QUASIHYPERBOLIC METRIC AND QUASISYMMETRIC
MAPPINGS IN METRIC SPACES

XIAOJUN HUANG AND JINSONG LIU

ABSTRACT. In this paper, we prove that the quasihyperbolic metrics are quasi-
invariant under a quasisymmetric mapping between two suitable metric spaces.
Meanwhile, we also show that quasi-invariance of the quasihyperbolic metrics
implies that the corresponding map is quasiconformal. At the end of this
paper, as an application of above theorems, we prove that the composition of
two quasisymmetric mappings in metric spaces is a quasiconformal mapping.

1. INTRODUCTION

During the past few decades, modern geometric function theory of quasisym-
metric and quasiconformal mappings has been studied from several points of view.
Quasisymmetric mappings on the real line were first introduced by Beurling and
Ahlfors [1]. They found a way to extend each quasisymmetric self-mapping of the
real line to a quasiconformal self-mapping of the upper half-planes. This concept
was later promoted by Tukia and Viisala [11], who introduced and studied qua-
sisymmetric mappings between arbitrary metric spaces. In 1990, based on the idea
of quasisymmetry, Vaisédla developed a ”dimension-free” theory of quasiconformal
mappings in infinite-dimensional Banach spaces. See also [18, 19, 20, 21, 22]. In
1998, Heinonen and Koskela [8] showed that these concepts, quasiconformality and
quasisymmetry, are quantitatively equivalent in a large class of metric spaces, which
includes Euclidean spaces. Since these two concepts are equivalent, mathematicians
show much interest in the research of quasisymmetric mappings between suitable
metric spaces.

Following analogous notations and terminologies of [7, 8, 22, 12], now we give
the definitions of quasisymmetry and quasiconformality.

Definition 1.1. Given a homeomorphism f : X — Y between two metric spaces,
f is said to be quasisymmetric if there is a constant H < oo, for all x € X and all
r >0,

(L.1) Hy(w,r) = ?ff(()) <H,
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where

(12) Litwr)i= s (1)~ )}
and

(13) )= it {If0) - f@)}.

Note that here and hereafter we use the distance notation |z — y| in any metric
space.

The slightly different formulation used here can be easily turned into the follow-
ing stronger quasisymmetry condition.

Definition 1.2. A homeomorphism f : X — Y between two metric spaces is called
n-quasisymmetric if there is a homeomorphism 7 : [0,00) — [0, 00) such that

(1.4) |z —a| <tle—b] implies |f(z) — f(a)| < n(t)|f(z) - f(b)]
for each ¢ > 0 and for each triple z, a, b of points in X.

Obviously, (1.4) implies quasisymmetry as defined in (1.1). In general, these two
notions are not equivalent. However, in any path-wise connected doubling metric
spaces we know that (1.1) implies (1.4). Please refer to [17].

Quasiconformal mappings are homeomorphisms that distort the shape of infin-
itesimal balls by a uniformly bounded amount. This requirement makes sense in
every metric space.

Definition 1.3. A homeomorphism f from a metric space X to a metric space Y
is said quasiconformal if there is a constant H < oo so that

(1.5) limsup Hy(z,r) < H
r—0

for all z € X, where Hy(x,r) is defined in (1.1).

In [8], Heinonen and Koskela proved that quasiconformal mappings between
Ahlfors Q(> 1)-regular metric measure spaces are quasisymmetric, provided that
the source is a Loewner space and the target space satisfies a quantitative connec-
tivity condition.

Gehring and others [3, 4] introduced the quasihyperbolic metric. It is an impor-
tant tool in the research of quasisymmetric and quasiconformal mappings between
metric spaces. In [3] (Theorem 3), Gehring and Osgood [3] proved that quasihyper-
bolic metric is quasi-invariant under any K-quasiconformal mappings of a domain
D c R™. We wish to point out that the use of the term ”quasiconformal” in [3]
differs from its use in this paper. Their result can be stated as follows:

Theorem 1.4. There exists a constant ¢ depending only on n and K with the
following property. If f is a K-quasiconformal mapping of domain D onto D', then

kp (f(z1), f(22)) < ¢ max (kp(z1,22), kp(z1,22)%), o= K=,
for all x1,z5 € D.

Remark 1.5. For any metric space X, a non-empty subset D C X is said a
domain if it is open and connected. For the concept of kp(-,-) and kp/(,-), please
see Definition 2.2 in Section 2.
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In 1990, Viisala studied quasiconformal mappings between infinite-dimensional
Banach spaces and obtained a series of novel results. He also obtained an alternative
version to Theorem 1.4.

Under suitable geometric conditions (see Section 2), in this paper we shall prove
a more general result (Theorem 1.6) for metric spaces. Our proof is based on a
refinement of the method due to Véisila [22].

Theorem 1.6. Let X be a c-quasiconver complete metric space and let Y be a
¢ -quasiconvex metric space. Suppose that G & X and G' C'Y are two domains
and f is an H-quasisymmetry from G onto G'. Then there exists a non-decreasing
function v : (0,00) — (0,00) such that, for all z,y € G,

K (f(2), f(y) < ¢(k(z,y)).
Note that the function ¥ depends only on ¢,c, H and satisfies ¥(t) — 0 as t — 0.

It is clear that the converse to Theorem 1.6 is also an interesting problem. To
study this problem, we introduce the following definition.

Definition 1.7. Let D C X be a domain in a metric space X. A point x € D
is said to be a cut point if D\{x} is not connected. A domain D is said to be a
non-cut-point domain if it has no cut points.

For any two c-convex (see Section 2) and complete metric spaces, we prove that
quasi-invariance of the quasihyperbolic metrics implies the corresponding map is
quasiconformal.

