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ABSTRACT

The contacts graph (or nerve) of a packing is a combinatorial graph
which describes the combinatorics of the packing. Let G be the 1-skeleton
of a triangulation of an open disk and let P be a rectangle packing
with contact graph G. In this paper a topological criterion for deciding
whether G is an a-EL parabolic graph is given. Our result shows the
internal relation between the topological property of the packing P and
the combinatorial property of the contacts graph G of P.

1. Introduction

A packing is a collection of compact connected sets with disjoint interiors in
the complex plane C or the Riemann sphere C. In this paper we shall consider
rectangle packings with edges parallel to the coordinate axes in C.
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Given an indexed packing P = (P, : v € V), one can define its contacts
graph (or nerve) G = G(P) as follows. The set of vertices of G is V, the
indexing set for P, and an edge (u,v) appears in G precisely when the sets P,
and P, intersect. Thus G encodes some of the combinatorics of P.

The circle packing theorem [12] says that for any finite planar graph G there
is some packing of geometric circles in the plane with contacts graph G. This
fantastic theorem has received much attention since Thurston conjectured that
the Riemann map from a simply connected domain to the unit disk can be ap-
proximated by using circle packings with the prescribed nerves. The conjecture
was later proved by Rodin and Sullivan [17]. Some proofs of the circle packing
theorem appear in [1], [2], [6], [22], [16], [14], [18], [21], [11].

The circle packing is well studied. Therefore, it seems to be of some interest
to investigate other special cases. In [19], according to Thurston’s suggestions,
O. Schramm investigated the case where the packing sets are rectangles. He
showed how the squares tile a rectangle with the special combinatorial structure.
What makes the case of rectangles especially interesting? If P is a packing of
rectangles with edges parallel to the coordinate axes, and if the contacts graph
of P is a triangulation of an open topological disk (that is, the 1-skeleton of a
triangulation of an open topological disk), then the packing is actually a tiling.
This follows from the following easy observation which shows that there will be
no “gaps” between the rectangles.

OBSERVATION 1.1: Let R,, Ry, R. be three rectangles whose edges are par-
allel to the coordinate axes. Suppose that the intersection of each pair of the
rectangles is nonempty. Then R, N Ry N R # 0.

In order to state other results, we introduce the notion of fat sets. Heuristi-
cally, a set is fat if its area is roughly proportional to the square of its diameter.
This property also holds locally.

Here is the precise definition.

Definition 1.2: The open disk with center x and radius r will be denoted D(x, r).
Let 7 > 0. A measurable set X C C is 7-fat, if for every x € X, x # oo,
and for every r > 0 such that D(z,r) does not contain X, the inequality
area(X N D(z,r)) > Tarea(D(z,r)) holds.
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In [7], Z. X. He and O. Schramm gave a type characterization theorem for
those infinite fat packing P = (P, : v € V), where each P, is a smooth disk
and a 7-fat set. Here the real number 7 is independent of the vertex v.

Therefore, there is a natural problem about the packings of rectangles: Can
we give a similar type characterization result for the packings of rectangles?

Suppose that P = (P, : v € V) is arectangle packing. Though each rectangle
is a 7,-fat set, there is no fixed number 7 > 0 such that P is a 7-fat packing.
At the same time a rectangle is not a smooth disk.

In order to give an answer to the above question, we shall introduce the
notions of an a-EL parabolic graph and an «o*-EL parabolic graph. a-EL (or
a*-EL) parabolicity is a combinatorial property. It is defined by using Cannon’s
vertex extremal length [5]. The precise definitions will appear later.

By using these notions, we shall prove

THEOREM 1.3 (Type Characterization Theorem): Let P ={P, : v € V} be a
rectangle packing in C whose edges are parallel to the coordinate axes. And let
a:V — (0,1] be an assignment of weights to the vertices with a(v) = H, /W,
where H, is the height of the rectangle P, and W, is its width with H, < W,,.
Denote by G = (V, E) the contacts graph of P. Assume that G is locally finite
and connected.

(1) If the rectangle packing P is locally finite in C, then G is a-EL parabolic.

(2) Conversely, suppose the contact graph G is a triangulation of an open

topological disk. If it is a*-EL parabolic, then P is locally finite in C.

In the Appendix we will give an example of an a-EL parabolic packing that
is not locally finite in the complex plane C.

Remark: In this paper we say a packing P = {P, : v € V} is locally finite in
C if, for every compact subset K of C,

P,NK =0,

except for a finite number of P, in P. We say a graph G = (V, E) is locally
finite if, for every vertex v € V, the degree of v is finite. Here the degree of a
vertex v € V is the number of edges it emanates.

This paper is organized as follows. In Section 2 we introduce the notion of
discrete extremal length and give some basic properties of discrete extremal
length. In Section 3 we give some elemental properties of fat sets and give the
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proof of the first part of Theorem 1.3. Some topological lemmas on rectangle
packings are introduced in Section 4. The object of Section 5 is to show the
connection between the a-Extremal Length and the a*-Extremal Length. The
proof of the second part of Theorem 1.3 was left to Section 6. In the Appendix
we construct an example of an a-EL parabolic packing that is not locally finite
in C.

Notational Conventions: Throughout the paper, for any set A we denote by | 4|
the cardinality of A. We will denote by G = (V, E) a locally finite, infinite,
connected graph, where £ = E(G) is the set of edges in G and V = V(G) is
the set of its vertices.

ACKNOWLEDGEMENTS. This work was partially done when the first author
visited the Graduate School of the City University of New York in the USA.
The first author would like to thank Prof. Yunping Jiang for his hospitality. We
also wish to express our sincere gratitude to the anonymous referee for his/her
careful reading and very useful suggestions.

2. Discrete extremal length

In this section we shall define the general discrete extremal length in an
infinite graph. The extremal length of a set of paths in a graph is the dis-
crete counterpart of the extremal length of a family of curves in a Riemannian
manifold. Tt was first introduced by Duffin (1962) for finite graphs and was
subsequently studied in the infinite case by J. Cannon, Z. X. He, O. Schramm
and others (see, e.g., [5], [7]).

We present here the basic definitions and properties which will be used in the
sequel. Let G = (V, E) be a locally finite connected graph. It will always be a
simple graph; that is, each edge has two distinct vertices, and there is at most
one edge joining any two vertices.

