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1. LECTURE 1:

1.1. Diophantine equation.

Example 1.1. Consider the equation

in the rational number field Q.

Jury 30: INTRODUCTION

4yt =1

y=t(xz—-1)
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We know that (1,0) is a solution. Any line through this point intersects the unit circle at another
point, except the vertical line. Moreover, the point is rational if and only if the slope is rational. Now
the slope is t = ~%5 € Q, and we get

2 -1 —2t
r = —- -
ey YT s

teQ.

In general, if f(x,y) € Q[z,y] is a quadratic polynomial, then

fla,y) =1

either has no solutions in Q or has infinite solutions in Q.
Exercise 1.1. Give a criterion for f(z,y) =1 has a solution in Q.
Exercise 1.2. Solve 22 + y* = n in Q. Hint: consider n = Ng;)/q(z + iy).

What about these equations in Z7? We may assume that

f(z,y) = ax® + bxy + cy®, a,b,c€Q.

If f(z,y) is positive (negative) definite, then f(z,y) has only finitely many solutions in Z. If f(z,y) is
indefinite and irreducible, then if it has a solution in Z, it will has infinitely many solutions in Z.
For example, consider the Pell’s equation

2 —dy? =1,

where d € Z>5 is square-free. Since this is NQ( V) /Q(x + \/gy), it’s equivalently to say that there are
infinitely many o € Z[v/d] with N(a) = 1, or equivalently to say that Z[v/d]* is an infinite abelian group.

Ezxample 1.2. Prove that the equation
23 4 3y° +92° — 9zyz =1

has infinitely many solutions in Z.
Let a = /3. Then the left-hand side is No(a) oz + ay + a?2). There is a v € Z[a]* such that
Zla)* 2 {£1} X Z and {£4™} is the set of integral solutions.

The main theorem of this course is

Theorem 1.3 (Catalan’s conjecture). Let p,q > 2 be integers. Then zP — y? = 1 has no non-zero
solution in Z except (x,y,p,q) = (£3,2,2,3).

Remark 1.4. The case ¢ = 2 is proved by Lebesgue; the case p = 2 is proved by Zhao Ke; when p, g are
odd prime, it’s proved by Mihailescu.

The Fermat’s last theorem is proved by Wiles.
Theorem 1.5 (Wiles). aP 4+ yP = 2P, p > 3 has no solutions in Z with xyz # 0.

Recall

t o t"
et—1 Z B"E’
n=0
where the Bernoulli number B,, € Q, By, 11 =0,n > 1.
Definition 1.6. An odd prime p is regular if p does not divide any numerator of B, forn =2,4,---  p—3.

Theorem 1.7 (Kummer). If p is reqular, then xP 4+ y? = 2P has no solution in 7 with xyz # 0.

Remark 1.8. (1) We know that there are infinitely many irregular primes.
(2) We don’t know whether there are infinitely many regular primes.
(3) The only irregular primes less than 100 are 37,59, 67.
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1.2. Algebraic Integers.

Definition 1.9. Let A C B be an extension of rings. x € B is called integral over A if x satisfies
2"+ 12" 4 ag =0

with a; € A. B is integral over A if all x € B is integral over A.

Lemma 1.10. The following are equivalent for x € B D A.

(1) « is integral over A;
(2) Alx] is a finitely generated A-module;
(3) there exists a subring B' C B which is a finitely generated A-module and x € B’.

Proof. (1)=(2) In fact, Alx] =A+A- 2+ -+ A- 2" L
(2)=(3) It’s trivial, since we can take B’ = Alx].

(3)=(1) Choose a set of generators by, - ,b, of B" as A-module, zb; € B, so we have
(b1, bn)x = (b1, ,bn)(aij)1<ij<n-
Thus det(xl, — (a;;)1<i,j<n) = 0, which is monic of degree n. So x is integral over A. O

Corollary 1.11. (1) All elements in B integral over A forms a subring.
(2) For AC BC C, if C/B and B/A are integral, then C/A is integral.

Proof. If z,y € B are integral over A, then A[x,y] is a finitely generated A-module, so x £ y,zy are
integral over A. This prove (1).

Let € C, then there exists f[T] = T" + byT" ' +--- +b, € B[T] st f(z) = 0. Let B =
Alby, -+ ,by] C B be the subring generated by by, - , by, which is a finitely generated A-module, and
B'[z] C C is a finitely generated B’-module, so C' = B’[z] is also a finitely generated A-module. This
proves (2). O
Definition 1.12. Let A C B as above.

(1) The integral closure of A in B is the subring of B consisting of all integral elements over A.
(2) Assume A is a domain. We say A is integrally closed is the integral closure of A in Frac(A) is
itself.

Exercise 1.3. All PID (principal ideal domain) are integrally closed, e.g., Z, k[z].
Let K/Q be a finite extension and Ok be the integral closure of Z in K.
Proposition 1.13. For any x € K, let
F(T)=T"+ap1T" "+ +ag € Q[T]
be the minimal polynomial of . Then x € Ok if and only if a; € Z for any 1.
Proof. Only need to prove the only if part. Let g(T) € Z[T] such that g(x) = 0. We assume ¢(7T)

irreducible in Z[T]. Since f(T) is the minimal polynomial of z, then ¢g(T) = f(T)f(T) in Q[T]. By
Gauss lemma, since g(7T') is irreducible, f(T) = g(T). O

Exercise 1.4. K = Q(V/d),d € Z is square-free and |d| > 1. Then Ok = Z[w,] where
Vd, d=2,3mod4;
Wy =
¢ HT*/E, d=1mod 4.

