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Abstract In [6] it is shown that the hexagonal circle packing rigidity constants s,, satisfy
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In this paper we further prove that

3/312
LSRR (1)
3r(2/3)

Keywords Rigidity constant - Circle packing - Quasiconformal map
Mathematics Subject Classification (2000) 52C15 - 30C35 - 30C75

1 Introduction

Letn > 2 be an integer. Consider all circle packings H, in the complex plane C with the com-
binatorics of the n-generations regular hexagonal packing H,,. The hexagonal circle-packing
rigidity constant s, is defined to be the supremum over {(r1/ro) — 1}, where r; is the radius
of a 1st generation circle in H,,, and ry is the radius of the center circle of H,,.

The sequence {s,} contains valuable information. Thurston [20] conjectured that the
Riemann mapping f from a simple connected region 2 ;Ct C onto the unit disk D can
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be approximated by the correspondences { fc} between the circle packings with the same
combinatorics, where € is the size of the preimage circles. By showing s, — 0, Rodin and
Sullivan [17] successfully proved Thurston’s conjecture. In [7] the first author proved that
sp = O(1/n). This estimate, together with some results in [5,16], shows that the circle
packing solutions f, have first order derivatives (defined in an appropriate sense) locally uni-
formly converging to the first order derivatives of f. Further results on the approximations
of " and f” in terms of f, were obtained in [8—10]. See [1] for an alternating proof of the
result s, = O(1/n). Different approaches and related topics on circle packings were given
in [2-4,13,18].

In addition to its important role in developing Thurston’s idea of discrete version of the
Riemann Mapping Theorem, the sequence {s,} is of interest in its own right. It was shown
in [6] that

, 23/2I2(1/3)
lim ns; = ————.
1n—>00 3r'2/3)

In this paper we will prove the following result.

252r2(1/3) 1 1

Theorem 1 s, = M, +0(—=)
3r2/3) n n?

Theorem 1 suggests the following conjecture.

. . ay
Conjecture 1 There exist constants {ay} such that s, = E -
n

k=1

The estimate of s, is briefly sketched as follows. To obtain the upper bound let H, be
any n-generations circle packing on C. Then we construct a quasiconformal homeomor-
phism G, between the polygonal regions of H, and H,, which are formed by the union of
line segments joining the centers of pairs of tangent boundary circles of H,, and H,. The
quasiconformal homeomorphism G, has Beltrami differential 1t,,. And G, is conformal in
interstices bounded by circles of H,,. Also we show that the integral of w,, is bounded from

above by O(1/n). Let z9 = ﬁ + 3 \iﬁn' Using the Bieberbach Theorem, we establish that

|GJ/(z0)| < 4/Ro + O(1/n), where Ry = 3</4T'(3)/ T'*(1). Therefore we obtain

3 /312
<2ﬁ1‘ (1/3)l+0(1).

"= 3T2/3) n n?

To prove the converse, we use the Koebe packing KH,,, as in [6]. Let G, : P — KP, be
the quasiconformal homeomorphism between the polygons of H,, and KH,. Then we extend
Gy to a quasiconformal homeomorphism from the regular hexagonal P* D P to the region
C\{—o00 < z < —Rp/4}, still denoted by G,,.

Let 1, be the Beltrami differential of G,. After showing that the integral of w, in P* is
bounded from above by O(1/n), we obtain |g,’1’(z())| > 4/Ry + O(1/n). It implies that

2J2I%(1/3) 1 1

Notational conventions. Through this paper, for a ring domain R, we denote by M (R) the
conformal modulus of R. Also we denote by C or C;, j = 1,2, ...some universal constants
independent of 7.
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Fig. 1 An interstice and the T
corresponding dual disk

2 Preliminary results

We start by presenting some key results and notations along the lines as presented in [6,7]. A
circle packing in the complex plane C is a collection of circles in C with disjoint interiors. An
n-generations hexagonal circle packing H,, is defined to be a circle packing combinatorially
equivalent to the n-generations regular hexagonal packing H,,.

Letcy € Hy,k=1,2,...,6,be the first generation circles tangent to the center circle cg
and let ¢}, ¢}, ..., cg be the corresponding first generation circles in H,,. We define

radius(cy,)
Sp = sup max { ————~—1),
{(H) ¢}y 1=k=6 radius(c;)

where {(H,;, ()} runs over all n-generations hexagonal circle packings in C.
The main known results about the rigidity constants s,, are summarized in the following.

Theorem A ([17])s,, — 0 asn — oo.
Theorem B ([7])s, < C/n for some constant C independent of n.
Theorem C ([6])lim,,—, o 15, = 2+/2I2(3)/3T(3).