Theorem 1.8. Let X be a c-quasiconvez, complete metric space and G & X be a
non-cut-point domain. Let G' &Y be be a domain in a metric space Y. Suppose
that f : G — G’ is a homeomorphism. If for any sub-domain E C G andVz,y € E,

(1.6) ke (f(2), f(y) < ¢(ke(z,y)),
where E' = f(E) and ¢ is an increasing function, then f is an H-quasiconformal
mapping with

H =9 _ 1.

In the appendix we will give an example to show the non-cut-point assumption
indeed can not be ruled out.

As an application of Theorem 1.6 and Theorem 1.8, we show that the composite
mapping of two quasisymmetric mappings in a large class of metric spaces is a
quasiconformal mapping.

Theorem 1.9. Let X (resp. Y) be a c1(resp. c2)-quasiconvex and complete metric
space and let Z be a c3-quasiconver metric space. Suppose that G & X is a non-
cut-point domain. For any two domains G' QY and G" C Z, if f : G — G’ is an
Hi-quasisymmetric mapping and g : G' — G" is an Hy-quasisymmetric mapping,
then g o f is an H-quasiconformal mapping, where H depends only on the above
data.

In [8], Heinonen and Koskela showed that quasiconformal mappings between
metric spaces of ”bounded geometry” are quasisymmetric. Their result is as follows:

Theorem 1.10. Suppose that X and Y are bounded Q-regular metric spaces with
Q@ > 1, Furthermore, suppose that X is a Loewner space and Y is linearly locally
connected. If f is a quasiconformal map from X onto Y, then [ is quasisymmetric.
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Using the same assumptions as in Theorem 1.9, by combing Theorem 1.9 and
Theorem 1.10, we shall now have the following corollary.

Corollary 1.11. Suppose that X and Z are bounded @Q-regular metric spaces
with @ > 1. Furthermore, suppose that X is a Loewner space and Z is linearly
locally connected. If f : G — G’ and g : G’ — G" are quasisymmetric, then their
composition g o f is quasisymmetric.

2. QUASIHYPERBOLIC METRIC

Let X be a metric space and let

B(z,r)={y : ly—a|<r}, Ulx,r)={y:|y—z[<r}

be the closed and open balls with center x € X and radius r > 0. Denote

S(x,r)={y : ly—z[=r}
If B, = B(z,r) (or U, = U(z,r)), then AB, = B(x, \r) (or AU, = U(z, Ar)) for
any A > 0. The closure of a set A is denoted by A.
By a curve we mean any continuous mapping v : [a,b] — X. The length of v is

defined by
I(y) = sup {Z Iv(t:) — v(tm)l} :

where the supremum is taken over all partitions a =ty < t; < --- < t, =b. The
curve is rectifiable if I(y) < oo.

The length function associated with a rectifiable curve v : [a,b] — X is sy :
[a,b] — [0,1(v)], given by s,(t) = I(7lja,). For any rectifiable curve 7 : [a,b] —
X, there is a unique curve v, : [0,i(y)] — X such that v = 75 0s,. More-
over, l(75|[0,t]) = ¢ for every t € [0,I(7y)]. The curve 75 is called the arc length
parametrization of ~y.

If 7 is a rectifiable curve in X, the line integral over  of each nonnegative Borel

function ¢ : X — [0, 00] is
1)
/QdSZ/ 00 7s(t) dt.
vy 0

Definition 2.1. Let X be a connected metric space and G & X be a non-empty
open set. For any z € G, we denote by dg(z) the distance between x and the
boundary of G. That is,

dg(z) = dist(z, 0G).

Remark 2.2. In Definition 2.1, the boundary of G is not empty. Otherwise, G is
both open and closed which contradicts that X is connected. Hence

aG # 0.

For 0 < r < 0(z), the ball U(x,r) is not necessarily contained in G. Thus, we need
to consider GG as a metric space whose metric is the restriction of the metric of X.
The closed and open balls in G with the center z and the radius r are denoted by:

Bg(z,r)={ye G : |ly—z| <r}
= B(z,r)NG;
Us(z,r)={ye G : ly—z|<r}
=U(x,r)NG.
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Definition 2.3. Let v be a rectifiable curve in an open set G & X. The quasihy-

perbolic length of v in G is
l()*/ s
"= ) Sal@)

The quasihyperbolic distance between x and y in G is defined by

ka(z,y) = igf lan(7),

where ~ runs over all rectifiable curves in G joining x and y. If there is no rectifiable
curve in G joining x and y, we define
kG(Ia y) = +00.

Definition 2.4. Let X be a metric space. An open set D of X is said to be
rectifiably connected if, for any two points x,y € D, there is a rectifiable curve in
D joining x and y.

If G ¢ X is a rectifiably connected open set, it is clear that kg (z,y) < oo for
any two points x,y € G. Thus it is easy to verify that kg(+) is a metric in G, called
the quasihyperbolic metric of G.

Definition 2.5. For ¢ > 1, a metric space X is c-quasiconvex if each pair of points
x,y € X can be joined by an curve v with length I(y) < ¢|lz — y|.

Observation 2.6. If X is a c-quasiconvex metric space, then any domain G & X
is is rectifiably connected.

Proof. Choose zy € G and define
D, = {y € G : there is a rectifiable curve in G joining ¢ and y }
It is clear that xg € Dy,.

We claim that D,, and G\D,, are both open in G. For any yo € D,,, since
G is open, there exists a r > 0 such that B(yo,7) C G. If z € B(yo,r/c), by the
definition of quasiconvex, then there is a rectifiably curve  joining yy and z with

I(v) <clyo—2l<r
This implies that v C G. Thus,
B(y07 7a/c) c Dmoa

which implies D, is open in G.
With a similar argument, we can deduce that G\ D,, is also open in G. Since G
is connected, we have D,, = G. Therefore, GG is rectifiably connected. O

Hereafter we will use the abbreviations §(z) = dg(z) and k(-) = kg(-). The
following result gives a basic fact about the function §(x) which is necessary for our
proofs.