A path v C G is a finite or infinite sequence (vg, v1, .. .) of vertices such that
(i, vi41) € E for 1 = 0,1,.... Denote by V(vy) = {vo,v1,...} the vertices of 7.
For convenience we write v € v instead of v € V(). Similarly, for any set of
paths T' = {7} in the graph G, we set V(I') = {V(y) : y € T}. Aset ACV
of vertices is said to be connected, if for every v,w € A, there is a path ~ in
G from v to w with V(y) C A. (We allow trivial paths which contain only one

vertex.)



Vol. 191, 2012 PARABOLIC RECTANGLE PACKINGS 671

Let a function « : V' — (0,1] be an assignment of weights to the vertices. A
nonnegative function m : V' — [0, 00) is called a (discrete) metric on G. Given
a path v and a metric m, we define the m-length and the m-dual-length of
v, respectively, to be

Length,, () = Y m(v);

vey
Dual-Length,, (y) = Z a(v)m(v).

vey
Note that a shortest path from a vertex vy to itself is the path vo = (vg), and
its length (or dual-length) is Length,,(v0) = m(vg) (or Dual-Length,,(yo) =
a(vg)m(vo)).

If T is a collection of paths of G, then we define its m-length (or m-dual-

length) to be the least m-length (or m-dual-length) of a path in T:

Length,, (T") = inf { Length,,(v) }
verl

(or Dual-Length,,(I") = ig%{Dual—Lengthm " }-
8!
For any metric m : V' — [0,00) on G, we define its a-area || m |2 by

arean(m) =[| m 2= a(v) - m(v)?

veV

The collection of all metrics m on G with 0 < area,(m) < oo will be denoted
by Mu (V).

Finally, the a-extremal length and the a*-extremal length of I' are,
respectively, defined as

(Leng;thm(I‘))2

ELa(I') = sup { areaq(m)

‘m € MQ(V)};
(Dual-Length,, (F))2

area, (m)

Em@ﬁww{ :mEMJW}

These are two numbers in [0, 00]. Note that the ratio (Length,, (F))2 /area,(m)
(or (Dual—Lengthm(F))2 /area,(m)) is independent of a positive constant mul-
tiple of the metric m.

Given subsets A, B C V, we denote by I'(A, B) = T'¢(A, B) the set of all
paths in G with initial point in A and terminal point in B. The a-extremal
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length EL, and a*-extremal length EL, between A and B are, respectively,
defined by

EL, = EL,(A, B) = EL.(I'(A, B));
EL’ = EL’(A, B) = EL(I'(4, B)).

An infinite path v in G is transient if it contains infinitely many distinct
vertices. The set of transient paths in G with the initial point in A will be
denoted by I'(A, 00). The a-extremal length and o*-extremal length from
A to oo are, respectively, defined as

EL, (A, OO) = EL, (F(Aa OO)),

EL (A, o0) = EL, (I'(A4, 00)).
To make the definitions of EL, (A, o0) and EL} (A, oo) more explicit, we have

Length 2
Lo(4,00) = = sup mf
areaq (m
2
’U )
= supmf €™ ) 9
UEVQ (’U)
2
(Dual-Length
L (A, o0 —supmf{ . eng () }
area, (m)

(T ame)”
- Sﬁplrvlf Y ovey (v) - m(v)?

Here m runs over M, (V) and v runs over I'¢(A, 00). Of course, these make
sense only for an infinite graph G.

An infinite graph G is «-EL parabolic (or «*-EL parabolic) if
EL,({v},0) = oo (or EL}({v},o0) = o) for some v € V. Otherwise, G is
a-EL hyperbolic (or a*-EL hyperbolic).

For a metric m, we let d¥ (A, B) (respectively, d}, (A, o0)) denote the dual-
distance from A to B(respectively, from A to co) in the metric m. That is,

dr.(A, B) = Dual-Length,, (I'(A, B)) = inf{Dual-Length,, (v) : v € I'(4, B)},

d;. (A, o0) = Dual-Length,, (I'(A4, o)) = inf{Dual-Length,,(7) : v € T'(4,00)}.
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These definitions give a discrete analog for the classical notion of extremal
length ([13] is a good introduction to continuous extremal length). The vertex
extremal length was introduced by J. Cannon [5]. Cannon’s motivation was to
obtain criteria for deciding whether a group acts conformally on the Riemann
sphere C. Later, Z. He and O. Schramm [7] discovered that the extremal met-
rics of vertex extremal length give square tilings of rectangles with prescribed
contacts. That is, these metrics realize the supremum in the definition of the
extremal length.

At the end of this section, we give an elementary combinatorial of the infinite
graph, which will be needed below.

PROPOSITION 2.1: Let G = (V, E) be an infinite graph and vy € V' be a vertex.
Let a function « : V- — (0,1] be an assignment of weights to the vertices and
let B:V — [0,00) be a non-negative function of the vertices. Let M = M (V)
and I' =T'({vo}, 00). Then

(Soen BIm(0))’

sup inf =00
meMYED zuev Oz(’l)) ! m(v)2

if and only if there exists a finite a-area metric mg € M, (V') such that

inf{z Bv)mo(v) : v € I‘} = 00.

veV

Proof. The sufficiency of this proposition is obvious, so we only need to prove
the necessity. In what follows, for notational convenience we denote

d? = inf{z Bw)m(v) : v € F} ,

veV
where m € M (V) is any metric.
Now we prove the necessity. Suppose that

(Soey BImE))”

sup inf = 00.
meMIEL | Y e a(v) - m(v)?

Then, for any j € N, there exists a metric m; € M, (V) such that

(dp,,)?

- > 27,
| 7 1|3

(2.1)
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If dglj = oo for some j, then the conclusion obviously holds. In fact m; is
the metric we need. So we assume without loss of generality that dfhj < oo for
every j € N. Since m; € M, (V) (that is 0 <|| m; [la< o0), and dglj satisfies
the inequality (2.1), we have 0 < d%j < 00. Define a series of new metrics as

follows:
1

- 8
dy,.

m;(v) -mj(v) for eachveV.

Note that d’f , = C dglj when c is a positive constant. Therefore, we have
dfnj =1 and

8 \2 B \2
[mi Iz ITmg E w12
Hence
(2.2) [my 2= a(w)m?(v) <277
veV

Define a metric mg on G by setting

= J
s(i ) (iaw)m?(v))
2 §<ilj12><il”m”i>
<<§;j12) (iQJ)
< 00.

