vailable online at www.sciencedirect.com P o
SclENcE@DIRECT’ MATHEMATICAL
ANALYSIS AND

APPLICATIONS

www.elsevier.com/locate/jmaa

LSEVIER J. Math. Anal. Appl. 320 (2006) 246265

Wellposedness for the fourth order nonlinear
Schrodinger equations

Chengchun Hao **, Ling Hsiao *!, Baoxiang Wang °

4 Academy of Mathematics and Systems Science, CAS, Beijing 100080, PR China
b Department of Mathematics, Peking University, Beijing 100871, PR China

Received 7 February 2005
Available online 19 August 2005
Submitted by P.J. McKenna

Abstract

We study the local smoothing effects and wellposedness of Cauchy problem for the fourth order
nonlinear Schrodinger equations in 1D

i0u = dgu+ P((031) 4 <ps (030) 4 <n)s 1 X ER,

where P(-) is a polynomial excluding constant or linear terms.
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1. Introduction

We consider the Cauchy problem for the fourth order nonlinear Schrédinger equations

i0u = dgu + P((054) 4 <p> (057) 4 <a)s  1-X ER, (L.1)
u(0, x) = up(x), (1.2)
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where u = u(¢, x) is a complex valued wave function, and P(-) is a complex valued poly-
nomial defined in C® such that

P@=P@.22.....50)= Y au2* (1.3)
B<lalSy
aeZb
for B > 2 and there exists ag, # 0 for some o € 78 with |ag| = B.

This class of nonlinear Schrodinger equations comes from the infinite hierarchy of com-
muting flows arising from the 1D cubic nonlinear Schrédinger equation. A large amount
of interesting work has been devoted to the study of the Cauchy problem for dispersive
equations. One can see [1,3—17] and references cited therein.

In order to study the influence of higher order dispersion on solitary waves, instability
and the collapse phenomena, Karpman [9] introduced a class of nonlinear Schrodinger
equations

1
iq/t+§Aw+%A2w+f(|W|2)W=0, xeR", reR.

This system with different nonlinearities was discussed by several authors. In [16], by
using the method of Fourier restriction norm, Segata studied a special fourth order nonlin-
ear Schrodinger equation in one-dimensional space and considered the three-dimensional
motion of an isolated vortex filament, which was introduced by Da Rios, embedded in
inviscid incompressible fluid fulfilled in an infinite region. And the results have been im-
proved in [8,17].

In [1], Ben-Artzi et al. discussed the sharp space—time decay properties of fundamental
solutions to the linear equation

iU, — AW + A2W =0, ee{—1,0,1}.

In [6], Guo and Wang considered the existence and scattering theory for the Cauchy
problem of nonlinear Schrodinger equations with the form

iug + (—2A)"u+ f(w) =0, (1.4)
u(0,x) =), (1.5)

where m > 1 is an integer. Pecher and von Wabhl in [15] proved the existence of classical
global solutions of (1.4)—(1.5) for the space dimensions n < 7m for the case m > 1.

In the present paper we deal with Eq. (1.1) in which the difficulty arises from the fact
that the nonlinearity of P involves the first and second derivatives d,u, d,i, 8§u and 8)%12.
This could cause the so-called loss of derivatives so long as we make direct use of the
standard methods, such as the energy estimates, the space—time estimates, etc.

In [14], Kenig et al. made a great progress on the nonlinear Schrddinger equation of the
form

ou=iAu+ P(u,u,Vou,Viu), teR, x eR"?,

and proved that the Cauchy problem is locally well-posed for small data in the Sobolev
space H*(R") and in its weighted version by pushing forward the linear estimates asso-
ciated with the Schrodinger group {e'! A}iooo and by introducing suitable function spaces
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where these estimates act naturally. In the one-dimensional case, n = 1, the smallness as-
sumption on the size of the data was removed by Hayashi and Ozawa [7] by using a change
of variable to obtain an equivalent system with a nonlinear term independent of d,.u, where
the new system can be treated by the standard energy method. But this method might not
be able to be applied to the fourth order nonlinear Schrodinger equation including terms
d2u and 92

Kato studied in [10] the Cauchy problem for the (generalized) Korteweg—de Vries equa-
tion

oru + Bgu +udyu=0, t,xekR,

by using the smoothing effect method.