Theorem 2.7. Let X be a c-quasiconvex metric space and let G & X be a domain.
Then

(2) Ifz€ G, 0<t<1/2, and z,y € Bg(z,t8(2)/(4c)), then
L |z—yl ¢ |z—yl

32 o) S @Y ST

(2.1)
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Proof.

(1) By Observation 2.6, we know that G is rectifiably connected. For any rectifi-
able curve v joining = and y in G, let 75 : [0, L] — G be the arclength parametriza-
tion of v with ~,(0) = x. We have, for each ¢ € [0, L],

8 (7s(t) < 0(x) + |ys(t) — x| < 3(@) +1 (vs(V)po,) = 6(x) + 1.

Hence

lan(v) = /OL 6(x(§t+t > In <1+ |:i5(m)y|> .

So we obtain (1).

(2) Suppose that z,y € Bg (z,t&(z)/(élc)). Since X is a c-quasiconvex space,
there is a rectifiable curve v in X joining z to y with I(y) < ¢|lz — y|.
For any u € v, it is clear that
lu—z] <|u—z|+ |z — 2|
< () + t5(2),/(40)
(2.2) < clo —y| +t5(2)/(4c)
< ((2¢+1)/(40))té(2) (since ¢ > 1)
< t0(2).

The inequality (2.2) implies that
v C U(2,t6(2)).

We claim: v C G.
Suppose that v ¢ G. From the connectedness of v, it follows that there is a
point

ug € OGN .
Combing the inequality (2.2), we get dist(z,0G) < t6(z) which implies 6(z) < t4(z).
This is a contradiction since 0 < ¢t < 1 and 6(z) > 0. Hence, our claim is proved.

For each u € 7, since v C G, the function d(u) is well defined. Furthermore, we
have

O(u) > 6(z) — |lu—z| > (1 —1)d(2).
Let L =1(v) and let ;5 : [0, L] — « be the arc length parametrization of . Hence

Lo ar L c |z—y|
(2.3) k(z,y) S/o 3(7s(r)) < (1—1)0(2) = 1—t 6(2)

Now we prove the left inequality of the inequality (2.1). Since G is rectifiably
connected, the set of rectifiable curves joining x and y is not empty. We assume
that v : [a,b] — G is any rectifiable curve joining x and y in G.

Case 1. v C B(z,2t4(z)).

Thus, for all u € 7,

d(u) <lu—z|+8(z) < (1+2t)4(z).
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Therefore, it follows

I(7) dr
wo = [ 5oy
1

()
lz -y

T (1+28)8(2)°
where 7, is the arc length parametrization of ~.

Case 2. ~ € B(z,2t6(z)).

From the connectedness of v, we know that « has two sub-curves v;,7 C
B(z,2t6(z)) joining the spheres S(z,t6(z)) and S(z,2t6(z)). For any u € ~;
(1 = 1,2) we have d(u) < (1 + 2¢)d(z). Since I(y;) > t6(z) > 2c|lx — y|, we again
obtain (2.4).

This proves (2.1). O

Theorem 2.8. Let X be a c-quasiconver metric space and G & X be a domain.
Suppose that x,y € G and either |x — y| < §(x)/(8¢c) or k(z,y) <1/8. Then

Lle—yl |z —y]

2¢ 6(z) — d(x)

Proof. If |x — y| < §(x)/(8¢), then (2.5) follows from Theorem 2.7 with ¢ = 1/2.
Thus we may assume that |z —y| > §(x)/(8¢) and k(z,y) < 1/8. It follows that

k(z,y) < clz —yl/o(x).

So we need only to prove the left inequality in (2.5). Let 7 = k(x,y) < 1/8. From
the definition of k(z,y) it follows that, for any e > 0, there is a rectifiable curve
joining x and y in G such that

1) dt ~
(2.6) /0 75(%@)) <T+e

Here ; is the arc length parametrization of v and I(vy) is the length of ~.
For each t € [0,1(v)], we have

(2.5)

k(x,y) < 2c

6(7s(t)) < 6(2) + [7s(t) = 7s(0)]
< 6(x) +l(%\[ t))
=d(z) +

Substituting the above estimation into (2.6), we get

The> /OM) 6(xcjt+t
—In (1 + fs((l))>
>In (1 + |f$(_x)y|> .

7> In <1+ |“g($)y|).

Let € — 0, we obtain
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Therefore, |z —y| < (e — 1) §(x) < 27 §(x). It follows that

1 |z —yl
2¢ 6(z) '

which implies the theorem. O

k(x,y) =7 >

Corollary 2.9. Let X be a c-quasiconver metric space and G & X be a domain.
Then the quasihyperbolic metric and the metric of X define the same topology in
the domain G.

Theorem 2.10. Let X be a c-quasiconvex metric space and G & X be a domain.
Let vy be a rectifiable path in G and let l;(y) be the length of v in the metric space
(G, k(). Then

(1) lan(v)/e <l(7) < lgn(7)-
(2) The metric space (G, k(-)) is a 2-quasiconvez metric space.