In the remainder of the paper H, and H, are normalized as follows.

(1) The center circle cq or 06 is centered at 0 € C and has radius of 1/2n;
(2) 1/2n € Cis the tangent point between the center circle and a circle of generation 1.

The closed bounded region bounded by three mutually tangent circles is called an inter-
stice; the closed disk whose boundary circle is orthogonal to all three circles will be referred
to as a dual disk, see Fig. 1. In this paper we will denote by / an interstice, and denote by D
a dual disk.

Let H, ,, be a hexagonal circle packing in C combinatorially equivalent to Hyi. We
denote by ¢ + ¢’ the correspondence of circles under the combinatorial isomorphism
Hn+] — H ’; +1°

Let 7 be an interstice bounded by circles in H,,. There is a unique Mobius transforma-
tion M; : C — C such that M;|; maps [ to the interstice bounded by the corresponding
circles in H; 41+ The Mobius transformation M is uniquely determined by the position of 3
tangency points. By gluing together all these conformal maps M;|;, we obtain a conformal
mapping from the union of interstices bounded by circles of H), 4 to the union of interstices
bounded by circles of H, . The resulting conformal map is denoted by ®,,1.
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In addition ®,, | maps each circle of the subpacking H, to the corresponding circle of the
subpacking H,,. Alsoitis C;-bi-Lipschitz. We can extend ®,, 1| radially on each disk bounded
by circles of H,. The Ring Lemma! [17] implies that the resulting map is quasiconformal
inside each circle of H,. Hence it is a quasiconformal in the carrier? of H,,.

By the classical quasiconformal extension theorem (see, e.g., [12]), the restriction of the
above quasiconformal homeomorphism to the carrier of Hf, 7] can be extended to a quas-
iconformal homeomorphism ¢ : C — C. For each circle ¢ € Hj, /2] and the corresponding
circle ¢’ € H[’n 21 let y. (resp. y.) denote the inversion on circle ¢ (resp. ¢’). To further
increase the region on which ¢ is conformal, we replace ¢ restricted to the disk bounded by
the circle ¢ by Y o ¢ o y.. The resulting map, denoted by ¢!, is conformal not only on the

n’
union / of interstices bounded by circles of Hj, 7] but also on Uce g, Ve (I). Next we further

modify qb,ll in the disks bounded by circles y., (c2), where c1, c2 € Hin 21, c1 # c2, by using
inversions on the circles y,, (c2) and Ye, (c’z). The resulting map is denoted by ¢n2. Similarly
we may modify ¢,2, in the disks bounded by circles y¢, (v, (c3)), where ¢y, c2, c3 € Hyy o
and ¢ # ¢y # c3, and obtain d)f,. Continuing in this way, we can find for each k a C-quas-
iconformal homeomorphism ¢* : C — C. Then ¢¥ converges to some quasi-conformal
mapping ¢° : C — C. It is conformal on the union of interstices / bounded by circles of
Hy, /21 under the elements of the Schottky group generated by inversions of circles in Hyy, 2j,
see e.g., [7].

Let I1, I», ..., Is be the chain of interstices adjacent to the center circle cg of H, so that
I, is the interstice which has vertices {1/(2n), ¢/™/3/(2n), (1 + €7/3)/(2n)}.

Let My, be the Mobius transformations which satisfies that My, |1/ = 0,4 |1/, j=1,
2, ..., 6.Suppose that Dy and D{) are the disks bounded by the center circles co and 66, respec-
tively. In [7] the first author proved that the area of the subset of Dy where ¢;° : Dy — D
fails to be conformal is bounded from above by O (1 /n2) - Area(Dg). By using the Area-
Length method he also proved that, for j = 1,2,...,6,

¢,°(z) — My;(2)| < O(1/n) -r(Do), Vz € Do, 2.1

where r(Dg) denotes the radius of Dy. If, in addition, z is in the boundary ¢y, then there is a
better estimate (see Lemma 1.5 in [6])

19,°(2) — My, (2)] < o(1/n?) -r(Dy), Yzeco, j=1,2,...,6. (2.2)
Recall that the subpackings H, and H,, are normalized. It follows from (2.2) that
IMj,(z) = My;(2)| < O(1/n’), Vzecy, 1<i,j<6.

Note that the radii of the dual disks D j (I < j < 6) are bounded from above and from below
by O(1/n). By the C! convergence of circle packings to Riemann map (see, e.g., [5,6]), we
deduce dM, (z)/dz is uniformly bounded from above and from below in Dy independent of
n. This implies

—1
|M;, o Mj;(z) —z| < 0(1/n), Vzecy, 1<i,j<6. (2.3)

In this paper we will use another quasiconformal homeomorphism G,,, which is similar
to ¢o°.