In the present paper, we will discuss the local smoothing effects of the unitary group
{S(t)}> in order to overcome the loss of derivatives. More precisely, we will prove, in
Section 2, that
t

3} / S(t — 1) F(t,x)dr

0

ESy] j=3
<SCT | Pl + 00 u@.0] 2.

sup
X L[z

To construct the work space, we have to study, in Section 3, the boundedness properties
of the maximal function supyy 7 |S(#) - |. This idea is implicit in the splitting argument
introduced by Ginibre and Tsutsumi [5] to deal with uniqueness for the generalized KdV
equation. Finally, we will consider some special cases in Section 4 to apply the estimates
we have obtained. More precisely, we study the Cauchy problem (1.1)—(1.2) without the
restriction on the size of the initial data and get the local wellposedness by the fixed point
argument.

For convenience, we first introduce some notations. S(¢) := e”"aﬁ denotes the unitary
group generated by —i8f in L%(R). Z denotes the conjugate of the complex number z.
Fuor i (Flu, respectively) denotes the Fourier (inverse, respectively) transform of u
with respect to all variables. . denotes the space of Schwartz’ functions. And we denote

I lls2 =11 llass I+ Il =1l ll» for 1 < p < oo and
oo 1/2
,
12, = 1Lt s ey ) = Z( /\amx)} |x|fdx) : (1.6)
YISi\ o

Throughout the paper, the constant C might be different from each other.
Now we state the main results of this paper.

Theorem 1.1 (Case B > 3). Given any polynomial P as in (1.3) with 8 > 3, then, for any
ug € HSHN(R) with s > /2, there exists a T = T (lluolls+1,2) > O such that the Cauchy
problem (1.1)—(1.2) has a unique solution u(t) defined in the time interval [0, T] and sat-

isfying
ueC([0,T]; H* (R)) (1.7)

and

s 2u e Lo(R; L2([0, T1)). (1.8)
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Theorem 1.2 (Case B = 2). Given any polynomial P as in (1.3) with 8 = 2, then, for
any ug € Ht1(R) N HO(R; x2dx) with s > 11 + 1/2, there exists a T = T (lluolls+1,2,
lluolle,2,2) > O such that the Cauchy problem (1.1)—(1.2) has a unique solution u(t) defined
in the time interval [0, T'| and satisfying

ueC([0,T]; H (R) N HO(R; xdx)) (1.9)
and

0r " %u e Lo(R; L2([0, T1)). (1.10)

2. Local smoothing effects

We will prove the local smoothing effects of Kato type exhibited by the group {S ()},
in this section.

Lemma 2.1 (Local smoothing effect: homogeneous case). We have the following estimate

3/2
[0S Ouo) | Lo s 200,71y < Clollz. (2.1)

and the corresponding dual version
T

33/2/3(—r)f(r, )dr

0

< C”f”L}((R;L,z([O,T]))' (2-2)
2

Proof. (2.1) and (2.2) can be derived from [12, Theorem 4.1] for which we omit the de-
tails. O

More precisely, (2.2) yields, for ¢ € [0, T], that

t

B)?/Z/S(t—r)f(r, )dt

0

S AN Lt s L2q0.70)- (2.3)
2

Now we turn to consider the inhomogeneous Cauchy problem:
idu=0%+F(t,x), t xeR, (2.4)
u(0,x) =0, (2.5)
with F € (R x R). We have the following estimate on the local smoothing effect in this

inhomogeneous case.