Proof. (1) Let ~, is the arc length parametrization of v and L is the length of ~.
Let 0 =ty <t; <--- <ty = L be a partition of [0, L]. Then

Zk(’ys(tj—l),’ys(tj)) < Zlqh(%l[tj,l,tj]) < lgn(7)-

j=1 j=1

Hence I (7) < lgn(7)
Now we prove the left inequality in (1). By the definition of 4 (7), it is follows
that

lan(y) = /O g(t)dt,

where g(t) = 1/8(7s(t)). Let 0 < e < 1/2. Since g is continuous, a simple compact
argument of v shows that there is a partition 0 =t < ¢ < --- < t, = L of [0, L]
such that, for x; = v5(¢;) and v; = s [ti_1,t:]» We have

lan(7) < Zg(ti)(ti —ti—1)+e

and ; C Uz, €6(x;)/(8¢)) for all 1 <i < n.
For each 1 <7 <n, we choose successive points x;—1 = Z; 0, Zio0, ", Tin, = L
of v; such that
) <l g1 — @il + €/n.
j=1
With the aid of the estimate (2.1) in Theorem 2.7, we get that, for all 1 <i <n
and 1 <j <mn;,
[Tij—1 — i
6(x;)
Since t; — t;—1 = I(y) and g(t;) = 1/(x;), these estimates imply

Lgn(7) < (1 + 2¢) sz($i7j_17xi7j) + 2e.
tog

< C(l + 26)]{?(.’1?i’j,1, a:m).

Here the double sum is at most {x(y). Since € is arbitrary, this yields the desired
inequality.



QUASIHYPERBOLIC METRIC AND QUASISYMMETRIC MAPPINGS IN METRIC SPACES 9

(2) Let a # b be two points in G. Choose a path 7 joining a and b with
lgn(v) < 2k(a,b). By (1), we get lx(7) < 2k(a,b), which implies that (G, k(-,-)) is
2-quasiconvex.

([l

3. QUASISYMMETRY AND RING PROPERTY

In order to prove Theorem 1.6, we need the following fact.

Fact 3.1. Let G & X be a domain in a c-quasiconvex metric space X. For any
x € G,if 0 <r < d(x), then

G\Bg(z,7) #0 and Sg(z,r) #0.

Proof. By Remark (2.1), we know that G # 0 and 6(z) is well defined. If
G\Bg(z,r) =0, then

G C Bg(x,r) C B(x,r).
It follows that G C B(z,r) which implies G C B(x,r). Thus,

§(z) = dist (z,0G) <,

which is a contradiction. Hence, G\ Bg(z,r) # 0.
Since 0G # () and 0 < r < §(x), we can choose a point 2’ € G such that

|2" —z| > r.

From the definition of c-quasiconvex of X, there is a curve v : [a,b] — X joining
the points z and z’. Set

W= {t €la,b] : V|ja,) € Uc(z,r)}.

Since Ug(x,r) = U(x,r) NG is an open set of X it is clear that W is an open set
of [a,b] and a € W. Define

to =sup{t:te W}

Clearly, to > a. Since Y|q,+) € Ua(x,7) € G, we know that
(3.1) Y(to) € G and |y(ty) — x| < 7.

We claim that v(to) € Sg(x,r).

Since v(tg) € G, we know that

~(to) € GUIG.
If v(to) € OG, by (3.1), then we get
dist(x,0G) = 6(x) < r,
which contradicts r < d(x). Thus, we have
v(to) € G and |y(to) — x| <7

If |v(tg) — | < r, by the definition of ¢y, then tg € W. This is a contradiction
since W is an open set. Therefore we have

V(to) € G and  |y(to) -z =,
which implies that v(t9) € Sg(x,r). Hence, Sg(z,r) # 0. O
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Let X,Y be ¢, c'-quasiconvex metric spaces and let G & X, G ¢ Y be two
domains. If x € G and if M > 0, a > 1 be two positive real numbers, we denote
0
Tpo = (71:)7 BS, = Bg(z,7) and aUS, = Ug(z,ar).
o ; ;

Definition 3.2. We say that a homeomorphism f : G — G’ has (M, a)-ring
property if

diameter(f(Bgr)) <M
0<rene | dist(f(BS,), G\f(aUS,) [ =

Remark 3.3. Since ar < §(z) and Fact 3.1, we know that G'\ f(aUS,) # 0 which
implies Definition 3.2 is well defined.

Proof of Theorem 1.6. In what follows, we will divide the proof into four steps,
and prove the result step by step.

Step 1. We prove that f has (2H?(H + 1),3)-ring property.
Suppose that £ € G and 0 < r < r, 3. By Fact 3.1, we know that
Seg(z,r) #0 and G\(3U§T) £ (.
Suppose that a, b are any two points in Bgr. Let y be any point on Sg(x,r) and
let z be any point in G\ (3UZ,).
Claim 1.1. diameter(f(BS,)) < 2H?|f(2) — f(y)|.
Since f is H-quasisymmetric, it follows from the definition that
sup{|f(w) ~ f(2)| : u€ Bo(w,r)) _ .
inf{[f(u) — f(z)] : we G\Ug(z,r)} ~
Meanwhile, since a € Bg(x,r) and y € Sg(x,r), we have
|f(a) = f(@)] < sup{|f(u) — f(2)| : vwe€ Ba(z,r)}
< H-inf{|f(u) — f(z)| : we G\Ug(z,7)}
< H[f(y) — f(=)|.

With a similar argument, we obtain

[f(b) = f(2)| < H|f(y) — f ()]

Therefore,

(3-2) |f(a) = f()] < 2H|f(y) — f(2)]-

Moreover, since |z — y| > |z — y|, by using the definition of H-quasisymmetry,
we have

(3.3) |f(z) = ()l < H|f(z) = f(y)].
From (3.2) and (3.3), we deduce |f(a) — f(b)| < 2H?|f(z) — f(y)|- Hence, Claim
1.1 is proved.
Let ¢ be any point in B,..
Claim 1.2. [f(z) — f(y)| < (H + 1)[f(2) = f(c)].

Sice ¢ € BZ , it follows that

z,r

ly—c| <2r, |z—c¢|>2r and

(34 ) = F@) < 1£(G) = @] +17(0) - Fw).
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Hence, by the definition of quasisymmetry, we have
[f(y) = f()] < sup{[f(v) = f(e)] : v € Bale,r)}
(3.5) < H-inf{|f(v) = f(c)| : ve G\Ug(c,r)}
< H[f(c) = f(2)].