I The Ring Lemma says that there is a universal lower bound for the ratio of radii of two neighbor circles in
H).

2 The carrier of a circle packing is by definition the union of all closed disks bounded by circles and all
interstices bounded by circles of the packing.
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Recall that &, is a conformal mapping from the union of interstices bounded by circles
of H,4 to the union of interstices bounded by circles of Hn’ 4+1- Welet G, = @,4 on the
union of interstices bounded by circles of H,. By radial extension we can define G,, in the
interior of each circle ¢ € H,\H,—_1. For each disk D bounded by circle c € H,_1, let
Ip be one of the six interstices adjacent to D. Also we denote by Mp the transformation
which satisfies that Mp|;, = ®,4111,. We define G, |p = Mp o Fp, where Fp is the radial
extension of the map MBI o Dyitle-

Let P = P, (resp. P)) be the Jordan region bounded by the polygon formed by the
union of line segments joining centers of pairs of tangent boundary circles of H, (resp. H)).
Therefore we obtain a quasiconformal homeomorphism

G,: P — P, with G,(0) = O(1/n?). (2.4)

Suppose that p,, is the Beltrami differential of the quasiconformal homeomorphism G,,.
Let

F,:P— P (2.5)

be the quasiconformal homeomorphism with the Beltrami differential w,. If we further
require that Fn’l(O) = G;l(O) and F,(1/2) > 0, then F), is uniquely determined. The
following results play important roles in our estimates.

Lemma 2.1 For |z| < 3/4, we have |, (2)| = O(l/nz) a.e. Moreover on the hexagonal

P we have
1
[ w@naray < 0 (;)

P
Lemma 2.2 The moduli of the regions P\{|z| < 1/2n} and F,(P\{|z| < 1/2n}) satisfy
M(F,(P\{lz| = 1/2n})) = M(P\{lz| = 1/2n}) + O(1/n).
Lemma 2.3 With respect to the quasiconformal map F, we have
|Fu(z) =zl = 0(/n), Vz| < 3/4.
Furthermore
|F,(z0) — 11 < O(1/n), |F,/(z0)| < O(1/n),

where zg = ﬁ + ﬁ is an interior point of the interstice 1.

The proofs of the above lemmas will be postponed to Sect. 5.

3 Estimate of the upper bound of s,

Recall that /; is the interstices which has vertices {1/(2n), ¢™/3/(2n), (1 + €7/3)/2n)}.
For notation simplicity we denote M, = M;,. Note that the circles co, c6 both have
radii 1/(2n). Since the Mobius transformation M, satisfies that M, (co) = c6, we obtain

0 2+ Bn
M, = e2”’0Z7_, where < 1/(2n). Hence
n(z) 1+ 4n2,3nz |,3n| /( )
IM,(0)] = 1 —d4n?|Bu?, IM)(0)] = 8n?|Bul(1 — 4n*|Bul?). (3.6)
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Denote by yo = {|z| = 3/(2n)}. The smallest and largest circles mutually tangent to
M, (co) and M, (yp) have radii

1 1—2n[B] 1 1+ 2n|B,l

————— and —-————, respectively.
2n 14 6n|B,| 2n 1 — 6n|By|

Hence the radius r of the circle mutually tangent to M, (co) and M, () satisfies that

(n + D1 = 2nr| = 8n?(B,| + O(1/n) = [M/(0)| + O (%ﬂ) 3.7

Consider the radii r of the largest and smallest images under M,, of the six generation
one circles of H,. Then we have 5,11 < sup |l — 2nr|, where the supremum is taken over
all choices of M, for all n-generations subpacking H, . From (3.7), together with the above
fact, it follows that

(n+ 1) -sp1 < (n+ 1) - sup{|1 — 2nr|} = sup{| M,/ (0)]} + O (ﬁ) (3.8)

Recall that G, is the quasiconformal homeomorphism between the polygons P and P, and

has the Beltrami differential u,. As in (2.5), we obtain a quasiconformal homeomorphism

F, : P — P with the Beltrami differential j,,. Then we have G, = K, o F,, : P — P},

where K, : P — P, is a holomorphic mapping satisfies K,,(0) = 0. It immediately follows
from Lemma 2.3 that, for zg = i + 2\/’%”

|F,(z0) = 1| = 0(1/n), |F/(zo)|l = O(1/n). (3.9

The Riemann Mapping Theorem implies that, for r = O(1/n) the region P\{|z| < r}
has modulus