Lemma 2.2 (Local smoothing effect: inhomogeneous case). The solution u(t,x) of the
Cauchy problem (2.4)—(2.5) satisfies

[9dt, O e erzo.rpy < CT 7 1F ()| j=123 (26

LL(R; LZ([0,T1))°
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Proof. We formally take Fourier transform in both variables ¢ and x in Eq. (2.4) and obtain

i_Fa@e
-5

Consequently, we have

oo o0 .
. L. J A
8){u(t,x):C/ ‘/‘e”felx%'g—gz‘F(t’g)dsd‘[ forj=1,2,3.
t_
—00 =00

By the Plancherel theorem in the time variable, we can get

o0
loiuc.n)| . =c| 7zt [ 65 F5)a
X ) 12— T e 4 (Trs) ‘i:
i 1:—%‘ 2
—00 t
o0
=C / ix§ Eg F(r,&)de
0 L?
=C /eix§§—4-/Ae*iyglg(t)(t,y)dydé
T—§& 2
—00 —0o0 T
=C / /e“x »§ dSF(’)(r y)dy
—00 —00 L?
o0
=C /K,(r,x—y)ﬁ“)(r, ydy| 2.7
—“%0 L?

where F® denotes the Fourier transform of F in the time variable,

o0

e &/
Kj(r,l)zfe’fr_§4ds,

—0o0
and the integral is understood in the principal value sense.
In order to continue the above estimate, we have to estimate K;(z,/) next. Since the

proof for the case T < 0 is similar to the case T > 0, we only give the proof for the case
7 > 0. In fact, by changing the variables, we have, for T > 0, that

o]

w8
Ky = [ e

—0o0
o .
_/ il () 1/4
= e —————1/%dp
T — (T1/4n)4

—00
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oo 1, .
7G+D
= / eilflmfl Tt ,7/

d
r(—nh
—00
7 j
:Tﬁlj—%feilr]/4n n dn.
1—n*
—00

We distinguish the discussion into three cases according to the value of ;.
In the case j = 1, we have

eilr1/4n n
1 —n*

. 111 1 1111
e”f”“"(——- o +toom - 72> dn
470140 4 1=n 2 2 a+n

Ki(xr,) =112 dn

é\g é\g

e¢]

&)
—12 _l/61111/4(5_1)1(15_‘_1/eilrl/‘*(l—g)lds
4 § 4 §
]

- —00

1 r 1 1 T 1
+ = / e”rm”—dn——/e”fm”izdn
2 U 2 (I+n%)n

o
- |:_%i<eilrl/4 4ol 2) sen(i='%)
o0

_l/eilz”“n 12 dn |,
2 (I+n%n

—00

where we used the fact that the Fourier transform of 1/x (i.e., the kernel of the Hilbert
transform) is equal to —i sgn(§).

For the estimate of the second term in the right-hand side of the above, we introduce an
auxiliary function. Let ¢ € C3°(R) with suppp C [-2,2],¢o=1in[~1,1]and 0 < ¢ < 1,

we have

r ixn e d
/e T+

—00
YA I
=‘3§7 1<_.1 2)
n l+n

= ‘—i sgn(x) * Z,

11 1 @
-G ()

o0

—i / sgn(x _y)yn1<1¢i";2>(y) dy

=
N
e
+A
s |3
[\)
N—
I
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< / ‘f{l(lwi"};z)(y)dy‘ <cC

and

o0
U 1
/e“‘”wdn < / —dn<C.
(I+n%)n I+n

- nl=1

Thus, we can get

sup|t'/2 Ky (1, )| < C. (2.8)
Tl

Next, we consider the case j = 2. We have as above

o]

2
Kz(f,l)zf_1/4/eiltl/4nn—dn
1—nt
—00
o
27*1/4/61‘1“/40 S S L S SN N P
4 14+n 4 1—n 2 14n?
—0o0
1 T 1 1 r 1
S VY ilrl/“(g—l)_d _/ ilr'/“(l—s)_d
|:4/e F 5—1-4 e E &
—00 —00
o
_l/eiltl/4n 1 d’7
2 14 n?
—0oQ
o
— /4 li ottt _ il Sgn(lrl/4)_l/el‘lfl/4'7 ! dn
4 2 1+n?
—00
and consequently
1 1 T 1 1
+
K. D) <t~V = _/ dn | = —1/4
Ko D] <775 5 45 T+ 2
—00
Thus, we obtain
sup|t Ky (t, )| < C. 2.9)
T,l