So, from (3.4) and (3.5), Claim 1.2 is obtained.

Combing Claim 1.1 with Claim 1.2, we have thus proved that

diameter(f(Bﬁ,.)) < 2H?*(H +1)|f(c) — f(2)].

Since ¢ and z are arbitrary, it follows that

diameter(f(BS,)) < 2H?(H + 1) - dist(f(BS,), G'\f(3US,)).

Therefore, f has (2H?(H + 1), 3)-ring property. O
Let X,Y,G, G, f be as in Theorem 1.6. Remark 2.2 implies that
OG" # 0.

Let ¢ € G, ry9:41 = d(x)/(2¢ + 1) and Bgr = Bg(z,r). In order to prove our
result, we need the following lemma.

Lemma 3.4. If 0 <7 <7g2.41 and 2’ € 0G', then
dist(z', f(BS,)) > 0.

Proof. Otherwise, there is a point zj € G’ such that dist(z, f(BS,)) = 0.
It follows that there are points {y,} in f(BS,) with y, — z. Furthermore,
there are points {z,} in Bgr such that f(x,) = yn.

Step 3.2.1. We show that {x,}°2 is a Cauchy sequence.

If it is not so, then there is a positive real number ¢y > 0 such that, for each
k €N, there is j(k) > k with |zx — 24| > €0. Let k € N and let 2, € {xp, 2j)}
be a point with |z — 21| > €y/2.
Claim 3.2. For all that k£ € N,

|f(21) = flzj)] < M| f(zr) — flza)].
Here the constant M depends only on H,c¢,r, €.

We distinguish two cases to prove Claim 3.2.

Case 1. |x1—xj1)| < |2k —21]. It follows from the definition of H-quasisymmetry
that |£(x1) — f(aj0)| < HIf(z) = flz1)] -
Case 2. |x1—xj(1)| > |2z —21|. Since the metric space X is c-quasiconvex, we can
join @y to x;(1) by a curve v : [a,b] — X with I(vy) < c[xq — xj(1)|. For any point
p € 7, it is clear that
p— | <|p— x|+ [z1 — 2]

<I(v)+r

<clay —zja)|+r  (since z1, 251 € Bgr)

< (2¢+1)r.

(3.6)
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If v ¢ G, from the connectedness of 7, then there exists a point py € v N IG.
By the inequality (3.6), we deduce that

0(z) = dist(z, 0G) < (2¢ + 1)r,

which contradicts the assumption r < ry 2.41. Hence v C G.

Let 75 : [0,L] — G be the arc length parametrization of v where L is the
length of v and L < c|z1 — 2j(1)|. Define inductively the successive points x; =
P0s P15 s Ps—1,Ps = Tj(1) of 75 as follows. Let {9 = 0,

tj = sgp{t €10,L] : v(t) € Ba(pj—1, |2k — 1))}

and pj =7s(tj), 0<j <s.

From the construction of ¢;, it is clear that ¢; —¢;—1 > |z —x1| for 1 <i <s—1.
Thus, we have L > ts_1 > (s — 1)|zx — 21|. In addition,

L
s< ——— +1 (since |z — 21| > €0/2)
|z — 21
2L
=41
(3.7) 260| |
cley —x;
< 1 Jj(1) +

IN

1 (since x1, (1) € B(z,r))
€0
4
<4
€
Moreover, since |21 — ;1) > |zx — 21|, we have s > 2, |p;_1 — p;| = |2 — 1]
for 1 <j<s—1and |ps—1 — ps| < |z —x1]. Since f is H-quasisymmetric in G
and pg = x1, we have

|f(p1) = f(po)| < H|f(z1) = f(z1)];
£ (p2) = f(p1)| < Hf(p1) — f(po)| < H?[f(z1) — f(21)];
|f(ps) = f(ps—1)| < H|f(ps—1) — f(ps—2)| < -+ < H*[f(2r) — f(21)]-

Summation gives
(i) = flan)| < (H + H? + -+ H)| f(2) = fla1)| < sH?|f(zk) = f(z1)]-

Combining this estimate with (3.7), we now have

(3.8) [f(21) = fzj) < Malf(z) = fl21)],

where M; depends only on H,c,r,€q.
Since 2z € {xk, 2%}, by repeated use of the above argument, we can deduce

(3.9) [f (1) = F(zr)| < Ma|f (k) — f (200l

where Ms depends only on H,c¢,r,eq. Therefore, using (3.8) and (3.9), we now
obtain

[f (1) = faj)l < M f(zx) = Fxi)l;
where M depends only on H, ¢, 7, €q.

Let k — oo, we get |f(xx) — f(xj))| — 0 as f(zx) = yr — 20 and j(k) > k.
Thus, we obtain f(z1) = f(x;(1)). It follows that x; = x;;) which contradicts
\xj(l) — 1'1| > € > 0.

Therefore, the sequence of {z,}52, is a Cauchy sequence in B;.
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Step 3.2.2. We prove z{, € G'.
Since X is complete, there is a point zp € X such that z,, — 2. As{z,} C B

it follows that zo € G N B(z,7).
If g € 0G, then

G

z,r)

dist(z,0G) < |z — zo|
s,
which contradicts the assumption r < §(z). Hence zo € G.
Since f is continuous, it follows that f(x,) = yn — f(xo) € G'. Thus z{ =
f(xo) € G' as y, — 2. Hence 2z € G’ which contradicts that z{, € G’ and G’ is
an open set.This completes the proof of Lemma 3.3. ([

Let us proceed with the proof of Theorem 1.6.
Step 2. We show that f satisfies

[f@) = FWl _ (12—l
(310 s <0 ()
for all x,y € G with
[z —yl < de)
33(2c+1)

Here

0(t) = 24(In3)H5(H + 1)2¢
In (1/(2c+ 1)t)

Suppose that |z —y| = t- d(z), where 0 < t < 1/(3%(2c + 1)). Let m be the
largest integer with
(3.11) 3m(2c + 1)t < 1.
Then m > 3. Set
(3.12) r; =37 td(x), UjG =Ug(z,r;) and BjG = Bg(z,rj) for 0<j<m.