1 R
M(P\(lz] <r}) = 5 log 70 +0(1/n), (3.10)

where Ry = S&VZF(%)/FZ(%) = 0.89854... is the conformal radius of P, please
refer to [11,14]. Lemma 2.2 shows that the region G,(P\{|z] < 1/2n}) has modulus

1 _

2—10g2nR0 -+ O(1/n). Hence the region P\K,, 1{|z| < 1/2n} = F,(P\{lz| < 1/2n})
b4

has modulus

1
—log2nRo + O(1/n). 3.11)
2w

If K,(2) = a1z + apz® + - - - at the neighborhood of z = 0, then (3.10) implies that the
_ 1

region P\K, 1{|z| < 1/2n} has modulus o log2n|ai|Ro + O(1/n). Together with (3.11)
T

we obtain that | K}, (0)| = |ai| = 1 + O(1/n).

From the Bieberbach Theorem it follows that |K,'(0)| < 4/Ro|K;,(0)| < 4/Ro+ O(1/n),
please refer to [15]. By using (3.9) and the chain rule G/ (z0) = K/ (Fy(20))(F.(20))* +
K/ (Fy, (Zo))ﬁ,/l/(zo), we obtain

IM;) (z0)| = G/ (z0)| < K, (Fu(z0))(Fy(20))°] + | K}, (Fu(20)) Fy (z0)
< 4/Ro+ 0(1/n)(A + 01/n)) + O(1/n)
=4/Ro+ O(1/n). 3.12)
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Fig. 2 The decomposition for n = 2

The fact (2.1) i.e. |8, = O(1/n?), implies that
|96n*B2(1 — 4n’B2)|

<C
T+ dn?Buz|*  —

1M, ()] =

in the §-neighborhood of 0 (6 is independent of 7). From (3.12) we see that
|M, (0)] < M, (z0)| + O(1/n) =4/Ro+ O(1/n). (3.13)

Combining (3.8) with (3.13), we get the estimate

1 e (2) o (]
n+1) 541 <4/Ro+0|——), Ro=3v4r (=) /T?*(=)=0.89854....
n+1 3 3
(3.14)

4 Estimate of the lower bound of s,

This section will begin the estimate of the upper bound of s,. As in [6], we construct the
Koebe Packing KH,,. Let

Ay ={(@/n)+ (b/n)e'™ :a,b e 7}

consist of the points of the hexagonal lattice. Then A, determines a triangulation of P
by equilateral triangles. We modify this triangulation to get a decomposition of the entire
2-sphere C as follows. For each vertex v # %1 on the boundary of P, add an edge joining
v to its complex conjugation v. This complex yields a decomposition of the 2-sphere into
triangles and quadrilaterals. Moreover, by adding a vertex to the interior of each quadrilat-
eral and connect it to all four vertices of this quadrilateral, we obtain a triangulation of the
2-sphere @, see Fig. 2. The Andreev—Koebe—Thurston Theorem in [19] shows that there is
circle packing on [ realizing this triangulation (see, e.g., Fig. 3). Also it is unique up to
Mobius transformations.

We select a particular realization as follows. We require that the disk bounded by circle
that corresponds to the vertex of 1 € A, should be a right half plane, and the circle corre-
sponding to the vertex of —1 € A, should have its center on the real axis and with left-hand
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corner interstice <— boundary circles (disks)

Fig. 4 Boundary disks, boundary interstice and corner interstice

endpoint at —R/4. Also the circle corresponding to the vertex 0 € A, is centered at the
origin 0.

This particular allowable circle packing is called the Koebe packing and is denoted by
KH,,. Note that XH,, may not be a normalized n-generation circle packing since the radius
of its center circle may not be 1/2n.

Let P, be the polygon of KH,. Then as in (2.4), we obtain a quasiconformal homeo-
morphism G, : P — KP,. Let P, be the minimum regular hexagon containing H, (see
Fig. 4), which has side length 1 + Jlin'

In order to obtain the lower bound in our estimate, we need the following result. Its proof
is also postponed to Sect. 5.

Lemma 4.1 We can extend the quasiconformal mapping G, : P — KP,, to a quasiconform-
al homeomorphism P, — W = {—oco0 < z < —Ry/4} (where Ry = 3\3/ZF(%)/ F2(%)),
still denoted by G,. Furthermore, if |, is the Beltrami differential of G, : P, — W, then
Un(z) = O(I/nz), a.e. |z| < 3/4. Also we have

/|/Ln(z)|dxdy:0(1/n), where 7 =x +1iy.
Py
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Letuswrite G, = K, 0%, : P, — W, where 7, : P, — P isthe quasiconformal mapping
with Beltrami differential 11,,. Also F, satisfies that F,  (0) = G, ' (0) and F,(1/2) > 0.
And K, : P — W is the conformal mapping with /C,(0) = 0, K, (F,(1/2)) > 0. Thus
K,(0) =1, K(0) =4/Ro.