For the case j = 3, we have

L 3
R N
1 —n*

—00
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00
: 1 1 1 1 1 1 1 1
:fellt1/4r)(__.—+_.—__._+_.72>d7]

4 1+n 4 1—-n 2 n 2 (+n%n
—00

o
1 /4 174 1 174 1
= -Zile ilt +ellf +2>S nl‘l,'l/4 +—/€llt n___—  dnl.
[ 4 ( en(lT) + 3 T B

Similar to the case j = 1, we can get

sup|K3(t, )| < C. (2.10)
T,l

Combining (2.8), (2.9), and (2.10), it yields

sup 7| 7 | K (z. )| < C. 2.11)
T,l

Now we turn to the estimate of 8){ u(t, x). Due to (2.7), the above estimates, the Young
inequality, the Sobolev embedding theorem and the Holder inequality, we obtain, for ¢ €
[0, T, that

o0

supHS){u(t,x)HLtz <C / sup|[ K (v, x = NFO (@, )] 2 dy
X % X
oo

<cmenﬁﬂ&ww—wMWr¥ﬁmmeMy
T,X T

—00

3—Jj
< ik, F -, <C|F
\C?yﬂ4|]UJM|MKm33\C””u@?q

3-j
<CTT |Fllyy;.

The desired result follows then. O

In general, the solution u(z, x) of (2.4) may not vanish at t = 0. However, by using the
Parseval identity, we are able to show

u(0,x) =u(t, x)|r=0

o0 o0 1
=c/e"xf T_E4ﬁ(r,§)drd§
—0oQ —0oQ
o0 o0 o0
_ ix& 1 —its (x)
=C e e F'*(s,&)dsdr d&
T —&4
—0oQ —0oQ —0oQ
® w ® —iTs
=c/e“fs / ﬁ<x>(s,g)/ ¢ dr ds d&
T — &4
—0o0 —0o0 —0o0
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e8] 00 o]
e

. R —iys .
:c/e”fs / F<x>(s,s)( / dy)e—”f“dsdg
—00 —0o0 y

—00
oo oo

=cfe"xf / FO (s, £) sgn(s)e %" ds de

oo —0o0

oo o0
:c/ /efxée*”f“ sgn(s) FY) (s, £) d& ds
o0

=C / S(s) sgn(s) F¥ (s, x) ds,
—0oQ
which, combined with (2.2), implies 3;/2u(0, x) € L2(R).
Thus, by (2.1), the function w(¢),
t
w(t) :=u(t) — SEug = —i / St —t)F(r)dr,
0
is the solution of (2.4)—(2.5) and satisfies the estimate (2.6). Hence, for j = 1,2, 3,
t
3} f S(t — ) F(z,x)dr

0

sup =sup|[d]w(t, )| ;2 SCT T |[Fllpip2. (2.12)
X X 1 x =t

L

3. Estimates for the maximal function
We start by stating an L?-continuity result for the maximal function suppo, 77 1S(#) - .

Lemma 3.1. For any s > 1 and any p > 1/4, it holds

00 172
(Z sup  sup |S(l)u0(X)|2) <CU+T) luolls.2- 3.1

o ST j<x<j+1

Proof. This is a special case of [13, Corollary 2.8]. For the convenience of readers, we
give a direct and simple proof here. Denote r = Tt with |¢'| < 1. We have
o0
Suo(x) = S(Tt)ug(x) =C f S EET) e 0 (x)

—00

o0
(X o4y
:CT*‘/“/e‘(rl/“’ ") A x ug(x)
—00
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oo o0
=CT_1/4f /e 7l
—00 —00

(o olaNe ]
:C/ /e AT g (71/42) e
o0 —0o0

= () (T~ "),
where v(x) = ug(T/4x).
As the same way as the proofs in [13, Theorem 2.7], we can check that