Since «a(v) > 0, the inequality (2.3) shows that 0 < mg(v) < oo for each
v € V. This implies that the new metric mg is well defined. Using the Schwartz



Vol. 191, 2012 PARABOLIC RECTANGLE PACKINGS 675

inequality and (2.2), we get an estimate for the a-area of mg as follows:

(2.4) Suev {

<i ) <§veva<v>m?<v>)
(3 4)(%)
<o

where C7 > 0 is a universal constant. Noting |mg|% > ||m1||i/(d§“)2 > 0,
thus mo € My (V).
Since dfnj =1, we have

> Blym;(v) 21
for every v € I'. So for each v € I' it follows that

Bv)ymj(v) _ 1
; i 2y

Therefore, for each v € T', we have
> Bv)ym,;(v
S atwmo) = 332 P <
vey j=lwvey J

Note mg € My(V'). We get dﬁm = 00. So we complete the proof of Proposition
2.1.

3. Some geometric behavior of rectangle packing

In Section 1 we give the definition of a fat set. Here we will show some basic
properties of such sets.
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Fact 3.1: Let F be a t-fat set, 7 > 0. Then, for every z € C and r > 0,
(3.1) area(D(z,3r) N F) > n7 diameter(D(z,r) N F)?

holds.

Proof. Let x,y € D(z,r) N F. Tt is clear that D(z,|y — x|) C D(z,3r). By the
T-fatness of F, we have

area(D(z,3r) N F) > area(D(x, |y — z|) N F) > 77|y — z|?.

The fact follows.

LEMMA 3.2: Let F be a connected 7-fat set in C and let g be a Mobius trans-
formation. Then F* = g(F) is a 7"-fat set, where 7* = 7,/200.

Remark: For the proof of Lemma 3.2 refer to [20].

Fact 3.3: Let R be a rectangle whose edges are parallel to the coordinate axes.
Suppose that h is the height of the rectangle and w its width with h < w. Let
k = h/w. Then the rectangle R is a k/(m(k? + 1))-fat set.

Proof. Let R = [a,b] x [c,d] be a rectangle with four vertices z;,i = 1,...,4.
See Figure 1. So R has height h = d — ¢ and width w =b — a.

Obviously, for any positive number r > 0, D(z1,r) does not contain R if and
only if 0 < 7 < vw? + h2. Hence, for 0 < 7 < vw? + h2, we have a low bound
of area(D(z1,7) N R)/area(D(z1,7)).

Figure 1
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If 0 < r < h, it is easy to see that
area(D(z1,7) N R)
area(D(z1,7))

Ifh<r<w,let S= QND(z1,7)— R, where Q={(z,y)€R?* : x < b and y > ¢}
(the shaded region in Figure 1 (a)). It is clear that

area(S) = (1/2) (6r* — r? sinf cos )
= (r*/4)(20 — sin(20)),

=1/4.

where the angle 6 is as in Figure 1 (a). Thus we have
area(S)
area(D(z1,71))
Therefore, it follows that
area(D(z1,r) N R) _ area(D(z1,r)NY)  area(S)
area(D(z1,71)) area(D(z1,71)) area(D(z1,71))
=1/4—(1/(4m))(20 — sin(26)).

= (1/(47))(20 — sin(260)).

We know that (1/(47))(20 — sin(26)) is an increasing function of 6 € (0,7/2).
So area(D(z1,7) N R)/area(D(z1,r)) is a decreasing function of r € (h,w].

If w < r < Vw2 + h?, let S; be the connected component of QN D(zy,7) — R
which contains the point zo = (b,d), and let Sy be the connected component
of QN D(z1,r) — R which contains the point z4 = (a,c) (the shaded regions,
respectively, in Figure 1 (b)). It is clear that

area(S;) = (1/2) (6r* — r*sin f cos 0)
= (r*/4)(26 — sin(20));

area(Ss) = (1/2) (@r? — r?sin g cos @)
= (

2 /4)(2¢ — sin(2¢)),
where the angles 6 and ¢ are as in Figure 1 (b). Thus we have

area(S1) +arealS2) _ ) y4m) (20— sin(26)) + (1/(4m))(2 — sin(20)).

area(D(z1,7))

Therefore,
area(D(z1,7) NR) _ area(D(z1,7) NQ)  area(S)) + area(S2)
area(D(z1,7))  area(D(z1,7)) area(D(z1,71))

— 1/4— (1/(4m))(26 — sin(20)) — (1/(47))(2¢ — sin(2p)).
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By the same reasoning we deduce that area(D(z1,7) N R)/area(D(z1,r)) is a
decreasing function of r € (w, V/h2 + w?].
So, for 0 < r < Vh2 4+ w?, we get

1/4 for 0 <r < h;
area(D(z1,r)NR) ) 1/4—(1/(4m))(20 —sin(20)) for h <r < w;
area(D(z1,7)) ] 1/4— (1/(47))(20 — sin(26))

— (1/(47))(2¢ — sin(2¢p)) for w < r < Vw? + h2.
By the above arguments, we conclude that the function

s(r) = area(D(z1,7) N R)

area(D(z1,71))
is a non-increasing function of r € (0,v/h2 +w?]. Thus, for any 0 < r <
Vh? 4+ w?, we have
area(D(z1,7) N R) - area(D(z1, Vh? +w?) N R)
area(D(z1,7)) —  area(D(z1, VA2 + w?))
w-h
m(h? + w?)
k
m(k2+1)’
where k = h/w.
Let z € R be any point in the rectangle R and » > 0 be any positive real
number with D(z,7) not containing R. Without loss of generality, we assume
the vertex z; of the rectangle nearest to z. Then D(z1,r) does not contain R,

and
area(D(z,r) N R) - area(D(z1,7) N R) - k

area(D(z,r)) — area(D(z1,7r)) — m(k2+1)’
where k = h/w. It implies that R is a 7r(k§+1)_fat set. We complete the proof
of Fact 3.3.

LEMMA 3.4: Let P={P, : veV}, a:V — (0,1] and G = (V, E) be defined
as in Theorem 1.3. Suppose that the rectangle packing P is locally finite in C.
Let K C C be a compact set. For every A C C, let V(A) denote the set of
vertices v € V such that P, intersects A. Then

sup{EL,(V(K),V(W)) : C—W is compact subset of C} = oco.
W
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Proof. Denote by C(z,7) = 0D(z,r) the circle with center z and radius r.
Since K is a compact set and the rectangle packing P is locally finite in C, we
deduce that the cardinality [V/(K)| < co. Equivalently, the set (J,cy sy Po is a
compact set. This implies that there is a positive real number r; such that the
closure D(0,71) O Uypev () Po-

We define inductively a sequence of positive numbers r1 < rg < ---.