. . 1 i

Lemma 4.1 implies that, for zo = 5, + 2«/l§n’

|7 (zo) — 1| = O(1/n), |F/(z0)| = O(1/n). (4.15)

By using (4.15) and the chain rule, it turns out that

|Gy (z0)| = 1K)/ (Fa(z0) (Fp(20))?] = K, (Fn (20)) F (20)]
> (4/Ro+ O(1/n))(1 + O(1/n)) + O(1/n)
=4/Ro+ O(1/n). (4.16)

Asin (3.10), for r = O(1/n) the region W\{|z| < r} have modulus
1 Ry
MW\{|z| <r}) = =—log — + O(1/n). 4.1)
2 r

Let D, be the disk bounded by the center circle of the Koebe packing XH,,. By applying
Lemma 2.2 and 4.1, we obtain

M (P:\{lz| = 1/2n}) = M (W\D,) + O(1/n). 4.2)

If the radius of D,, is ry, (3.10), (4.1), and (4.2) immediately give

n

Iy — i' = 0(1/n). 4.3)
2n

By scaling KH,, we obtain a normalized circle packing H,. Let P, be the polygon of H,,.
The quasiconformal mapping between P and P, is

Gn/Qnrp) : P — Py.

We denote by M,, the Mobius transformation which maps /; to the interstice bounded by
the corresponding circles of H,,. From (4.3) and (4.16) we deduce that

1 1
IM; (z0)| = TIQZ(ZO)I > (4/Ro + O(1/n))
nry 2nry

=+ 01/n)(4/Ro + O(1/n))
=4/Ry+ O(1/n). 4.4

Moreover, the fact | M, (0)| = O(1/n?) implies that M/ (z)| < C in the §-neighborhood
of 0 (8 is independent of n). Hence | M, (0)| > IMV;{(ZO)I + O0(1/n).

By the similar argument as in (3.7), we deduce that the radii rq of circles mutually tangent
to M, (co) and M, (pp) satisfy n|1 — 2nrg| = |[M/(0)| + O(1/n). It implies that

nsy = n|l = 2nro| = IMy(0)| + O(1/n),
which together with (4.4) implies
nsy > |[M(0)| + O(1/n) > 4/Ry + O(1/n). 4.5)

Summing up (3.14) and (4.5), we obtain Theorem 1.
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5 Proof of the lemmas

Now we can begin the proofs of the lemmas. For later use we will need the following ele-
mentary lemma.

Lemma 5.1 Consider the rectangles R = [0, m] x [0, 1] and R' = [0, m'] x [0, 1], which
have conformal moduli m and m', respectively. Also we assume 1/C < m, m’ < C for some
C > 1. Let f : R — R’ be a K-quasiconformal mapping with maximal dilatation K, which
maps the corners of R to the corresponding corners of R'.

If there exists an integer n > 1 such that the Beltrami differential . = [ ¢ satisfies

/ (@] dxdy < O(1/n),
R

then |m —m’| < O(1/n).

Proof Let Jy be the Jacobian of f. For any y € [0, 1], we have

s /af(x "y /‘8f(x y)‘ dx < K}/l,}/zdx. (5.1)
o 0

Squaring both sides of (5.1) and by applying the Schwartz inequality gives

1 m
1/2 ;172
//Kf/ Jf/ dxdy
0 0
1 1 m
/ dexdy-//dexdy
0 0 0

Ky dxdy.

2

m')?

IA IA

Il
3

c\_ O\E
St~z

Since K () — 1 = '“ O _ ¢,14(2)1. we deduce that

= lu@l
m’5//[1+(Kf—1)]dxdy§m+0(1/n). (5.2)

Similarly, by considering the rectangles [0, 1] x [0, %] and [0, 1] x [0, %] we conclude that
I/m' < 1/m+ 0(1/n). (5.3)
It follows by (5.2) and (5.3) that |m — m’| < O(1/n), as desired. ]

Proof of Lemma 2.1 For any circle ¢ € H,\H;,—1 (1 <m < n — 1), it is the center circle
of some (n — m)-generations regular hexagonal circle packing. That means the configuration
of the (n — m)-generation circles in H, around c is combinatorially equivalent to H,_,,.
Denote by D the disk bounded by c. Let Ip j, 1 < j < 6, be the 6 interstices
adjacent to the disk D. Let Mp ; be the Mobius transformation which satisfies that
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MD»/"D,j =, |ID,/" Without loss of generality we assume Ip = Ip j and Mp = Mp ;.
Then the mapping F, | has the form
Z+ Bj