1.3. Discriminant and integral basis. Let k be a field and A be a finite dimensional k-algebra. For
any x € A,
ly: A= A
Y= xy
is an endomorphism of A. Define
Tra/e(z) = Tr(ly), Nasp(x) = det(ly).
Theorem 1.14. Let L/K be a finite separable field extension. Then
LxL—K
(@,y) = Trp k (y)

is a non-degenerate K-bilinear form.



Here non-degenerate means that if Try,/x (zy) = 0 for all y € L, then z = 0. Or equivalently to say,
L ~ Homg (L, K) induced by Try /.

Corollary 1.15. Let L/K be a finite separable extension of degree n. Then x1,...,x, € L form a basis
of L/K if and only if (Trp/k (x:15))i; is invertible.

Proof. Consider

Kn 2 L % Kn
(a;) = z=Yamz; — (Tr(zzy));.
1 o ¢ has matrix form (Tr(z;x;));;. -

Definition 1.16. Let L/K as above and («1,...,a,) a basis of L/K. (B1,...,08,) is called its dual
basis if
Tr(a; B;) = d;5.
Exercise 1.5. Check for which k-algebra A as below, Try/, : A X A — k is non-degenerate?
(1) A= M,(k);
(2) A is the set of upper triangular matrices in M, (k);
(3) A=kE[z]/(z"—1),n>1.

Let K be a number field.
Definition 1.17. For z1,...,z, € K, define
disc(x1, ..., zy,) = det(Tr(z;z;)).
It’s nonzero if and only if z1,...,z, form a basis of K/Q.

Proposition 1.18. (1) If 01,...,0, : K < C are all embedding of K, then disc(z1,...,z,) =
det(ai(:vj))Q.

(2) If (B1,---,Bn) = (a1,...,0,)C for some C € M, (Q), thendisc(B1,...,Bn) = disc(ay, . .., ay,) det(C)2.

Proof. Since Tr(z) = Y, 04(x), thus Tr(z;z;) = Y, 0e(xi)oe(z;). Hence
(Tr(zizj)h<ijen = ((0e(@))1<iecn(0(@;)) i< j<n) 1 <i < -

Take determinant, we get (1).
(2) follows directly from (1). O

Proof of theorem 1.14 We only need to show that for any basis xy,--- ,x,, disc(z1, - ,2,) # 0. We
know that any finite separable extension is generated by one element. So we may assume L = K(6).
Then 1,6, ---,0"! form a K-basis of L and 0;(0) # 0,(0) for i # j. Then we see (0;(677))1<i,j<n is a
Vandermond matrix, and

disc(1,6,---,0"") = [[(0:(6) — 0;(6)) # 0.
i#]
Proposition 1.19. For any basis (a1, ...,a,) of K/Q, sign(disc(ay, ..., ay)) = (—1)"2, where ro is the
number of imaginary embedding pairs of K.

Proof. Since disc(a) = det(o;(e;))?, disc(a) = (—1)"2 disc(a). O
Proposition 1.20. Let K/Q be a number field of degree n. Then Ok is a free Z-module of rank n.

Proof. Let (aq,- -+ ,a,) be a basis of L/Q and we may assume they all in Og. Let (81, ,[S,) be its
dual basis. For any x € Ok,

n
z =Y Tr(xe;)B:,
i=1
we see y i Z-o; COx CY 0 | L+ f;. O
Definition 1.21. A basis of Ok over Z is called an integral basis of K.

Definition 1.22. The discriminant of K, denoted by Ax € Z, is the discriminant of an integral basis
of K.

Exercise 1.6. Find an integral basis for @(\/5, \/3), Q(\/i, \/5)
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1.4. Exercise Sheet 1.

Exercise 1. The aim of the exercise is to prove that if « € C is an algebraic integer such that |o(a)| =1
for all ¢ € Autg(C), then oo must be a root of unity.
(1) Show that if f(X) € C[X] be a monic polynomial such that all its roots have complex absolute
value 1, then the coefficient of X" in f(X) is bounded by (7).
(2) Show that given an integer n > 1, there exist only finitely many algebraic integers a of degree n
such that |o(a)| =1 for all o € Autg(C).
(3) Show that an « as in (2) is a root of unity.

Exercise 2. Let f(z) = 23 + ax + b be an irreducible polynomial over Q, and o € C be a root of f(z).
Set K = Q[a], and Ok to be its ring of integers.

(1) Show that f'(a) = —(2ac + 3b)/ .

(2) Find an irreducible polynomial for 2ac 4+ 3b over Q.

(3) Show that Discrg(1, a,a?) = —(4a® + 27b7).
(4) Prove that f(x) is irreducible when a = b= —1, and find an integral basis of K.

Exercise 3. Consider the number field K = Q[\/7,/10], and let O be its ring of integers. The aim of
this exercise is to show that there exists no algebraic integer a such that Ox = Za].

(1) Consider the elements:

ag = (1—-V7)(1 - V10).