47777

dn uo(y)dy

00 1/2
2
(Z sup  sup |S(t)u0(X)|> < Clluolls 2
J

fo 1S j<x<j+1

holds for s > 1.
Thus, we obtain

00 1/2
(Z sup  sup |S(t)u0(x)|2)

ST IIST <<l

o) 1/2
:( Z sup sup |S(t/)v(y)|2>

j=—oo WIS j<T Ay <j+1

00 1/2
<c(T 3 sup sup [SAHv)|
oo 1< kS <k+1
<CT'Bllga=CT ¥ Juo(r'/*)], ,
< CU+ T *uols.2-
For the case p > s/4, we have the desired result since

(I+T)y*<A+T)°.

For the case 1/4 < p < s5/4, let so = 4p. Then, following the above process and using
the Sobolev embedding theorem, we obtain

00 1/2
2
Y sup sup [S@uo)|T) < CA+T) fluollsy2 < CA+T) Juolls.2.
S ST j<x<j+

Thus, the proof of Lemma 3.1 is completed. O

It is clear that (3.1) yields

o]

(o

12
sup \S(z>uo(x>|2dx) <CA+T)luols 2. (32)
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To estimate the maximal function supyg 7 [S(#)uo(x)| in the L'- and I'-norms, we shall
use the following weighted inequality.

Lemma 3.2. We have the estimate

o0

/ sup [S(Duo(x)| dx < €A+ T)*(luoll7,2 + lluolla2,2), (3.3)
[0,T]

where || - ||;,2,; is defined as in (1.6).

Proof. We first derive an estimate which will be used in the next derivation. Taking 7o €
[0, T'] such that

S Lf @) de

| f(to)| < T

we have for any ¢

t

f@)= fQo)+ f@)— fto) = f (o) + f f'(s)ds.
0]

Thus, we can get

T t T T
1 1
rol<g [lrolas [lroles<g [lrolar [lrofd.
0 Io 0 0

namely,

T T

1
sup | f(1)] < ?/}f(t)Idt+/|8,f(t)|dt. (3.4)

t€l0,T]
0 0

We turn to prove (3.3). Noticing that
o0

f |f@)|dx <ClIfl2+ Cllxf
—0Q

and

xS(t)uo = S(1) (xug) + 4itS(1) (83uo), (3.5)

we have, from (3.4) and the Fubini theorem, that

o0

/ sup | S(t)uo(x)| dx
[0.7]
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oo T o T
<%//|S(t)uo(x)|dtdx+//|8,S(t)u0(x)|dtdx
~%0 0 %0
1 I oo T oo
=T//]S(t)uo(x)\dxdt—l—//\S(r)a;‘uo(x”dxdt
0 —oo 0 —oo
C ; r
< [Usouol,+ Lxswuol,) a + ¢ [ (Iswatuol, + frswatuol,)ar
0 0
ok
< 7f(||u0||2+ IS Gxuo) |, + 4t ]| S0) (33uo) | ) dr
0

T
+C/(||8;‘uo||2+ [ S (xaiuo) |, + 4] S) (8uo) [ ) d
0

< C(lluoll2 + Ilxuoll2 + T [[83uol , + T |uo |, + T xd5uo|, + 7] 8 uo|,)
<C(+T)*(luoll7,2 + luollaz,2)-

Thus, the desired result is obtained. O

4. Wellposedness
We will give the proofs of the main theorems in this section.

Proof of Theorem 1.1. Similar to the proof in [14, Theorem 4.1], we shall only consider
the case s = 7/2. The general case follows by combining this result with the fact that the
highest derivatives involved in that proof always appear linearly and with some commutator
estimates (see [11]) for the cases where s #k + 1/2, k € 7T

For ug € H%/?(R), we denote by u = 7 (v) = J,(v) the solution of the linear inhomo-
geneous Cauchy problem

idpu = 0gu+ P((070) <0 (070) y<a).  1XER, @D
u(0, x) = ug(x). 4.2)