Choose a point 2’ € G’ with
(3.13) 2 — f@)] < 26 (f(@)).

Since Y is a ¢’-quasiconvex metric space, there is a rectifiable curve v : [a,b] = Y
joining f(z) and 2’ with

(3.14) length(vy) < ¢[2' — f(x)].
Define
(3.15) tj = sup {t € [,8] : Y0 € F(BS)} and y; =(ty).

Since U, jG is an open set of X and f is a homomorphism from G onto G’, f (UjG) is
an open set of Y. As vy(a) = f(z) € f(UjG), it follows that t; > a. Meanwhile, by
(3.11) and (3.12), we have
T < Tz 2c+1-
which implies v(b) = 2’ € dG’. Together with Lemma 3.4, it follows that dist (v(b), f(B;)) >
0. Therefore t; < b.
We prove a < t; <b.

Claim 2.1. y; =~(t;) € f(Sa(z,r;)).
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We divide the proof of Claim 2.1 into two steps.

Step 2.1. y; is a boundary point of f(BjG) in Y, that is, y; € ayf(BjG).

Suppose N C Y is an open neighborhood of y;. Then v~ '(N) is an open
neighborhood of ¢;. Since a < t; < b, there exists a positive number o > 0 such
that

(tj - O',tj + U) C ’y_l(N).
From the definition of t;, it is clear that v|4,,) C f (BJG) Thus we have
Y((t; = o,t;)) N f(BY) # 0;
([t t5 +0)) N (Y \ f(BS)) #0.
Therefore NN f(BS) # 0 and NN (Y \ f(B)) # 0. Then y; € dy (f(BY)) follows.
Note that dy (f(BS')) is the boundary of f(BS) in Y (not in G').
Step 2.2. We show that y; € f(Sg({L‘7Tj)>.

Since y; € 6yf(BjG), it follows that

(3.16) dist (y;, f(BY)) = 0.

As f(BjG) C @, we know that y; belongs to the closure of G'.
If y; € OyG’, by Lemma 3.4, we get dist(yj,f(BJG)) > 0, which contradicts
(3.16). Hence y; & Oy G’. Since y; € G’ and G’ is open, it follows that y; € G'.
Since f (B]G) is a relative close set in G’, we deduce
f(BY) =the closur of f(BS) in G’

(3.17) =f(Bf)n¢’
={f(Bf)uovf(B)} NG
By using y; € 8yf(BjG) and y; € G, we get
yj € f(BY).
Thus, there exists a point z; € B]-G such that f(z;) = y,.
If x; € UjG, that is |z; — 2| < r; and z; € G, then it follows immediately that

y; = f(z;) is an inner point of f(B]G) This fact contradicts that y; € 8yf(BjG).
Hence z; € Sg(x,r;) and Claim 2.1 is proved.

Now suppose z; € Sg(x,7;) such that f(z;) = y;. Denote

A=y — f(2)l.
Claim 2.2. A\ <4H3(H + 1) -§'(f(z))/(m —1).
Since |z — x| = 7 and |z;—y — x| > r1, j > 2, from the definition of H-

quasisymmetry, we have
[f(z1) = f(@)| < sup {|f(v) = f(2)] : v € Ba(x,r)}
(3.18) < H -inf{|f(v) — f(z)] : ve G\Ug(z,r1)}
< H|f(zj-1) — f(@)]-
That is
A< Hlyj—1 — f(z)| for j=>2.
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From the Step 1 of the proof of Theorem 1.6, we know that f has (2H?(H+1), 3)-
ring property. In view of the fact 37; < é(x) and 3U]-G_1 = UjG, we have, for
2<j<m,

lyj—1 — f(z)| < diameter( f (B 1))
(3.19) < 2H*(H +1) dist(f(By ), G\ fBU))
= 2H?(H +1) dist(f(BS.,), G\ f(US))
< 2H*(H +1)|y;-1 — ;-
Therefore, for j > 2,
X< 2H(H +1)|yj—1 — g5l < 2H?(H +1) -length (Y], 1,) -

Summing over these j and noting (3.13) and (3.14), we obtain

(m—1A<2H*(H +1) ) length (vl ;)
j=2
(3.20) < 2H*(H 4+ 1) - length(v)
<2H3(H + 1) |2 — f(z))|
<4H*(H + 1) - §'(f(2)).
Thus the proof of Claim 2.2 is completed.

Since y € G, |x —y| =t d(x) and ro = ¢t 6(x), we have y € By. Note that f has
(2H?(H + 1), 3)-ring property. We deduce that

|f(y) — f(x)| < diameter(f(Bf))
(3.21) < 2H*(H + 1) dist(f(B§), G'\f(UT))
< 2H?(H +1)|f(x) — y1| = 2H*(H + 1)\
Together with (3.20) and (3.21), it follows that
[f(y) = f(x)| _ 8HP(H +1)*¢
(3.22) 5 (7)) < p—1

Since 3™T1(2¢ + 1)t > 1, we have

In (1/(2¢+ 1)t)
In3 '
Furthermore, 3%(2¢ + 1)t < 1 implies 3In3 < In (1/(2¢ + 1)¢). Hence