—=—, ZEC,
l+4n2ﬂjZ

—1 .
2mif
MD OMD,j(Z)=em

for some 1 < j < 6. By using (2.3) and the maximal principle we obtain

1
1= 0 (s

Let D = {Jw| < 1}. We consider the conjugation transformation G(w) = 2nF,(w/2n) :
_ _ o Wt
D — D. We see that G(w) = 627”0#, w € 0D, where «; = 2np;. Therefore G :

I+ajw
D — D has the form
) w + o ) Faiu
G(w) = 2nF, (w/2n) = 270w 22T _ i, LT QW oy,
1+afm |lw| + a;w
5.4
By straightforward computation we obtain at once
20w+ o ww| + & jwlw]|
G — 2mi6 J J — 1 + 0 1 _ 2 ,
w (W) TR T (1/(n = m)?)
and
Loiwlw| + a&ilwlw 4 2]e; X |lw]?
Gy(w) = ¥~ Ak / = 0(1/(n —m)?). 5.5
w(w) 200 + &, W) 1/ )%) (5.5)
Then p, (w) = O(1/(n —m)?), w € D\{0}, and hence
lun (@] = |pp, (@) = 01 /(n — m)?), z € D. (5.6)
In particular, we obtain
un(z) = 0(1/n?), ae.|z| <3/4. (5.7
Moreover, by using (5.6) and (5.7) we get the desired result
—1
6mCy 2
dxdy =
/ |in ()| dxdy = ; rrp—L
P
Ci [n/2] 1
< — 2 —_— — =
S S H6mCr’ Y <0 (n) where r = 1/2n. (5.8)
m=1
O

Proof of Lemma 2.2 Consider the diagram

P\{lz| = 1/2n} — s Fu(P\{J2] < 1/2n))

| ) ]

F, — _
Ri={w:r<|w <1} —— R, ={¢ :rp, <|C¢| <1},
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where 7 and 7 are the conformal homeomorphisms. The quasiconformal homeomorphism
F, : R, — R, induces a Beltrami differential 11/, on R,,.

Thecircle {|w| = 1/10} C R, divides R, into two ring domains R), = {r, < |w| < 1/10}
and R/ = {1/10 < |w| < 1}. We have |u/,(w)| = O(1/n?), w € R, which implies that

M(F,(R.)) = M(R.) + O(1/n*) - M(R,,) = M(R,) + O(1/n). (5.9)

Since the holomorphic map 7 behaves like z — ¢ = z3/2 near each of the six corners of P,

we get
// W1 dAw = O(1/n),

"
Rn

where dA,, denotes the area element on R,,. It follows from Lemma 5.1 that M (F, (R)) =
M(R))) + O(1/n), which together with (5.9) shows that

M(R,) = M(R,) + C3/n. (5.10)
Similarly, the circle {|@ | = 1/10} C R, divides R,, into two regions R, = {7, < |&| <
— S
1/10} and R, = {1/10 < || < 1}. Since ), (w) = O(1/n%), w € F, (R,), we obtain
that

M(F, (R) = M(R,) + O(1/n). 5.11)

S
Letw : {r, < |z| <1} —- F, (RZ) be the conformal map. It is obvious that 0 < ¢ <
7o < C < 1 for some positive constants ¢ and C. The quasiconformal map F,, o 77 : {r, <

Iz| < 1} — EZ induces a Beltrami differential u, on {r, < |z| < 1}. Let dA denotes the
area element on {r, < |z| < 1}. By applying Lemma 2.1 and 5.1, we get

// Iy ()| dA = // ()| dA + // lul(z)| dA

{ra<lz|<1} {rn<lz|<C} {C<|z|<1}
= 0(1/n®) 4+ 0(1/n) = 0(1/n). (5.12)
Hence M(F, (R)) = M(R.) + O(1/n), which together with (5.11) implies that

M(R,) < M(R,) + Cy/n. (5.13)
Using (5.10) and (5.13) we have the desired result
M(F,(P\{lz| = 1/2n})) = M(P\{lz| = 1/2n}) + O(1/n). o

Proof of Lemma 2.3 Let H : P — Dbe the Riemann mapping with H (0) = 0 and H'(0)>0.
The quasiconformal homeomorphism Fyy = H o F,, o H~! : D — D induces a Beltrami

differential 2, on D. Also Fy, (0) = H o G, (0) = O(1/n) and Fy(wo) > 0, where
wo = H(1/2) > 0. Since the map H behaves like z — z3/2 near each of the six corners of
P, we deduce |H'(z)| < C, Vz € P.Therefore it follows from Lemma 2.1 that, on the unit
disk D,