The first number r; in this sequence has been defined already. We assume
that, for some n > 1, the numbers rq,...,r,_1 have been defined. We set

Vi={veV :P,NnD(0,2r,_1) #0}.

Since the packing P is locally finite in C, we have |[V*| < co. Therefore (J, ¢y« Py
is a compact set, which implies

(3.2) p=sup{l|z|: z€ U P,} < oo.
veV*

Now we let r,, be sufficiently large so that r,, > 27,1+ p. From the choice of r,
and V*, it follows from (3.2) that, for each vertex v € V, either P,NC(0,r,) = 0
or P, NC(0,2r,—1) = 0. That is,

(3.3) V(C(0,2r,-1)) NV(C(0,7)) = 0.

For each n let A, be the closed annulus bounded by C(0,7,) and C(0,2r,).
Define a metric m on G by setting

> diameter(P, N A,)
m(v) = Z nr )
n=1 n

for each v € V. By the construction of the sequence r,, and (3.3), at most one
term in this sum is nonzero.
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Note that {P,} is a packing. From what we have just proved (Fact 3.1 and
Fact 3.3), it follows that

n=1

area (m) = Z o) (Z diamete;ifv N An)>
s diameter(P, N 4,,)% - a(v
Sy (P11 4,)% - alv)

n2r2
n=lveV n
- diameter(P, N D(0,2r,))? - a(v)
<22 2y
n=lveV n
- i area(P, N D(0,6r,)) - (a(v)? + 1)
(34) a n=1lveV TL2’I"7%
- area(P, N D(0,6r,))
<2) 2
n=1lveV n
>~ area(D(0,67,))
<2y T
n=1 n
=727 Zl 2
< 025

where C5 is a universal constant. So m € My (V).

Fix a positive integer N, and consider some path 7 from V(K) to
V(C — D(0,rn)). For each integer n € [I,N — 1] the union Uvev(y) Po is
a connected set that intersects the two circles C(0,r,) and C(0,2r,) which
form the boundary of A,,. Therefore, for such n, > __ diameter(P, N A,) > r,.
This then implies that

Sel

Length, (1) = Z diameter(P, N A,)
n=1

nry

ZEHM

= diameter(P, N 4,,)

nry

—
w
ot

~—~
Y%

v
=z 3
Lo
3 = g
2

3
Il
—
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which tends to infinity as N — oo. Since area, (m) < oo, we get
ELy(V(K),V(C—D(0,ry))) — oo,
as N — oo, which proves the lemma.

Proof of theorem 1.3 (1) . Pick some vy € V. Denote I' = T'({vg}, 00). In what
follows, we will prove that EL, ({vg, 00}) = oc.

We assume, by contradiction, that there exists a finite positive number M
such that

2
(Length (7))
3.6 EL, , = inf m = M.
(3.6) ({vo}, 00) supin { arcag (m)
Here, m runs over M, (V') and ~ runs over I'({vg}, o0). From Lemma 3.4 with
K = P,,, it follows that there exists an open set W with C—W being a compact
such that

(3.7) EL.(V(K),V(W)) > 3M.
Hence there exists a metric mg € M, (V) such that
2
Length
(3.8) (Lengthy,, (1)™ 4
area, (mo)

for every v € T'(K, W).
By equation (3.6), we know that

(Lengthmo (”y)) 2

< M.
vel({vo},00)  areaq(mo)

Therefore, there exists a transient path 5y € T'({vo}, 00), ¥ = (uo, U1, - - -, Un, - - .),
such that

(Length,,, (7)) 2

(39) area,, (mo)

< 2M.

We claim that there exists a vertex u; € 5 such that u; € V(W). That is,
Py, "W # 0. If each vertex u,, € 7 satisfies u,,  V/(W), then

P, CC-W.

Choose a point z, € Py . Noting C—W is a compact set, without loss of gener-
ality, we assume that z,, — 2o for some point zy € C—W. Since 7 is a transient
path, we obtain that {P,, } contains infinitely many distinct rectangles. So the
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point zp is an accumulation point of the packing P = {P, : v € V}, which
contradicts the assumption that P is locally finite in C.

Therefore, there exists a vertex u; € 4 such that u; € V(W). Let v* =
(uo,...,u;). Sov* € I'(K, W) and Length,, (v*) < Length,, (7). By (3.8) and
(3.9), we get

(Length,,, (v))" _ (Length,,, (7))°

< 2M.
arean (mo) —  areaq(mo)

This contradiction implies that EL, ({vg, c0})=c0. Thus G is a-EL parabolic.

4. Topological behavior of rectangle packing

In this section we gather a few elementary topological lemmas which will be
needed below. The reader is advised to skip the proofs at the first reading, and
return to them later.

Recall that P = {P, : v € V} is a packing of rectangles in the plane C and
G = (V; E) is the contacts graph of P.

LeEMMA 4.1: Suppose that G is a disk triangulation graph. Then, for any
rectangles P, # P,, we have either P, N P, = {) or |P, N P,| = oo.

Proof. Since the edges of every rectangle in P are parallel to the coordinate
axes, it is clear that, for any u,v € V, there are only three cases for P, N P,:
(i) P,N P, =0; (ii) |P, N Py| = 1; (iii) |P, N Py| = 0.

We assume, by contradiction, that |P, N P,| = 1. Denote P, N P, = {p} (see
Figure 2 (a)). Thus the edge (u,v) € E. By the definition of the triangulation
of an open disk, we know that there are exactly two vertices wi,ws such that
(u,v,wy) and (u,v,ws) are two faces in G. This means P, N P, = {p}.

Since the graph G is the contacts graph of the packing P and P, N P, # 0,
there exists an edge (w1, ws) € E connecting the vertices w; and wy. Combining
the definition of the triangulation with the case that (wi,ws) € E, we deduce
that there exist exactly two vertices u*, v* such that (wy, we, u*) and (wy, we, v*)
are two faces in G.