In order to construct 7 as a contraction mapping in some space, we use the integral
equation
t
u(t) =7 W) (t) =S{)uyg—1i / St — r)P(((’J)‘z‘v(t))Wl<2 (8 v(r))‘a|<2)

0 (4.3)

We introduce the following work space:
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Z?:{w:[O,T]xR—HC: Ha;‘w LOCngTa; sup Hw(t)||12<D;
X t€[0,T] 2’

[e¢]

(1+T)”< /

—00

1/2
sup(|w|2+|wx|2+|wxx|2)dx> <D},
t

where § < 1/4 is a constant.
We notice that

07 P((950) 4 <20 (079) 4 <2) = BFVRIC) + B TR2() + Ro(), 4.4)
where
Ri()=R;((5v %) for j=1,2,

)|a|<2’ ( \05|<2)

and

Ro() = RO((agU)|a\<3’ (agﬁ)|a|<3)'

Thus, from the integral equation (4.3), the Holder inequality, the Moser inequality, (4.4)
and (2.12), we can get, for v € ZP | that

| 8?””1,;%,2

T 1/2
:sup(/‘a;‘u(t,x)}zdt>
Y
T 1/2 T
<sup</|a;‘5(z)uo|2dt) -l-sup(/
X X
0 0

t

af/S(z—r)afP(r)dr
0

t

a;‘/S(z —7)P(1)dr

0

2 1/2
dt)
2 1/2
dt)
t

< T1/2||u0||%’2+CSUP(/ 3§fs(t—r)(a;‘vR1 + 3Ry + Ro)(7) dt
* 0 0
1/2 1/41 o4 1/4 | a4 =
<Tluolly 5+ CTAofuRi ]y 0 + CTVH[3f5Ra y

T
< T2 sup|agS(tyuo| + sup(/
x,t X
0

T

2 N\ 12
dt)

T
+ C/|| 3> Ro(1)||, dt
0

<T1/2||u0||%’2+CT1/4|}8;LUHL;OL; Z ||Rj||L)1(L100+CTSI;1PHa;/2RO(I)”2'
j=12

By using the commutator estimates [11] about the last term and the Sobolev embedding
theorem, we may bound this by
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T2 luollg 5+ CTV* 50 o2 [ 10 + [ox? + o] 1
« (14 |||v|+|vx|+|vxx||}LooLoo)+Cngp(||v||3%,2(1+||v||gj))
ST luolly 5 + CTYA 050 ] oo 2 [ 10 + T0x P + [oaa ] 1 0
x (1 +SUP||vII )+CTsup(||v||72( +|Iv||2—23))
< T1/2||uo||%’2+CT1/4T D*(1+ DY)+ CTD*(1+D"7?)
<78, (4.5)
where we take 7' so small that
T‘/2*5||u0||%,2 +CT*D*(1+ D" )+ CcT'°D*(1+ D" ?) <1 (4.6)

in the last step.

By the properties of the Sobolev spaces (cf. [2]), the integral equation (4.3), the group
properties (2.3) and (4.5), we have

SUPHM(I)HZJ
< sup”u(t) I, + sup||87/2u(t) I,
t
< ||M0||2+81t1p /S(t—r)P(r)dr + ||aZ/2u0H2
2

0
t

7”/5(: T)P(7)dr
0

+ sup

2
t

< lluolly, +Sup/||S(t—1:)P(r)||2dr+sup 3”[5(; )02 P(r)dr
0

2
< lluollz , + Tsl;pHP(r) o+ 10:P 1Lz

< Clluolly 5+ CT sup(lvly ,(1+ TEN)

+CH8 v||LOOL2 Z IR, ||L1Loo+CT1/2sup||R0(t)||2
j=12

< Cliuglly o+ CT sup(Ivl (14 vlI} 7))
20 t 2’2 3.2
ol e 1108+ el o]y - (1 +sup ol )
+CcT'/? sup(||U||3z 2(1 + ||U||)£_23))
t 2 2