In (1/(2¢+ 1)t) —2In3 S In (1/(2¢+ 1)t)

m+1>

(3.23) m-12 In3 = 31n3
By combing (3.22) with (3.23), we have the desired estimate
[f(y) = f@)| _ 24m3H°(H +1)%c (Ix—yl)
(3:24) & (f(x)) = In (1/(2¢+ 1)t) =0 =6 éz) )

Here
241n3 H5(H + 1)%¢

o) =, (1/(2c+ 1)t)

It is obvious that 6(t) is an increasing function and 6(t) — 0 as ¢t — 0.
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Since 6(t) — 0 as t — 0, we choose a constant ¢; > 0 such that
1

LS 32020 1 1)

Define the function ¢(t) as follows:

(3.25) t and 6(2cty)

< —.
— 8¢

48cH?(H +1)?c' In3
T :
2¢(2c+ 1)t

(3.26) o(t) = 2¢0(2ct) = 1

Step 3. We prove that

(3.27) K (f(x), f(y) < o(k(2,y))
for all x,y € G with
k(z,y) < t1.

From the definition of ¢, it follows ¢; < 1/8. Suppose that z,y € G with
k(z,y) < t1. Thus, by Theorem 2.8, we have
|z —yl 1

5(x) 3 (2c+1)
From the conclusion of Step 2 and (3.25), (3.28), it follows that
1) 1) (=2
(f(x)  — \ &x)
< 0(2cty) < 1/(8¢).

(3.28) < 2¢ck(z,y) < 2cty <

Applying Theorem 2.8 again, we get that

/ 2df(@) — f()]
K@) 1W) < =550

[z —yl
<20 ()
< 2¢0(2¢ - k(z,y))

This proves Step 3.
Define the function ¥ (t) as follows:

6(t) + Fo(h) — 6(t1/2)] for 0 <t <t1/2;

(3.29) V() =14 24(t—1t,/2)+ B for ¢1/2<t<ty;
At+ B for t; <t,
where
20(t
(3.30) A= ¢t( Y and B o(t1).
1

Then the function v has all the properties which are stated in Theorem 1.6.
Step 4. We show that

(3.31) K (f(@), ) < 0 (k(a.y)

for all x,y € G.
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Since G is rectifiable connected, by Theorem 2.8, we know that (G,k(-)) is 2-
quasiconvex. Therefore, for any given x,y € G, there is a path v C G joining z and
y with I () < 2k(z,y).

Let p > 0 be the unique integer satisfying

pti <lk(y) < (p+1)t.

Let v¥ : [0,1x(7)] — G be the arc length parametrization of v with metric k().
Denote

t; = l d z; =~
| k(7)) and  x; =7(t;)
for all 0 < j <p+ 1. Thus,
lk(7)
k(zjo1,25) <l ('Y§|[t_7~_17,,j]) =tj—tj1 = P <t

By using the conclusion of Step 3, it follows that

K (f(xj-1), f(x;)) < o(k(zj-1,25)) < d(t1),
forall 1 <j <p+ 1. Hence
p+1

(3.32) K (f(2), fy) < Zk/(f(xjfle(xj)) < (p+ De(t).

Since pt; < lg(y) < 2k(zx,y), it follows from (3.32) that, for all z,y € G,
(3.33) K (f(x), fly) < Ak(z,y) + B.
If 0 < k(z,y) < t1/2, using the conclusion of Step 3, we know that

K (f(x), f(y) < o(k(z,y)) < ¢(k(z,y))-
If t1/2 < k(z,y) < t1, by the conclusion of Step 3, we deduce that
K (f(x), f(y) < o(k(z,y)) < o(t1) = B < ¢ (k(=,y)).
If t; < k(z,y), according to (3.33), we get that
K (f(x), f(y)) < Ak(z,y) + B = ¢ (k(z,y)).
Therefore, we obtain
K (f(2), f(y) < ¢(k(z,y)),

for all x,y € G. Hence, Theorem 1.6 is proved. ([

4. QUASI—INVARIANCE OF QUASIHYPERBOLIC METRIC IMPLIES
QUASICONFORMALITY

Proof of Theorem 1.8. Define a homeomorphism 7 : [0, 00) — [0,00) by
n(t) =e' — 1.
Suppose that z,y € G, |y — x| = t-dg(r) with 0 < ¢t < 1/(8¢). It follows
immediately from Theorem 2.7 and Theorem 2.8 that

VW = FOF o e5), 12)-

k(y,x) < 2ct, )

It follows from Theorem 1.8 that

) — F@) - (-]
&Aﬂ@)g9<%@0’
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where 0(t) = o ¢(2¢t). Note that 6 is an increasing function.
Let a € G, |a — z| < 0g(x)/(8¢c) and let b € G with |a — x| < |b — z|. In what
follows, we distinguish two cases to prove

f(a) = f(=)|

7o) — ) =

(4.1)

Case 1. |b— x| > dg(z).

Denote D = G\{b} and D’ = f(D). Since G is a non-cut-point domain, by using
Observation 2.6, we know that D is a sub-domain of G. Since |b — z| > dg(x), it
follows that dp(z) = dg(x). Thus, we have

la —xz| |a—
op(x)  da(x)
Applying Theorem 1.8 to the sub-domain D, we get
e Sl g (=) g,
6pr (f(x)) 6p ()
Since dp (f(z)) < |f(b) — f(x)], it follows immediately that

|f(a) = f(2)] < 0(1)dp (f(2)) < OD)IF(b) — f ().
Case 2. |b—z| < dg(x).
Denote D = G\{b} and D' = f(D). It is clear that dp(xz) = |b — z|. Thus, it
follows that

<1

la —x| |a— <1
op(z) |b—az| =
Use a similar argument in Case 1, we can obtain the inequality (4.1).
Now, it follows immediately from the inequality (4.1) that

limsup H(z,7) < 0(1).
r—0

Hence, the mapping f is a H-quasiconformal mapping with

H=0(1)=e*?) — 1,

5. THE COMPOSITION OF TWO QUASISYMMETRIC MAPPINGS IS
QUASICONFORMAL

Proof of Theorem 1.9. Set
(5.1) ag = (2¢1 +1)37,
where
n =8l HE(Hy + 1)] + 9.
Claim: The map g o f has (2H22(H2 +1), ao)—ring property.
Let x € G and g (x) =dist(x, dG). Suppose that

)
To,00 = # and 0<7r <7y,
0
Define _
ry=3r, U; =Ug(z,r;) and B;= Bg(z,rj)
for all 0 < j < n. Denote
R = diameter (f(By)).
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Step 5.1. We show that
(5.2) dist( F(Bo), G\ f(aoUo)) >3R and 3R < éa (f(z)).