We claim that {u*,v*} = {u,v}. We assume that {u*,v*} # {u,v}. Without
loss of generality, we suppose that u* # u,u* # v. Thus, by Observation
1.1, Py, N Py, N Py» = {p}. This implies that the point {p} belongs to five
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8(wa)

Figure 2

distinct rectangles Py, , Py, , Py, Py, Pu~, which contradicts our assumption that
P = (P, :veV)is a packing.

So there are four distinct faces in G which are (u, v, w1 ), (u, v, w2), (w1, wa, u)
and (wy,ws,v) (see Figure 2 (b)). Note that the graph G is a disk triangulation
graph. We can embed G onto the complex plane C, denoted by g.

If (2,9, 2) is a face in G, we denote by D, , .y the bounded component of
C—{9({z,y)) Ug({y, 2)) Ug({z,x))}, which is the interior of g({x,y, z)).

Let

7 = gl(w1,0) U gl(v.12)) U g( () U g (u w1).

It is clear that ~ is a Jordan curve and

Duwwry U D uwway U {g((w,0)) = [g(w) U g(v)]}

is the bounded component of C—~. So the open arc g({w1, w2))—[g(w1)Ug(ws)]
is contained in the unbounded component of C—~. Let W denote the unbounded
component of C —+. Since the closed arc g({wy,ws)) is a cross-cut in Jordan
domain W, by the cross-cut theorem (Theorem 11-8, p. 119, [15]), we deduce
that W — g({wy,w2)) = Wi U Wa, where W, i = 1,2, are two components of
W g((wr,ws)): and

oWy = g((wr,u)) U g((u, w2)) U g((wr, wz));

Wz = g((w1,v)) Ug((v, w2)) U g({wr, we)).
Thus one of two components of W — g({w;,ws)) must be unbounded.
We assume without loss generality that Wy is unbounded. This means that
D ;s 0y N Wao =0 and Dy, 4,0y = Wi. Hence

C=W1UW2U Dy uw) YU Dpww) U some edges.
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For any edge g((z,y)) C C, we have Dy, w, vy N g((x,y)) = 0. Furthermore,
we have

D s w0y NWi = 0, i=1,2,
and
D(wl,wz,y> n D(u,’u,w2> - @

These imply Dy, w0y N C = (), which is a contradiction. Thus we complete
the proof of Lemma 4.1.

The following two lemmas for the smooth disks case appeared in [7]. For the
sake of completeness we give their proofs here.

LEMMA 4.2: Let P ={P, : v € V} be a packing of rectangles in the plane C,
and suppose that the contacts graph G = (V; E) of P is a disk triangulation
graph. Let vy € V' be some vertex, and let N C V —{wvg} be the set of neighbors
of vg. Then there is a Jordan curve v C |J, ey Po — Po, which separates P,

from UUEV—(NU{UO}) P, in C.

Proof. From Lemma 4.1, it follows that, if (u,v) is an edge in G, the intersection
of P, and P, is a segment. So we can construct an embedding of G in C, denoted
by f, such that the image of any edge (v1,v2) is contained in P,, U P, and is
disjoint from all other rectangles in the packing (see Figure 3). For each v € V
let C, be the center point of the rectangle P,, and for each edge (vy,vq) let
D, v, De the center point of the intersection segment of P,, N P,,. We may then

write

F((01,02)) = {(1-0)Coy 1Py 0 < ¢ < U{(1—)puyn +1Coy : 0 <t <1}

LJ}; f((vi,v2))

P,

Figure 3
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In the following we will view G as the 1-skeleton of a triangulation T of an
open disk.

Let (v1,v2,v3) be any triangle in T'. For j = 1,2, 3, let V; be the neighbors
of vj in G. Clearly, for each j = 1,2,3, the vertices set V] = Vj — {v1,v2,v3}
is connected. Since any pair of the sets V{,V;, V4 intersect, the union V' =
V] U Vg UVY is connected. Since G is connected and any path from a vertex
v €V —{v1,va,v3} to a vertex in {vy,ve,v3} must intersect V', it follows that
any two vertices in G—{v1,v2,v3} can be connected by a path in G—{vy,vs, v3}.

If (uy, ua, . .., uy,) is a path in G—{vy, v, v3}, then the path U;le Fug, wigr))
is disjoint from P, U P,, U P,,, and intersects both P,, and P,,. We con-
clude that every P,, v € V — {v1,v2,v3} is contained in the same connected
component of C — (f({v1,v2)) U f({v2,v3)) U f({vs,v1))). Note that the set
F{v1,v2))U f({va,v3))U f({vs,v1)) is a simple closed curve. Denote by By, v, 04
the component of C— (f({vy,v2))U f({v2,v3))U f({vs,v1))) that is disjoint from
Uvev—{v1,va,05) Fo- For any two distinct triangles (vi,v2,vs), (w1, ws, w3) in
T, the intersection of the two Jordan curves 0By, v,,v5, OBuw;,we,ws 1S €mpty or
consists of a single point or a segment. Therefore, either By, v;.v55 Buwi,ws,ws
are disjoint, or one is contained in the other. Suppose, without loss of gen-
erality, that w; & {v1,v2,v3}. Then OBy, w,w, intersects P, , which is dis-
joint from the closure of By, v, We conclude that B, w,,ws 1S Dot con-
tained in By, v, 05. Similarly, By, v,.0; is Dot contained in By, w,,ws- Hence
B, wsws N Boy a0 = 0.

Let ng,n1,...,ni—1 be the neighbors of vy in clockwise circular order around
vg, and let curve 7 be the Jordan curve v = U;:é f((n;j,nj4+1)), where ny = ny.
Then v € U,en Py and y N Py, = 0.

We say two distinct triangles (vq,va,v3), (w1, wq,w3) in T are neighbors if
they share an edge. Suppose that (v, vs,v3) is a triangle of T' that does not
contain vy, and one of the neighboring triangles contains vg, say (vo, n;,nj41).
Then By, vy,vs and Bug n; nyq
Consequently, By, v,.0, is Dot in the same connected component of C — v as

lie on opposite sides of the arc f({nj,nji1)).

P,,. If (v1,vq,v3) and (wq,ws,ws) are two neighboring triangles that do not
contain vg, then it is clear that By, v,.v; and By, w,,ws are in the same con-

nected component of C — «. Hence it easily follows that for every triangle
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(v1,v2,v3) that does not contain vy, the set By, y, v, is disjoint from the con-
nected component of C —~ that contains P,,. This implies that v separates P,,
from UUEV—(NU{UU}) P,, and the lemma follows since v C UveN P,—P,.