< Cluolly , + CTD*(1+ D" )+ CT°D*(14 D* )+ CT'*D (14 D* )
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<D, 4.7
where in the last step, we have chosen
D =2Clluolls ,. (4.8)
and T small enough such that
CTD*(1+ D" )+ CT’D(1+ D" )+ CT"?D*(1+ D" %) < % 4.9)
Similar to the derivation of (4.5) and (4.7), we obtain, from (3.2), that
0 172
( f sup(fu|* + |ux|2+|uxx|2)dx)
s t
o 1/2
< ( / sup(|S@)uo|” + [S0)d.uo|* + |S(t)a§u0}2)dx>
e t
) t 2 t 2
—l—( /sup|: /S(t—t)P(r)dr BX/S(t—r)P(t)dt
—00 ! 0 0
' 2 172
+ a§/S(t—r)P(r)dr ]dx)
0 ) ;
<C+ T)p||uo||%2 +CU+T)° Zsup / S(—1)8! P(7)dt
j=0 "y 32
<C+ 1 luollg 5+ Cofo] g2 10P + orl + o Pl a1
x (1 + sup ||v||§‘23) +C(T"*+71) sup(||v||3z‘2(1 + ||v||§‘23))}
t 27 t 2 2
(4.10)

<(1+T)’D,

where p > 1/4 and (4.9) has been used.
Therefore, choosing a D as in (4.8) and then taking a T sufficiently small such that both

(4.6) and (4.9) hold, we obtain that the mapping
T =Ty 22 — 7P

is well defined.
For convenience, we denote

Ar(w) = max{DT—5 Jofwl] oo 2 s[lépn”w(t) 7.2
tel0,

o]

(1+T)"< /

—00

1/2
sup(lw]? + [wy|* + [wyx %) dx) } 4.11)
t
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To show that .7 is a contraction mapping, we apply the estimates obtained in (4.5), (4.7)
and (4.10) to the following integral equation:

t

Tu0) = Tu) = [ S0 = O[P((E) 1 (077),, )
0

= P((970) 40 (050) 4 0) [ () d,

and obtain, for v, w € Z?, that

AT(Tv— Tw) < CT? Ar(v — w) - [AF ) + 477 ) + AFw) + 477 (w)]
<2CT*(D*+ D" M) Ar (v — w), 4.12)
where the constant C depends only on the form of P (-) and the linear estimates (2.1), (2.3),
(2.6) and (3.1).
Thus, we can choose 0 < T < 1 satisfying (4.6), (4.9) and
2cT*(D*+ D7) < 1/2. (4.13)

Therefore, for those T, satisfying (4.6), (4.9) and (4.13), the mapping .7, is a contrac-
tion mapping in Z? . Consequently, by the Banach contraction mapping principle, there
exists a unique function u € Z ? such that .7, ,u = u which solves the Cauchy problem.

By the method given in [14, Theorem 4.1], we can prove the persistence property of
u(t) in H? ie.,

u(t,x) € C([0, T1; H'/?),

the uniqueness and the continuous dependence on the initial data of solution. For simplicity,
we omit the rest of the proof. O

Proof of Theorem 1.2. For simplicity, we assume

— 2 \2
P((ag”)mgz’ (ag”)mgz) = (9;u)".
It will be clear, from the argument presented below, that this does not represent any loss
of generality. And as in the proof of Theorem 1.1, we consider the case s =11 + 1/2.
For ug € H¥/2(R) N H3(R; x*>dx), we denote by u = .7 (v) = Ty (v) the solution of
the linear inhomogeneous Cauchy problem
iou=0tu+ (%), 1xeR, (4.14)
u(0, x) =up(x). 4.15)
We will consider the integral equation
t
u®) =7 W))=S@ug—i / St — r)(aﬁv)zdz, (4.16)
0

in the following work space:
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zf = {v:0. T xR~ C: supl[v(0)] 5 , < Es suplv(0)]g 5, < Es
t ’ t o