Show that for any i # j, the product a;o; is divisible by 3 in Ok .
(2) Leti € {1,2,3,4} and n > 0 be an integer. Show that

Tri/g(af) = of + af + af + af = (01 + a2 + a3 + as)” (mod 3).

Deduce that Tr/g(c;) =1 (mod 3) and hence 3 does not divide o; in Ok .

(3) Let a be an algebraic integer. Suppose that Ok = Z|«a]. Let f € Z[X] be the minimal polynomial
of a. For all polynomial g € Z[X], we denote by g € F3[X] its reduction modulo 3. Show that
g(a) is divisible by 3 in O if and only if g is divisible by f in F3[X].

(4) For 1 <i <4, let g;(X) € Z[X] be such that a;; = g;(«). Show that there exists an irreducible
factor of f that divides g; for any j # i but does not divide g;.

(5) Consider the number of irreducible factors of f and deduce a contradiction.



2. LECTURE 2: JuLy 31

Lemma 2.1. Let 8y,..., 5, be n elements of O which form a basis of K. Then (S1,...,0Bn) is not
an integral basis if and only if there exists a rational prime p with p? | disc(By,...,Bn) and some x; €
{0,1,...,p— 1} for 1 < i <n such that not all of x; are zero and %Zl zif; € Ok.

This gives an algorithm to compute integral basis of K.

Proof. We only need to prove the “only if” part. Let a1, -+, a, be an integral basis, then there exists
a matrix C € M,,(Z) such that

(ﬁl»' e aﬂn) - (ala' te ;an)C'
Bi1,-++,Bn is not an integral basis implies that C ¢ GL,,(Z), so there exists a prime p | det(C). Hence
rankp, C < n—1, here C means C modulo p. Take (Z1,--- ,T,)" be a nonzero solution of CX = 0 in Fy
and let 0 < x; < p—1 s.t z; modulo p equals to Z;. Therefore

(ﬁla e 7ﬂn)(‘r1u e 7x’n)t = (ah e 7O[n)C(£L'17 e 7xn)t =0 (mOdp) )
which means x161 + - - - ., 8, € pOk. O
Exercise 2.1. Let K = Q(ﬂ, \/3) Is (1,\/5, V3, \/6) an integral basis? Since a = ‘/§J2”/5 € Ok,
22 | disc(1,v/2,v/3,v/6), the answer is no. In fact, (1,v/2,v/3,a) is an integral basis.

Proposition 2.2. Let a € Ok such that K = Q(«a). Let f(T) € Z[T] be its minimal polynomial.
Assume for any prime p with p* | disc(1,q,...,a" 1), there is a j such that f(T + j) is Eisenstein for
p. Then Ok = Zla].

Proof. Tt suffices to show for any z; =0,1,...,p—1, x = %inai ¢ Ok. We may assume j = 0. Put
k:=min{i | z; # 0}, then > x;0’ = o Z?;kl r;0' "% and N(a) ¢ Z. O
Exercise 2.2. Let K = Q(¥/2). Then f(T) =T%—2 and f(T —1) = T3 — 372 + 3T — 3 are Eisenstein.
Since disc(1, v/2, v/4) = —33 .22, O = Z[V/2].

2.1. Cyclotomic fields. For N > 3, let (y = ¢’ be a primitive N-th root of unity. Then Q(¢x)/Q is
Galois and

¢ : Gal(Q(¢n)/Q) — (Z/NZ)*,
o ay
is injective, where o({n) = (37 -
Proposition 2.3. ¢ is an isomorphism. It’s equivalently to say that
H (T —(x) =2n(T)
a€(Z/NTZ)*

is irreducible in Q.
Proof. By writing a positive integer coprime to NV as a product of prime numbers, it suffices to show
that if p N, then p € (Z/NZ)* lies in Im(yp).

Let f(T) be the minimal polynomial of (. Then TV — 1 = f(T)g(T), where f,g € Z[T]. Assume
that (% is not conjugate to (y, then f((}) # 0 but g(¢}) = 0. Thus (y is a root of g(T%) and
f(T) | g(TP). Let f,g € F,[T] be the reduction of f,g. Then f(T) | g(T?) = (g(T))? and f | g. Thus
TN —1 = f(T)g(T) has a multiple root. But (T — 1)’ = NTN~1 is coprime to TV — 1 in F,[T], which
is a contradiction. O
Corollary 2.4. (1) [Q(¢n) : Q] = ¢(N) := #(Z/NZ)*.

(2) For any N, M > 3 with ged(N, M) =1, Q(un) NQ(um) = Q and Q(unm) = Qun)Q(par) in C.

Now let’s find an integral basis for Q(Cx). Obviously Og(cy) 2 Z[(n].

Lemma 2.5. |disc(1,¢n,. .. ,Cﬁ(N)71)| divides N*WN).

n(n—1)

Proof. The left-hand side is [Ng(¢,)/0(®y ((n))]. In general, disc(1, a, . .., an ) = (-1)"z Nk o(f'(a))
where K = Q(a) and f is the minimal polynomial of a.
Since TN —1 = & (T)g(T), NTVN ' = &\ (T)g(T) +®n(T)g'(T) and NCxy = @y (Cn)g(Cn). Thus

No(ex)/o(@h (Cn)) = Noen)/a(9(Cn)) | Noger)o(NCy 1) = NeW). O
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Corollary 2.6. If N = p", then Og(¢y) = Z[Cpn].

p™ _ . . .
Proof. Because ®,n» (T) = Tfn,,lil is Eisenstein. O

For general N, write N = []p{* then Q(Cn) = Q(Cpe1) -+ Q(Gpzn ). We consider the following. Let
K, L be two number fields. Clearly Ok 2 OxOy,.