/ ey (W) dA = / i, @) H ()] dedy
D P

= C2/ ln(z)|dxdy = O(1/n). (5.14)

@ Springer



Geom Dedicata (2010) 146:193-210 205

Using inversion on 9D, we may extend F to a quasiconformal mapping C — C, still
denoted by Fg. In other words, Fg(w) = 1/Fy (%). From the definition and (2.1) it follows
that, in the spherical metric d, (-, -) on C=s?

d, (F,}‘(O), 0) = 0/n), d, (F;](oo), %) = 0(1/n?). (5.15)

Now the quasiconformal mapping Fpg : € — C induces a Beltrami differential

Wy (W), if Jw| <1,
w, (1/w) - w?/w?, if |w|> 1.

still denoted by ., . Obviously in the spherical metric p on C we have

lliglle = // Iy (w)| dAy, = O(1/n),
¢

where dA,, denotes the area element on C=s2

The quasiconformal map Fg maps the four-punctured sphere @\{F ;1 (0), wo, 1/wo,
F;l(oo)} onto the four-punctured sphere @\{O, Fr(wy), 1/Fg(wp), oo}, where wg =
Fp(1/2) > 0. These punctured spheres are doubly covered by the four-punctured tori 7}
and T3 (via some elliptic functions 71 and ). Thus Fy can be lifted to a quasiconformal
mapping F : Ty — T3, which has Beltrami differential u .

If w € C is near one of the punctures {F,;1 (0), wo, 1/wo, F;l (c0)}, it follows from
(5.7) that |u, (w)| = 0(1/n2). In addition, the branched covering 7y : 71 — C is
smooth at the pre-image (by 1) of the region bounded away from these punctures

—1 —1 . . . .
{Fy (0), wo, 1/wg, Fy (00)}. So, if T1 is endowed with the flat metric of total volume
uniformly bounded from above, then we have the estimate

// lnz()IdAL = O(1/n), (5.16)

T

where dA; denotes the flat area element in T7.
The following process is analogous to [7]. For the sake of completeness we give it here.
Let ¢y (resp. ¢») be the conformal modulus of 7 (resp. 72). Then T; =
C/{m+n ¢, m,n € Z}, j =1,2. If F: C — C is the lift of F : T — T, then it
should satisfy that

Fz+1)=F@)+1, Fz+&)=F@) +&.

Therefore,
1
~ ~ oF .
1 =F@Gy+1D—F(@y) :/a(x +iy)dx
0
1

1 ~
dF
E/‘a—(x+iy)‘ dx §/K1/2J1/2dx,
X
0 0
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where K (x +iy) is the maximal dilatation of F,and J (x +1iy) is the Jacobi of a Integrating
the above inequality with respect to y € [0, y1] (y1 = J(¢1)) gives

o1

i 5//K1/211/2dxdy://Kl/ZJI/ZdAl.
0 T,

0

By an obvious application of the Schwarz inequality we conclude that

v 5//KdA1 -//JdA1 ://KdAl - Area(T>)
T, T\ T\
= [[ kaar- s,
T

2 _
% < Cs|u #|. Together with (5.16) we have
— g

//KdA1 = Area(T) +//(K —1)dA;
T] Tl

< (@) + (Co 1)// 1y 1AL = 31 + O(1/n).
T

Now Ring Lemma [17] implies K — 1 =

Hence
SED? = yi < [3@) + 01 /m)] - 3(%).

Since wg = H (1/2) is bounded away from {0, oo}, and ¢; lies on a compact subset of the
upper half plane, we immediately obtain

S =3(82) + 0 /n). (5.17)

Similarly, letting &1 and «; be integers, then

1 ~
OF (x + t(as +
|a1+a2§2|§/’ & (gltl ©241))
0

L
1

< oy + a2ty -/K(x + 1y + o) T (x + 1 + )2 dr
0

Integrating this inequality over x € [0, 1] yields

1 1
o + a282] < ot + @2 -//K(x+r<a1 +aeN? T (x + 1 + a2g))? drdx.
0 0
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From the Schwarz inequality we get

2
lor + 22|

1
<o +a2§1|2-//K(x+t(a1 +a2§1))dtdx-//l(x+t(a1 + 1)) dedx
0 0 0

1
:|a1+0l2§'1|2- 7 -//K(x-i—t(om—l—azﬁ))dtdx
0 0

< |y + oty ?- (14 0(1/n)).