LEMMA 4.3: Let P ={P, :v € V} and G = (V; E) be as in Lemma 4.2, and
let weV,C CV —{u}. Suppose that C' is finite and w is contained in a finite
component of G — C. Then |J,. P, separates P, from the set of accumulation
points of P.

Proof. Let Vj be the set of vertices that are contained in the same connected
component of G — C as u. Let K C C — [J,co Py be a connected set that
intersects P,. For w € V, let N(w) C V — w denote the neighbors of w in
G. From Lemma 4.2 it follows that for each w € Vj there is a Jordan curve
Yo C UUEN(w) P, — P, that separates P, from UUEV—(N(w)U{w}) P,.

Let @, denote the component of C — ~,, that contains P,, and let Q =
UUGVO Q.. Suppose that p € K N JQ.,, where w € V. Then p € K N~,,. Since
K is disjoint from (J, . P, and 7, C UueN(w) P,,, we conclude that p € Q.
with w’ € V. Thus 0Q, N K C Q for every w € Vj. Since Vj is finite, we have
Q) C UUGV0 0Q,. The above implies that 0QN K C @, and because @Q is given,
OQNK = (). Hence QN K is a relatively open and relatively closed subset of K.
As QN K # 0 and K is connected, we conclude that K C Q. Because each Q,
intersects finitely many of the sets in the packing P, the lemma follows.

5. Duality

In this section we will show the connection between the a-Extremal Length and
the a*-Extremal Length. We will present some propositions of the locally finite,
infinite, connected graph G = (V, E). For any vertices W C V|, W denotes the
set of vertices that are not in W but neighbor with some vertex in W. Suppose
the metric m;q(v) = 1 for every vertex v € V and ~ is a path in G. We denote
by CL(v) = Length,, (v) the combinatorial length of the path ~. This means
CL(y) =nif vy = (v1,v2,...,0).

PROPOSITION 5.1: For any locally finite, infinite, connected graph G = (V, E),
let {vg} be a fixed vertex and {v,, : n=1,2,...} be infinite number of distinct
vertices in V. = V(G). For each n > 1, let v, be a path from vy to v,. Then

*
Upy oo

there exists a transient path v* = (vj,v3, .. .) with the property: for

9
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each j > 1, there exists a path 7,; such that

V(i) € V()
where v} = (v, v3,...,v}) is a finite sub-path of v* with CL(v}) = j.
Proof. Let Wy = {vp}. For every k = 1,2,..., we define W, inductively by
setting Wi41 = Wi UOWy. For a fixed integer N > 1, it is clear that [Wy| < oo

since G is locally finite.
Let

Sn(vo) = {7 : 7 is a path with initial point vy and CL(y) = N}.

Then |Sy(vo)| < [Wy|N¥~!. This implies that the total number of paths with
the initial point vg and with the same combinatorial length is finite.

So we can rearrange the paths {~,} according to their combinatorial length.
Let {71} be the rearrangement of {7, } according to their combinatorial length.
This means that

CL(7) <CL(y3) < <CL(y) < -+

Since |Sy (vo)] is finite, it is obvious that lim,, o, CL(7y}) = co.

Now we will define a collection of subsequences {vX} of {7.} such that {y*+1}

is a subsequence of {7¥}. Suppose that the paths {71} are written as follows:

1_,1 1 1 1oy,
Y1 =(u1qs uig, Uz, - Ulp%)a
1_¢,1 1 1 1oy,
Vo =(ugy, Uggs Usg; - - - “2p§)7
1 _ 1 1 1 1.
Tn *(unlv Upgs Upgy -« unp;’),

where pl = CL(y}) with pt <pl <... <pl <--- and lim,, o pl, = oo.

Since {71} have the same initial point vg and G is locally finite, the total
number of vertices which neighbor vg is finite. Thus we can extract an infinite
subsequence {72} of {71} such that the second vertex in every path 2 is the
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same vertex. If the sequence 72 is written as follows:

2 _ 2 2
71 =(utys uia, uis,- .-, “1p1):
2 _ (2 2 2 2
V3 =(u31, ugg, Uiz, .-, uzpl)a
2 _ 2 2
Tn. *(unlv Upg, Up3, ) unpl)?
then we have
_ 2 2 .2 .
Vo = Upp =Ugp = 7" = Upp =775
2 _ 2 _ .2
Upg = Uzp =+ = Upy = "~

From the construction, it is clear that CL(y2) > 2 for each n and
lim,, 00 CL(72) = 0.
The general inductive step in the definition is now easy to formulate. We

have the array

1 1 1
Y15 Y20 o5 Vny oo
2 2 2
Y1 Y20 ccs Vny oo
k k k
Y15 V25 cces Vny oo

where each row is a subsequence of the row above. Furthermore, we have
CL(y¥) > k for each n and lim,, o, CL(v*) = oc.
Now consider the diagonal sequence {y1, 73, ..., 77, ...} which is a subse-

quence of v,,. Define the vertex
vy = the n-th vertex of the path =,
=uy,.
Hence, from the above construction, it follows that the path
v = (v, vy, coun, )

is the transient path we need. So the proposition is proved.
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THEOREM 5.1: Let {vg} be a fixed vertex in the graph G = (V, E). Write
I' = I'(vg, ). Denote by I'* the collection of all subsets C' C V — {vo} such
that C intersects every v € I'. If EL, (") = oo, then EL,(I'*) = 0.

Proof. Because EL(I") = EL} ({vo},00) = oo, by Proposition 2.1 (taking
B(v) = a(v) for each v € V), there exists a metric my € M, (V) such that
dy..({vo}, 00) = co. Thus, for any positive number L > 0 and every v € I, we
have

Dual-Length,, (v) > L+ 1.

For v € V, define the height of v by

h(v) = dn, ({vo}, )

5.1
(5 = inf{Dual-Length,, (v) : 7 is a path from vg to v}.

Let I, = [h(v) — a(v)mgo(v), h(v)]. For t € R, let V; denote the set of vertices
v € V such that

h(v) — a(v)mo(v) < t < h(v).
In order to prove Theorem 5.1, we need the following facts.

Fact 5.2: Suppose d;, ({vo},00) = 0o. Then we have:

(1) For each real number M > 0, there are only finitely many verticesv € V
with h(v) < M.

(2) For each real number M > 0, there are only finitely many intervals I,
with I, N[0, M] # 0.