Proposition 2.7. Assume that [KL : Q] = [K : Q|[L : Q). Then Ok, C 0xOp where d =
ng(AK,AL).
Proof. Let Og = ®©jZa; and o (1 < i < n) the dual basis. Similarly, let O = ©72,Z3; and
By (1 < j < m) the dual basis. Then it is easy to verify that oy 8}/ (1 <i < n,1 < j < m) is the dual
basis of ;8 for KL/Q. Also note that

|disck | = [®Za) : ®Zay).

Then the proposition follows directly. O
In particular, Z[(x] is the integer ring of Q({n).
2.2. Exercise sheet 2.

Exercise 1. Let {n be a primitive N-th root of unity. Put 0 = (N + C;,l.

(1) Show that Q(0) is the fized field of Q(Cn) under the automorphism defined by the complex con-
Jugation.
(2) Putn = ¢(N)/2. Show that {1,(n,0,0(n,0% 0% N, -+ ,0"" 1, 0" 1N} is an integral basis for
Q(¢w)-
(3) Show that the ring of integers of Q(0) is Z[0).
(4) Suppose that N = p is an odd prime number. Prove that the discriminant of Q(0) is Agee) =
p%-
Exercise 2. Let A be a local domain with unique mazximal ideal m C A such that each non-zero ideal
I C A admits a unique factorization I =[], p;" into products of prime ideals p;.
(1) Show that there exists x € m\m?.
(2) Let x € m\m? and y € m. Prove that (z,y) C A is prime ideal.
Hint: Write (z,y) = p1 - - p, as a product of prime ideals and use = ¢ m?
(3) Prove (z) =m.
Hint: For y € m, show y € (z,9?).
(4) Conclude that every element y € A\{0} admits a unique expression y = ux® with e > 0 and
u € A* a unit and that A is a discrete valuation ring.

Exercise 3. Let f(x) € Clz] be a nonconstant polynomial not of the form g(x)? for any g(z) € Clz].
Let A= C[z,y]/(y* — f(2)).

(1) Prove that A is a domain.

(2) Prove that A is a Dedekind domain if f(x) has only simple roots.

(3) If we allow the roots of f(x) to have multiplicities, what is the integral closure of A in its fraction

field?

Exercise 4 (Chinese Remainder Theorem). Let A be a commutative ring, I,J C A be ideals such that
1 €I+ J. Consider the natural map ¢ : AJINJ — A/I® A/J sending x to (x mod I,z mod J).
(1) Prove that, given any x € A, there exists y € I such that y = mod J (Hint: write 1 =a+b
for somea €l andbe J).
(2) Use (1) to prove ¢ is an isomorphism.
(3) Suppose that A is a Dedekind domain. Let pq,--- ,p, be primes of A such that p; # p; if i # j,
and ey, - ,e. = 1 be integers. Prove that

AfTTve = DA
=1 =1



3. LECTURE 3: AUGUST 2

3.1. Dedekind domain. A is called a Dedekind domain if A is Noetherian, integrally closed and each
nonzero prime ideal is maximal.

Note that localization of a Dedekind domain is also Dedekind. We always have the following setting
in this section. Let A be a Dedekind domain, let K be the fractional field of A. Let L/K be a finite
separable extension. Let B be the integral closure of A in L.

Proposition 3.1. Let A be a Dedekind domain, let K be the fractional field of A. Let L/K be a finite
separable extension. Let B be the integral closure of A in L. Then B is a Dedekind domain.

Proof. Of course B is integrally closed. Let 8 be a nonzero prime ideal of B. Since for any nonzero
b € B, we have N(b) € ANP # 0. Thus P N A is a nonzero prime ideal of A, hence P N A is maximal.
It follows that B/P is integral over A/PB N A, thus B/P is also a field. (Exercise). This proves 9 is a
maximal ideal of B. Since L/K is finite separable, the trace pairing is non-degenerate. Then B is finitely
generated as A-modules, (the argument is same as in the number field case). Since A is Noetherian, we
have that in particular B is a Noetherian ring. O

Counter-examples:
(1) C[[X#,n > 1]] is not Noetherian. Note that this ring is integrally closed and every nonzero
prime ideal is maximal.
(2) Z[/—3] is not integrally closed. Note that this ring is Noetherian and every nonzero prime ideal
is maximal.
(3) Z[X] is Noetherian and integrally closed, but (X) is a prime ideal but not maximal.

Theorem 3.2 (Unique factorization law). Let A be a Dedekind domain. Then every ideal I C A has a
factorization I = pi* ---pln where each p; non-zero prime, p; # p; and a; € Z>1. Such a factorization
1S UNique.

Sketch of the proof.

(1) Show that every non-zero ideal I C A contains a product of non-zero prime ideals. (Use A is
Noetherian.)