This means

loy + a2 o]? - lay + 02112
S() T 3@
The claim (5.18) holds for any rational numbers «|, a2 and hence for any o1, @y € R. By

taking o1 = —N(¢1) and ap = 1, the claim J($2) < J(¢1)(1 + O(1/n)) follows. With this
estimate, together with (5.17), we have at once

(14 0(1/n)). (5.18)

[3(82) =3I = 0 /n). (5.19)

It follows easily by (5.18) and (5.19) that |a; + a202|% < |ag + a2¢1|>(1 + O(1/n)), which
together with (5.19) yields the desired estimate [{; — ¢1| < O(1/n).

Recall that wy = H(1/2). Since wg and Fg (wg) depend smoothly on the moduli ¢; and
&> respectively, we obtain

| Frr(wo) — wol = O(1/n). (5.20)

Hence [Fp (1/wo) — (1/wo)| = O(1/n).
Suppose w € D stays away from 9D, say > 1/8 (in the spherical metric). Now, if w stays
away from the points {0, wg}, by considering the four-punctured spheres

E\{F}y (0. wo. w. Fyy (00)} and €\{0, Fy(wo). Frr(w), 00},

then we obtain that the cross ratio of (FI,;1 0), wo, w, F;l (00)) is O (1/n) close to the cross
ratio of (0, Fy(wo), Fg(w), 00). By combining (5.15) with (5.20) we have | Fy (w) — w| <
o(1/n).

Otherwise, if w is close to one of the points {0, wp}, say wp, by considering the four-
puncturedspheres(fl\{F;I ©0), 1/wg, w, Fl;l (00)} and {0, Fg(1/wy), Fg(w), oo}, we also
obtain that | Fy(w) — w| < O(1/n).

In both cases we deduce that | Fg(w) — w| < O(1/n), V |z] <7/8. It implies that

|Fu(2) — 2zl = O(1/n), z€ef{lz] =3/4}C P. (5.21)

LetI" = {|z| = 1/2} and let 2 be the disk bounded by I". The following Pompeiu formula

1 F,(2) oz Fy, (Z)
Falzo) = 27 zz{z—zo 7// Z—120
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Fig. 5 The extension of G to the regions Py\ P

holds for zg = 2 f . Since F, is holomorphic in the interstice containing zp, we have

Fa(2) k(@)
F0) =5, l?{(z—zo)2 - 7// @z Y 622

Using the C! convergence of circle packings to the Riemann map (see, e.g., [3,6]) and
(5.5), we obtain |9: F,,(z)| = O(1/n?), z € Q. From (5.21) and (5.22), it follows that

1 F(z)—z 0z Fn(2)
|F(Z0)_1|<7]{ (z—20?2 ‘ //

2 (z—20)?
That is |F)(z0) — 1| < O(1/n). Similarly, with the aid of (5.21) and the following equality
1 F, 0z F,
i) (z— zo) (z—z20?

we conclude that |F, (z0)| < O(1/n), as desired. u]

dxdy.

Proof of Lemma 4.1 The extension of the quasiconformal mapping G, to regions Py \P is
broken up into several steps.

Step 1. Let A BC be any boundary interstices® in P*, which is not adjacent to corner inter-
stices*. There is a conformal map from the boundary interstice ABC to the corresponding

3 the bounded region bounded by an edge of P* and two mutually tangent boundary circles of H,,, as in Fig. 4.

4 the bounded region bounded by two intersecting edges of P* and a boundary circle of H,,, as in Fig. 4.
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interstice A’ B’C’, see Fig. 5a. Then we can extend the mapping G, radially on each boundary
interstice adjacent to ABC.
1

Step 2. For any quadrangle ABC D near the corner point —1 — T € 0Py, we define

G, to be the piecewise linear map from the interior of ABC (resp. ACD) to the interior of
the triangle A’B’C’ (resp. A’C’'D’), see Fig. 5b. By symmetrically extended along A B and

A’B’, the map G, can be extended to the neighborhood of —1 — ﬁ

Similarly, we can define G, in the neighborhood of the point 1 + ﬁ € 0Py

Step 3. On the quadrilateral ABC D which is near corner point A # + (1 + ﬁ), we

define G, to be the linear map from A BC D to the corresponding quadrilateral A’B’C’'D’, as
show in Fig. 5c. By the similar construction, we can extend G, to the neighborhoods of the
corner points A.

Therefore we obtain a quasiconformal homeomorphism G, : P* — C\{—oc0 < z <
—Ro/4}. Let u, be the Beltrami differential of G,,. Obviously |u, (z)| = 0(1/n2), Vz| <
3/4. In addition,

/ ln(2)] dxdy = O(1/n),

Py

as desired. ]
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