[070] 1z < 7% (4D 70,0y o < E.
where 0 < 8 < 1/4 is a constant and the norm is defined as
Jo@| 2z =maX{SL;P||v(f)||z_;,z; sup[[v(®)]lg 000 ET 3570 o0
a+ T)72}|85v(t,x)||LiL?o].
‘We notice that
01°((92v)*) = 2028120 + Ro((89v) 4 < 1y )-

From the integral equation (4.3), (2.1), the Sobolev embedding theorem, (4.4), (2.12),
the Moser inequality and the commutator estimates[11], we can get, as in (4.5), that

” 8;2””@%,2
T 1/2
:sup</|8;2u(t,x)|2dt>
* 0
T 1/2 T t 2 N\ 12
gsup</|a;25(t)uo|2dt> +sup(/ a)}z/S(t—r)(a)%v(r))zdr dt)
* 0 ! 0 0
T
<TPluollzs , + €T [820070] 2 +c/|}a;/2Ro(t)||2dt
~ 0
< T1/2||u0||%2 +CT1/4H3)12UHL;OL,2 / SLtlp‘a)%U(x, t)|dx +CT Sltlp”l}(l‘)”%’z
—0Q

STV ol , +CTAT (1 + 1) E? + CTE
< T8, 4.17)
if we take T sufficiently small such that
Y278 g | 3o+ CT'*Q1+T)*E*>+CcT'PEL1. (4.18)

We can rewrite (4.16) as
'
u)=S@) <u0 —i / S(—t)(afv)2 dr). 4.19)
0
From (3.3) and (3.5), we have
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o0
(1+T)—2/supya§u(x,z)|dx
—00 t
o0 t
2
< C(lluollo2 + lluolls2.2) + / sup|d7S(1) / S(—7)(d7v)" dr|dx
—00 ! 0
t
2
< C(luollo,2 + luollo2.2) + Csup / S(—)(32v)>dr
i I 9,2
t
+ sup aﬁ/S(—r)(afu)zdr
! 0 42,2
T
2
< C(lluollo2 + lluolle.2.2) + CTvlIT, » + / |92S(=0)(33v)7 [, 5., d7
0

4 T
< C(lluollo.2 + lluolls22) + CTIvIF L+ Y / |xS(=0)a! " (82v)° |, de
j=0p
< C(luollo2 + luolis.2.2) + CTvlT »
T

4
+ Z/||S(—r)(xa){“(a§v)2) — 4itS(—0)3 " (82v)° | dr
J=07

2
< C(lluollo.2 + lluolls.2.2) + CTlvlT, 5
T

JUxad 2 @30y, + a0t @020)° o
00

+

-

J
< C(llnollo2 + Nuolls.2.2) + CT 0l o + 7 sup [vlls.2.2 50 [vlo.2
+CT?|vll,
< C(luolloz + lluollo.2) + CT (1 + Tl o + T sup vlls225up vlo.2
< C(lluoll s 5 + lluolls.2.2) + CT (1 + T)E>
E, (4.20)

N

where we have chosen E = 2C(||u0||% 5t lluolle,2,2) and T so small that

1
CT+TES 5. 421

Similar to (4.20), we have
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6
sgp”u(l) ”6,2,2 = S‘;PZ”X@{M(I) I,
j=0

6
<3| sup|[S@)xdfuo|, + 4T sup|S@®)3{ P uol,
=0 t t

t
+ sup| x / S(t — )3 (32v)’ de
t 0 )
< Clluolle,2,2 + Tlluollo,2 + T sup |[v]le,2,2sup lvllo,2
t t

2
+ T7sup|lvlli1,2
t

< Cluolle22 + Tluollo2 + TE* + T?E
<E. (4.22)

As in the derivation of (4.7), we can get

SltlpHu(t) I 2,<E (4.23)

The estimates (4.17), (4.20), (4.22) and (4.23) yield u € Zf. Thus, we can fix £ and T
as above such that .7 is a contraction mapping from Z? to itself. By the standard argu-
ment used in the proof of Theorem 1.1, we can complete the proof for which we omit the
details. O
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