(2) Let K = Frac(A), prove that V 0 # p C A prime, define p~! := {z € K : 2p C A} C K and
ppli={z € K:x2=> aib,a; € pt,b; € p}. Then p~lp = A. In fact, p C p~p C A4,
p maximal implies that either p~'p = p or p~!p = A. If p~ip = p, then p~! is integral over
A (z €ept = ap Cp= det(zl, — C) = 0, where z(ay, -+ ,a,) = (a1, -+ ,a,)C). Then
p~! = A. Tosee p~! = A impossible, we construct a z € p~! — A. In fact, let x = € p~1, then
“g AeapC (b)ag(b).

(3) Existence. S := {I C A : I is not a product of prime ideals}. If S # ), then 3 a maximal
element J, which is contained in a maximal ideal p and J # p. Then A D Jp~! O J, hence
p~tJ ¢ S, which means p~tJ = p{* -+ p%», and then J = pp{* - - p%», contradiction.

3.2. Fractional ideal. Let A be a Dedekind domain, K = Frac(A).

Definition 3.3. A fractional ideal of A is an A sub-module I of K, s.t. 30 # d € A such that dI C A
(=1C3iA).

Ezample 3.4. A=7, 1 = 17 is a fractional ideal while Z[%] is not. If I, J are two fractional ideals of A,
then so are I + J,1J.

Theorem 3.5 (UFL of factional ideals). Any fractional ideal I of A has a unique factorization I =
H::l p?i; a; € Z7pi 7& p]7l # .7

Corollary 3.6. T4 = {fractional ideals of A} form a free abelian group with a basis given by non-zero
prime ideals of A.

Exercise 3.1. If I =[/_, p{* C A, then I=* =[[/_, p; .

Pa := {principal fractional ideals} = {(z) : x € K*} C Zy;
Cla :=Zas/Pa ideal class group of A '
Ais a PID& Cly = 0.
Theorem 3.7. If K/Q is a finite extension, then Clo,. is finite.
8



Remark 3.8. There are Dedekind domain A s.t. Cly is infinite.

Ezample 3.9. A = Clz,y]/(y* — f(x)), f(x) = H?Zl(l‘ —a;),a; # aj,i # j. Ais a Dedekind domain. Is
Cl4 infinite?

Corollary 3.10. For any fractional ideal I of A, (0) #p C A, then dimy,,(I/Ip) = 1.
Proof. Yx € I,x ¢ Ip. Ip C Ip + (x) C I and UFL implies Ip + (z) = I. O
Recall if I = [],_, p* C Ais an ideal, p; # p;,i # j. By Chinese remainder theorem
AT~ D AJps
with each A/p;* a local Artinian ring.

Exercise 3.2. A = Z[y/-5], it is a Dedekind domain. I = (3 4 v/—5) 2z H:=1 pit.

Since A/I ~ Z[T]/(T?+5,3+T) ~ 7)((=3)2+5) = Z)2Zx Z)TZ,s0 I = papr, po = (2,3+v/—=5),p7 =
(7,34 /=5).

Proposition 3.11. If A is a Dedekind domain with finitely main prime ideals p1,--- ,p,, then A is a
PID.

Proof. A/ T, p? ~ @;_, A/p, so there exists z € p; —p} and 2 = 1 (mod p?),Vi # 1. Claim (z) = p;.
Indeed, x € p; — p? and = ¢ p;,Vi # 1. By UFL, the claim holds. O

3.3. Localization. .

Proposition 3.12. Let A be a Dedekind domain, S C A — {0} be a multiplicative set, A’ = STL1A =
{%ZQGA,SES}.

(1) If p C A mazimal, p’ = pA’. Then p’ is a mazimal ideal of A’ iff SNp = 0.

(2) If I is a fractional ideal with decomposition I =[[;_, p;*, then I' = [[;_, pi**.
3.4. Extension of Dedekind domains. Setup: A Dedekind, K = Frac(A), L/K finite separable ex-
tension, B the integral closure of A in L. As we have known, B is Dedekind.

p C A a non-zero prime ideal, pB = [['_; B, fi = f(Bi/p) = [k(B:) : k(p)].

Proposition 3.13. [L: K] =" e f;.
Proof. Step 1. Reduce to the case where B is free over A by localization. Then
> dimy () (B/B) = dimy () (B/pB) = rank(B) = n.

Step 2. Consider the filtration ;" C ‘}3?_1 c...CB, ‘B{/‘B{H is a 1-dimensional vector space over
E(%B:). Therefore dimy,) B/B;" = e f;. O

Theorem 3.14 (Kummer). Let a € B s.t. B/pB = k(p)[a]. Let f[T] € A[T] be the minimal polynomial
of a. Assume f(T) =[17_, hi(T)% (modpA[T]), where i > 1,h;(T) € A[T] are monic polynomial which
is irreducible in k(p)[T], distinct. Then Q; = pB + h;(«)B is a mazimal ideal of B and pB = [],_, Qf
is the prime decomposition of pB.