Proof. If conclusion (1) is not true, there exist infinite distinct vertices
{vn + v, € V} with h(v,) < M. By the definition of the weight func-
tion h(v,), we deduce that there exists the path ~, from vy to v, such that
Dual-Length,, (v,) < M + 1. By Proposition 5.1, we can find a transient path
v* such that Dual-Length,, (v*) < M + 1, which contradicts the assumption
dy,.({vo}, 00) = oc.

To obtain conclusion (2), we only need to show that there are finitely many
vertices v € V satistying h(v) — a(v)mo(v) < M.

If (2) does not hold, then there exists an infinite sequence of vertices {v,, }°° ;
such that

h(v) — a(v)mo(v) < M.
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We claim that there exists a subsequence of vertices {u, = v,,} C {v,} which
satisfies that, for every pair vertices u; # u; in such a subsequence,

Recall that Wy denotes the set of vertices that are not in Wy but neighbor
with some vertex in Wy for a finite subset Wy of V.

Indeed, we define inductively a sequence 0 < n; < no < --- of positive
integers such that {u, = ’Unp} is such a sequence we need. For k =0,1,2,...,
let W}, be defined inductively by Wii1 = Wi UOWy. Let n; = 1 and u; =
Up,. Suppose that p > 1, and that ni,ns,...,np—1 have been defined. We set
WE™t = {v,, ,}. Since G = (V, E) is locally finite, then

WPt =P tuaw Huawrtuawd

is a finite set (that is, [WF™'| < oc).
Thus, there exists an integer n, > n,_1 such that, for allm > n,, v,, € Wf_l.
Therefore, we choose u, = v,,. The choice of {u,} shows that, for any i # j,

oW Nowd =,
where Wi = {u;} and Wi = {u;}.

Therefore, we can find an infinite set of wvertices {u,} with
h(up) — a(uy)mo(u,) < M, and, for any i # j, we have dWE N AW = 0.

Since h(up) — afup)mo(up) < M + 1, by using the definition of h(-), we
conclude that there exists a path v, = (vf), 0], . .. ,Uf;), vy = vo and Uf; = up,
such that

Dual-Length,,, (v,) = Z a(v)ymo(v) — a(up)mo(uy) < M+ 1.

vEYp
Let 5, = (v§, 07, ..., v;,_;) be a sub-path of v, and w, = v; _;. Then we have
h(%,) < Dual-Length,, (7,) < M + 1.
Note that w; € W} and W N AW] = 0 (i # 7), where W} = {u;} and
W§ = {u;}. We get w; # w; for any i # j, which implies that we can find

infinite distinct vertices {w,} with h(wp,) < M + 1. This contradicts conclusion
(1). So conclusion (2) is proved.

FAcT 5.3: For every t € [co, L], V; € I'*, where ¢y = a(vg)mo(vo) + 1 and T'* is
the collection of all subsets S C V' — {vg} such that S intersects every v € T
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Proof. For every t € [cg, L], by the definition of I'*, we only need to prove that
vg € Vy and yN'V; # 0 for every v € T

Since t > ¢g > h(vo) = a(vg)mo(vg), from the definition of V;, it follows that
vy € Vi

Suppose o N V; = 0 for some path 79 € T'. In the following, we will get a
contradiction. Denote

Vi={ven : hv) <t}

Vo={very : hv)—alv)ymo(v) >t}

It is clear that Vi NVo = 0. Since v NV; = ), we get vo = V4 U V.
Suppose that vo = (ug, w1, ug, ..., Uy, ... ) where ug = vg. Since

h(vo) — a(vo)mo(vo) = 0,

we have ug ¢ Vo, which implies ug € Vi. Fact 5.2 implies that there are only
finitely many vertices in 7o satisfying h(v) < L. Therefore, we can find a vertex
Un, € 7o such that h(u,,) > L > t. This shows that u,, ¢ V1. By using
Y NVi =0 and o = Vi U Vs, we have uy,, € Va.

Let 7o = (ug, u1, ..., Un,) be a sub-path of 79. Now we define an integer set
B as follows:

B={1<j<ng : u; € ViN3}.
Now we let the integer k£ be the largest integer in the set B. Since ug € V7 and

Up, € Vo, we have 0 < k < ng. From the definition of &, it follows that uy € Vi,
g1 € Vo and (ug, ug41) is an edge in graph G. These imply

(5.2) h(ug) <t
and
(5.3) t < h(ugt1) — a(vegr)mo(vgs1)-

By the definition of function A(-) and the fact that (ug,ur1+1) € E(G), we get
(5.4) h(uk41) < h(uk) + a(tpgr)mo(urr)-
Combining (5.3) with (5.4), we obtain

h(uk) > h(ug1) — a(ugrr)mo(ug+1) > t,

which contradicts inequality (5.2). So Fact 5.3 is proved.
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Proof of Theorem 5.1, continued. Now let m* € M, (V) be any metric, and set
L* = inf{Length,,.(S) : SeI*}.

By Fact 5.3, we have V; € T'* for t € [co,L]. Define a function f(t) =
> vey, M*(v) for t € [co, L]. Since there are only finite intervals I, satisfy-
ing I, N[0, L] # 0 ((2) of Fact 5.2), we know that the function f(¢) is a finite
step function. That is, f(¢) is an integrable function on [0, L]. Thus

L L L
L*(L — ¢g) < / Length, . (V;) dt < / Length,. (Vi) dt = / > m*(v) dt.
co 0 0 ey
For any v € V, the set of ¢ such that v € V; is an interval of length a(v)mg(v).
Therefore, the above inequality yields
L*(L —¢p) < Z m* (v)a(v)me(v) < \/areas (m*)\/areaq (mq),
veV
which gives
L2 area, (mo)
areao(m*) = (L —cp)? '
Since my € M, (v) is a fixed metric, ¢y is a constant and L is an arbitrary
positive number, we get

(inf{Length,,.(S) : S € I‘*})2 _
area, (m*) '

EL,(T") = sup { m* € MQ(V)} =0.

So Theorem 5.1 is proved.

6. Parabolic rectangle packing

Proof of Theorem 1.3 (2), continued. By the assumption in Theorem 1.3, let
vg € V be the vertex which satisfies EL* ({vg}, 00) = 0.

Now we distinguish two cases:

CASE 1:  The point oo is an accumulation point of the packing P.