From Fact 3.1, it follows that

G'\f (o Up) # 0.

Suppose that yo € f(Bg) and z € G'\ f(ag Up) are any two points. Since Y is a
co-quasiconvex metric space, there exists a rectifiable curve 7 : [a,b] — Y jointing
yo and z with length(y) < calyo — 2.

For 1 <j <mn,let

(5.3) t=sup{t € ab] : 2w S F(B))} and y; =),

Since (2¢1 + 1)r; < ég(x), by repeated use of the argument in Step 2 in the proof
Theorem 1.6, we deduce that a <t; < b and

(5.4) y; =7(t;) € f(Sg(x,r;)) forall 1<j<n.
Since f is homomorphic, it follows that
(5.5) vty for itj

From the definition of ¢; and 5.4, it is clear that

Yia,t;) € F(Bj) C f(Ujt1)
Thus, we have t; < t;;1. Again, this implies that
(5.6) a<t;<ty<---<t,<bh

In addition, since f has (2H12(H1 + 1),3)—ring property, yj_1 € f(3'"1By) and
y; € G'\f(3Up), we deduce that, for 2 < j <n,
length (Y], _,.¢,1) = lyj—1 — vl
> dist /(37 Bo), G\ f(37)

(5.7) > 1
~ 2H?(Hy,+1)
> 1
~ 2H%(H, +1)

Summing these inequalities from j = 2 to n, by noting (5.6), we obtain

diameter (f (3’7" By))

diameter (f(By)).

n—1 .
length(’y) Z mdlameter(f(Bo)).

From the definition (5.1) of n and length(y) < ca|yo — 2|, it follows that
1
Yo — 2[ = —length(y)
C2

5.8 n—1 .
(5.8) > mdwmeter(ﬂBo))
> 4diameter (f(By)).

Since yo and z are arbitrary, we obtain

(5.9) dist< F(Bo), G"\ f(3"UO)) > 3 diameter(f(By)).
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Thus, the first inequality of Step 5.1 is obtained.
By repeated use of the above argument, we deduce that

3R < dist( f(2), 8G’),
that is,
3R < b (f(d?))

Step 5.2. We claim that

BGI (f($)7 3R) g f(Oé()Uo) .

Suppose that
Ber(f(x),3R) ¢ f(aolo).

Then there exists a point § with § € Be/ (f(2),3R) and § € G'\ f(aoUp). From
(5.9), it follows that

|f (@) — g| = dist(f(Bo), G'\ f(aolUp))
> 3R,

which contradicts § € Bg- (f(az:)7 3R). This proves Step 5.2.
Denote

B* = Be/(f(z),R) and U* =Ugq(f(z),R).
Step 5.2 implies that
(5.10) 3U* C f(aolp).
From the definition of R, it is clear that

(5.11) £(Bo) C B*.

Since g : G’ — G" has (2H22(H2 +1), 3) -ring property, we deduce that

(5.12) diameter (g(B")) < 2H3(Ha + 1) - dist (g(B*), G"\g(3U") ).
Combing (5.10), (5.11) and (5.12), it follows that
diameter (g o f(Bo)) < diameter(g(B*))
(5.13) < 2H3(H, + 1) - dist (9(B"), G"\g (3U") )
< 2H(H, +1) - dist(g o f(Bo),G"\g o (3"U0) ).
Therefore, the map g o f has (2H22(H2 +1), n)—ring property.

Combination of Step 1 to Step 4 in the proof of Theorem 1.6 and Theorem 1.8
gives that g o f is a quasiconformal mapping. Hence, Theorem 1.9 is proved.
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6. APPENDIX

For the sake of completeness, we give an example to show that the assumption
of non-cut-point in Theorem 1.8 is necessary.

Example 6.1. For each positive integer n > 1, we define the functions f,(z) on
[0,1] as follows:

n for x € [0, 1]

fn(x) =
v+ 21 for z € [4,1].
Let X =R =Y and G = (0,00) = G’. Define a homeomorphism f : G — G’ as
follows:
fi1(x) for x € (0,1]
folz —1)+ f1(1) for z €[1,2]

By Definition 1.3, it is clear that
limsup Hf(n,r) =n+1

r—0
which implies that f(z) is not a quasiconformal mapping.
In the follows we show that the homeomorphism f(x) satisfies the requirements
of Theorem 1.8. Let x € G = (0,00). We write

L*(z, f) = limsup M

y— ly — x|

Suppose that z € (m — 1, m] for some positive integer m. If m = 1, then

Lz, f) <2,
dg(z) =z and
bcr (f(z) = .

If m > 2, then

Hence, for all z € (0, 00),

By Theorem 4.6 of [18], we know that, Va,y € G,
ke (f(2), f(y)) <12+ ka(x,y).
By Theorem 4.7 of [18], it follows that, for any sub-domain F C G and Va,y € F,
ke (f(2), f(y)) < 576 - kg (z,y),
where E' = f(E).
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