Remark 3.15. B/pB = k(p)[a] is much weaker than B = Ala].
Proof. B/Q; = B/(pB + h;(a)B) = k(p)[T]/h;[T] is a field, i.e. Q; is maximal.
B/pB = k(p)[a] = k®)[T]/(f(T)) ~ H k)T h(T) = T] B/ (B + hi(a)?).

i=1
To complete the proof, it suffices to show QfF* = pB + h;(«a)* B. In fact
(pB + hi(a)B)* C pB + hi(a)“ B and e; f; = dimyy) B/Q;" = dimy,) B/(pB + hi()“ B). O
Ezample 3.16. K = Q(v/d) with d square free, then
On = { Z[\/d) d=2,3 (mod4)
| a=1

p € Z be a prime,



(1) p ramified in K, i.e. some e; > 1, iff

4d

2,3 (mod4)
1

d
d (mod 4)

d
(2) If p > 3 and unramified in K, then p splits in K i.e. pOg = p1p2, p1 # po iff <> =1
b
(3) If p = 2 is unramified in K (equivalently, d = 1 (mod4)), then 2 is split in K iff d = 1 (mod 8).

3.5. Exercise sheet 3.

Exercise 1. Let f(z) € Clx] be a nonconstant polynomial not of the form g(z)* for any g(x) € Clz].
Let A = Clz,y]/(y* — f(2)).
(1) Prove that A is a domain.
(2) Prove that A is a Dedekind domain if f(x) has only simple roots. (Hint: mimic the case of
Q(Vd) to prove that A is integrally closed)
(3) If we allow the roots of f(x) to have multiplicities, what is the integral closure of A in its fraction
field?
Exercise 2. Let K = Q(a) with o® = o+ 1.
(1) Show that Ok = Z[a].
(2) Find the explicit decomposition of primes p = 3,5,23 in Ok.
(3) Prove that \/a, Ja ¢ K. (Hint: try to find prime p such that there exists a surjective map
Ok — F, such that the image of a can not has square or cubic root.)

Exercise 3. Let K = Q(a) with o® = 2.
(1) Determine all the primes p that are ramified in K.
(2) Prove that Ox = Z]a].
(3) Prove that if p is a prime unramified in K and 51 (p* —1), then p decomposes in O as (p) = pp
with f(plp) =1 and f(p'|p) = 4.

Exercise 4. Let A be a Dedekind domain. Let I C A be a nonzero ideal with prime decomposition
I=T[_,p5". Prove that I™* =[[;_,(p; ") and I7'I = A.

(Remark: This is one of intermediate steps to deduce the UFL for fractional ideals from UFL for
ideals. So you can only use UFL for ideals and the fact that p~!p = A for any nonzero prime p)

!
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4. LECTURE 4: AUGUST 5

Let L/K be a finite extension of number fields with integer ring B and A, and p # 0 be a prime of
Ok . We have a prime decomposition
pOL =P B
Definition 4.1. A prime p C A is unramified in B if ¥; | p, e(P;/p) = 1.
Proposition 4.2. Let K/Q be finite, p € Q prime, then p is unramified in Ok (or in K) iff p | Ax.

Proof. p is unramified in K < O ~ ®7_, Ok /B$ is reduced.
Fact: If R is a finite dimensional commutative k-algebra, then R is a direct sum of finite separable
extension of k iff
TrR/k :RxR—k
(z,y) = Trp,i(xy) is non-degenerate.
So p is unramified < Tro, /p : Ok /p x Ok /p — F)p is non-degenerate < p { Ag. O

Remark 4.3. From geometric point of view, e(/p) > 1 if P € Supp(Q}g/A). QE/A ®p L = Qi/K =0
implies Supp is finite module.

4.1. Galois extension. Assume L/K is Galois, G = Gal(L/K). For all ¢ € G, pB = B --- Py’
implies pB = o(P1)% -+ - o (Py)%. If o(P;) =P, = e; = ¢;, and B/P; = B/P; is an isomorphism.

Proposition 4.4. (1) The action of G in {B1,--- , By} is transitive.
2) e=er=-=eg, f=F(PB1/p) == F(By/p)
Proof. Let P’ ¢ G-orbit of P = Py, then Iz € P’ but = ¢ o(P1) for all o € G, then get o(x) ¢ P for
all o € G.
Ny k() = Ha(m)g’é‘ﬁlﬂ@;{:p. O
oceG
Definition 4.5. For B | p, define

DR |p)={oecG|o(P) =P}

and call it the decomposition group at B relative to p. We get thus a homomorphism

e+ D(P [ p) = Gal(k(B)/k(p))-
We define
I(B | p) :=Ker(pp) ={c € D(P[p) | o(z) =z mod P, Vx € Or},
and call it the inertia group.
Proposition 4.6. (1) 1=>I(B|p)— DEP|p) — Gal(k(B)/k(p)) — 1.
(2) #I(P|p) =e, #D(P|p) =ef.
Corollary 4.7. Let M/K be a subextension of L/K, H = Gal(L/M). Let B be a prime of L, Py =
BNM,p=PNK. Then e(Pur/p) =1 I(P/p) C H.

Proof. e(P[p) =1 e(P|p) =e(P | Par)e(PBas | p), then e(Par [p) =1 = e(PB | p) = e(PB | Pu) &
#I(R | p) = #1(B [ PBu) < (P [p) C H. 0

Corollary 4.8. Let L1 /K, Ly/K be two extensions. Let p C A be a prime. Then p is unramified in
both L1 and Lo iff p is unramified in L1Ls.