Let M (z) be a Mobius transformation such that {z € C : |z| > 1} is contained
in P,, = M(P,,). Denote P = M(P) = {P, = M(P,) : v e V}. Obviously,
M () € D(0,1).

Let Z be the set of accumulation points of the normalized packing P. The
assumption implies that the point M(c0) € Z. Our immediate goal is to verify
that Z is connected in the extended complex plane C. Note that the graph
G is locally finite. We can find a sequence of finite sunsets of V', denoted by
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Vi € Vo C ---, such that V = |J,, V. For each n, let @, denote the set of
vertices in the infinite connected component of G — V,,, and let @n denote the
closure of UUEQ” P,. Obviously we have @1 D @1 D -+, and each set @n is
compact and connected in C. Since a nested intersection of compact connected
sets is connected, it follows that Z is connected in C.

Let m be the v-metric on G defined by

diameter(P,) for v # vy,
m(v) =
0 for v = vy.
From Lemma 3.2 and Fact 3.3, it follows that, for each v € V, the set P, is
a a(v)/(200m(a?(v) + 1))-fat set. Since P, € D(0,1) for v # vg, we have

area, (m) = Z a(v) (diameter(ﬁv))2
veV—{vg}
<200 Y (@*(v) + Darea(P,)
veV—{vo}
< C4 -area(D(0,1))

< 00,

where C1 is a constant. So m € M, (V).

Let C be any finite subset of V' —{vg} such that vy is disjoint from the infinite
connected component of G — C. The collection of all such subsets C' C V —{vg}
is denoted by I';. From Lemma 4.3 it follows that the union U'UEC P, separates
P,, from Z. By the general Alexander’s theorem (Theorem 16.1, p. 125, [15]),
we deduce that there is a connected component of | J, . P, that separates P,
from Z. This implies that, for every C € I'y,

(6.1) > m(v) > diameter (2).
veC
Recall that
I'=T({vo}, 00)
and
I*={ScV—{u} : S intersects every v € I'}..
Since EL! (T") = oo, by Theorem 5.1 we get

(6.2) SlélIf m(v) = 0.
veS
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But every such S € I'* contains a finite C' C S such that vg is not in the infinite
connected component of G — C (for example, the neighbors of the connected
component of G — S containing vy). This implies

inf m(v) > inf m(v).

Ser* cer
veS tvec

Together with equation (6.2), we deduce that

(6.3) clglil m(v) = 0.
vel

Therefore, (6.1) and (6.3) show that diameter (Z) = 0, which implies the set
Z has only one point. Since M(oo) € Z, then Z = {M(o0)}. Thus the packing
P = M(P) is locally finite in C — Z. Equivalently, P is locally finite in C.

CASE 2: There exists a positive number R such that the packing P is
contained in the disk D(0, R).

Let Z; be the set of accumulation points of the packing P. Define 7: (0,00) —C
by setting 7(t) = texp(f), where 6 € [0,27) is any fixed number. Then 7 is an
open half-line. Since P is contained in the disk D(0, R) and G is an open disk
triangulation graph, we deduce that

image(n) N Zy # 0.

Thus |Z;| = co. But, by the same argument of Case 1, we get |Z;| = 1, which
is a contradiction.

Hence we complete the proof of Theorem 1.3.

7. Appendix

For the sake of completeness, in this section we will construct an a-EL parabolic
rectangle packing that is not locally finite in the complex plane C.

Example 7.1: Define a constant u (= 72/6) with

(oo}

1
=3

n=1
STEP 1. Let
Ry = [7’“5’“‘] X [717 ]-]

be the center rectangle in the complex plane C (see Figure 4).
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Tﬁ Rf 1[34
I I
Roe [Rys| R
R37 Ry7 R Ry3 R33
Rog |Ryu| Rxn
T |
Rs3g R3; R3»
Figure 4

STEP 2. For each n > 2, we construct 8 rectangles as follows (see Figure 5).
Fori=1,2,...,8, let

Rni = [ani7 bnz] X [Cnia dnz]

be rectangles in C, where

n
1
anl1 = — E k2; bnl = —0n1;
k=1

1 n—1

"1 1
Cnlz_ZkQ; dnlzcn1+n2:_ kQa
k=1 k=1
and
n—1 n
_ 2, _ 2 _ 2.
ang—quUZk, bpz = ang + un fququ,
k=1 k=1
"1
Cp3 = — Z kQ; dnS = —Cn3,
k=1
and

ap2 = bnl; bn2 = bnS;

Cn2 = Cnl; an = *dnlv
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and
Ap4 = An2; bn4 = bn2;
Cna = *dn2; dn4 = —Cn2.
ans = Gn1;  bns = bna;
Cn5 = Cn4; dn5 = dpa.
ane = —bna;  bne = —ana;
Cne = Cna; dnﬁ = dn4.
an7 = Gnpe;  bn7 = —an3;
Cn7 = Cn3; dp7 = dp3.
Ung8 = Un6; bng = Anls
Cn8 = Cn1l; dn8 =dn1.
(See Figure 5).
LA
Wn =) 1

Ra | eeeens R

Rpg R Rp2

Figure 5

STEP 3. Denote

oo 8
P=RU|JRn
n=1i=1
Then P is an infinite rectangle packing the complex plane C. It is clear that
the contacts graph of P is a triangulation of an open topological disk (see Figure

5 and Figure 6).
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It is obvious that the points (0,u) and (0, —u) are accumulation points of the
packing P. Therefore, the packing P is not locally finite in the plane.

Now, we show that the packing P is an a-EL parabolic packing.

Let o : P — (0, 1] be an assignment of weights to the vertices of packing P
with «(R) = H(R)/W(R), where H(R) is the height of the rectangle R and
W(R) its width and H(R) < W(R). It clear that

a(Ry) =1/u<1.
For n > 2, from the construction of the packing P, it follows that, for 1 <7 < 8,
(7.1) a(Rp;) < <1.
Define the metric m;q with

m;a(R) =1 for each R € P.
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Now we will show that m;q € M, (P). Using the construction of packing P and
(7.1), we obtain

co 8
area, (m;q) =a(Ry) + Z Z a(Rni)mzzd(Rni)

n=2i=1
1 =1
< 16
<00.
Therefore m;y € My(P). Since m;q(R) = 1 for each rectangle R € P, we have
dmid ({Rl}a OO) = 0.

Proposition 2.1 (taking S(R) = 1 for each R € P) implies that the packing P
is an a-EL parabolic packing.
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