes equations, Comm. Partial Differential Equations 32 (1-
3) (2007) 431-452.
[22] ]. Peetre, New Thoughts on Besov Spaces, Duke University Math. Ser., vol. 1, Duke University, Durham, NC, 1976.
[23] L. Sundbye, Global existence for Dirichlet problem for the viscous shallow water equations, J. Math. Anal. Appl. 202 (1996)
236-258.
[24] L. Sundbye, Global existence for the Cauchy problem for the viscous shallow water equations, Rocky Mountain J. Math. 28
(1998) 1135-1152.
[25] W.K. Wang, C.-]. Xu, The Cauchy problem for viscous shallow water equations, Rev. Mat. Iberoamericana 21 (2005) 1-24.