Proof. Choose a finite Galois extension L/K containing Lj Ly. Let H; denote the subgroups of Gal(L/K)
that fix L; respectively. Then LiLs is the fixed field of H; N Hy. Then by the proposition above, p is
unramified in Ly Ly iff T(P | p) € Hy N H for every prime P of L above p, or equivalently I(B | p) C H;
and I(P | p) C Ha, which is equivalent to that p is unramified in Ly and Ls. O

Assume all the residue fields of A are finite fields (e.g. A = O, K/Q finite extension). Assume e( |
p) = 1, then D(P | p) — Gal(k(P)/k(p)). Let ¢ = N(p), and ¢/ = N(P). Then Gal(k(®B)/k(p)) = Z/fZ
with a canonical generator given by o, : & — =7 for any x € k(). We denote by

by € DB | p)

corresponds to o,. Then we have following properties:

(1) Poep)p = U(bqg\pa*l for all o € G.
11



(2) bpiplar = dopyp-
(3) by = S
4.2. Chebotarev density theorem.
Definition 4.9. Let K/Q be finite extension, I C Ok ideal, define N(I) = #(Ok/I).
We have N(I.J) = N(I)N(J) and N(a) = [Ng/g(a)|.
Definition 4.10. Let Xx = {p C Ok, non-zero prime ideals}. A subset S of X has density p € [0, 1]

if
o #RESIND <t _
t—oo #{p € Tk | N(p) <t}
Theorem 4.11 (Chebotarev). Let L/K be a finite Galois extension of number fields, G = Gal(L/K),
then for ¥V conjugacy class C C G, the set

{p € Xk | p unramified in L/K, Frob. conjugacy class of p in G is C}

has density % .

Question: For which prime p the equation 23 = 2 has a solution in Fp, what is the density of such
primes?

Answer: 73 =2 mod p has a solution in F, is “almost” equivalent to 3p | p in K = Q(3/2) unramified,
f(p|p) =1 (by Kummer’s theorem).

There are two cases:

(1) p (totally) splits in K;

(2) pOr =p1p2, f(p1[p) =1, f(p2 |p) =2.
Let L = Q(¥/2,(3), then G := Gal(L/Q) = (o,7)/ (6 =1,72=1,707 =~ '). The actions are given
by a(V2) = V2[3]Gs, 0(Gs) = G5 T(V2[3) = V2, 7(G) = G-

There exists p of K such that f(p | p) = 1< IP | p in L such that ¢y, € Gal(L/K) () < 3IP | p
in L such that ‘b‘mp =lorr. If ‘b‘mp =1, conJugacy class: {1}, the den51ty is 6 If ¢, = 7, conjugacy
class is {r,07, 077}, the density is 2 = J. In all, the density is § + 3 = 2.
4.3. Applications to cyclotomic fields. Let N > 3 and N # 2 mod 4.

Proposition 4.12. A prime p is ramified in Q({n) iff p | N. Write N = p*M with (M,p) = 1. Then
the ramification index of p is p°~t(p — 1).

Proof. Since Agc,,) | MM Agc,,y unramified in Q(¢ar). And by Kummer’s theorem, p is totally
ramified in Q((pe). Assume pt N, then the Frob. elements at p is given by

¢ : Gal(Q(Cn)/Q) = (Z/NZ)*
bplp > -

The reason is ¢p|,(7) = 2P mod p for Vo € Og(¢,), then ¢y, ((n) = (Jf]w"“’) = ¢} mod p. But 2V —1
has no multiple solutions in I, it follows that ¢(¢p,) = p. O

Corollary 4.13. Ifpt N, D, = (p) C (Z/NZ)*, let f > 1 be the least integer such that p/ =1 (mod N),
then p splits into @ primes in Q(Cn) and any p | p has degree f.
Theorem 4.14 (Kronecker-Weber). Every abelian extension of Q is contained in some Q((n).

Fact: For p > 3, put p* = (—l)p%lp, then Q(v/p*) is the unique quadratic extension of Q in Q((,).

Theorem 4.15 (Quadratic Reciprocity). For Vp,q > 3 primes, we have

(Z> <§> = (—1)

Proof. Tt’s equivalent to prove (%) =1<% (%) = 1, this is the same to say 2 = p* mod ¢ has a
solution in F, < ¢ splits in Q(v/p%) & q € (F})* & (%) =1. 0

2 1

Exercise 4.1. (2) = (—1)p g

p
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4.4. Exercise sheet 4.

Exercise 1. Use the cyclotomic extension Q((s) to show the quadratic reciprocity law for 2: if p is an
odd prime, 2 is a quadratic residue modulo p if and only if p=+1 mod 8.

Exercise 2. Let K = Q((25).
(1) Prove that K has a unique subfield M of degree 5 over Q, and find an explicit o« € K such that
M = Q(«).
(2) Find the decompositions of the primesp = 2,3,5 in M /Q, and their corresponding decomposition
subfields.
(3) Prove that p splits in M if and only if p = +1,£7 mod 25.

Exercise 3. (1) Prove that there exists a unique cubic Galois extension K/Q which is unramified
outside 13. (Hint: use Kronecker—Weber’s theorem. )
(2) Find an explicit irreducible cubic polynomial f(T) € Q[T] such that K = Q[T]/(f(T)).

Exercise 4. In this exercise, we provide an elementary argument to show a weaker version of a special
case of Chebotarev density theorem.

(1) Let f(X) € Z[X] be a non-constant polynomial. Prove that there exist infinitely many primes p
such that the image of f(X) in F,[X] has a root in F,.
Hint: Consider the prime factors of f(nlag) for some large n with ag = f(0).
(2) Show that given an integer N > 3, there exist infinitely many primes p such that p =1 (mod N).
Hint: Apply (1) to the cyclotomic polynomial ®x(X).

Exercise 5. Let f(X) € Z[X] be a nonconstant polynomial. For a prime number p, let n(p) be the
number of distinct zeros of (f mod p) in F,. Prove that the average of n(p), taken over all prime
numbers p, is equal to the number of distinct monic irreducible factors of f in Q[X]. (Hint: Your
solution should include a rigorous definition of that average.)

13



5. LECTURE 5: AUGUST 6

Let K be a number field and
Clk =Zo, /Poy
where Zp,, is the free group generated by fractional ideals of Ok with Py, the subgroup consisting of
principal fractional ideals.

Theorem 5.1. The abelian group Clg is a finite group.

Remark 5.2. We give some remarks about the history.

e Gauss (1801). For each integer d € Z, consider the set of integral binary quadratic forms of
discriminant d

BQF,; = {ax2 + bxy + cy?|d = b* — dac,a,b,c € Z} )
Then the group SLy(Z) acts on BQF ;. Gauss showed that
ha = # (BQF;/SL2(Z))

is finite. Assume d is the discriminant of a quadratic field K. If K is imaginary, then the SLo(Z)
orbits of BQF,; is one-to-one corresponding to Clg. If K is real, then the orbits is one-to-one
corresponding to Clj; = Zo, /PS5, where P consisting of principal fractional ideals (z) with
x € K* and totally positive.

e Dedekind (1897) proved the finiteness of class groups for general number fields in his book Theory
of Algebraic Numbers.

e Minkowski (1901) gave another proof and it is the one we shall discuss later.
e Chevalley gave a proof in the language of adeles, ideles.

The starting point of Minkowski’s proof is the following observation. Given ¢ > 0, there exist only
finitely many nonzero ideals I of O with norm less than ¢. (Proof: Given an integer M > 0 and assume
I is an ideal of norm M, then MOk C I C Og. As O /M Ok is finite, there are only finite many such
ideals) It then suffices to show that there exists a constant C' > 0, such that for any fractional ideal I,
there exists a € K* such that al~! € Ox and N(al™1) < C.

For this, Minkowski introduced the following trick. Let o1,...,0,, be (all) distinct embeddings K —
R and o 41,...,0m +r, be (half of) distinct embeddings K — C such that &, # 0,4+, for any
1<1i,j <ry. Write n = r1 + r. Consider the map

AE <R xC? =R, 20 ((06(2))i; (0r,4(2))5) = ((01(2)i, Reor, +5(2), Imoy, +5(2));) -
Lemma 5.3. For any fractional ideal I, X(I) is a full lattice in R™ and

_ VBRINQ)

Vol(R" /A(I) o

where Ay is the discriminant of K.

Proof. As I is a free Z-module of rank n, we may write I = >_"" | Za;. Then A\(I) is a full lattice in R"
if and only if A(aq),..., AM(aw,) are (R-) linearly independent in R™ if and only if the discriminant of the
matrix (A(ay), ..., A(ay)) is nonzero.

Example. Consider the case 1y = ro = 1. Then the matrix (A(aq), A(az2), A(as)) equals

01(0&1) O'l(ag) 0’1(0[3) 1 0 0 0'1(0&1) 0'1(0[2) 01(043)
RGUQ(OQ) RGO'Q(OZQ) Reog(a3) = 0 1/2 ]./2 0'2(041) 0'2(0[2) 02(043)
Imoy(ay) Imog(as) Imos(as) 0 1/2i —-1/2i o2(a1) T2(an) T3(as)

We have

det (A(a1),.. ., Maw)) = 2% det(o;(0;)).

Recall that
diSC(Oél, ceay Ozn) = det(ai(aj))Q = AKN(I)2
which is nonzero. Therefore, det (A(a), ..., A(ay,)) # 0 and

Vol(R™/A(I)) = | det (A(c), -, M) ’ - @

14



Lemma 5.4. Let A be a full lattice of R™. Assume X C R"™ be a convex, centrally symmetric, connected
region. Assume

Vol(X) > 2"Vol(R™ /A) = Vol(R"/2A)

then X N A contains a nonzero element.

Proof. As Vol(X) > Vol(R™/2A), there exist x1, 25 € X, such that 1 # z2 and z; — 22 € 2A. As X is
convex and centrally symmetric, there is a nonzero element

Dok,

Exercise 5.1. Try to generalize this statement to a general locally compact topological group.

Theorem 5.5. For any fractional ideal I, there exists a nonzero element o € I such that
’NK/@(Q)’ < CxN(I)

where the Minkowski constant

A\ nl
CK-(ﬂ_) 'ﬁ'v|5K|-

Proof. For any real t > 0, consider the following convex, centrally symmetric, connected region in R"

Sl + 23zl <
i J

By = (y,z € R x C™

Then
— 971 Z)TQ tn
Vol(B;) = 2 ( 2

n!’

Note that Vol(B;) > 2"Vol(R™/A(I)) if and only if

oo (w(2) " vavn)

By the previous lemma, if ¢ > tg, there exists a nonzero o € By N A(I). Note that

Wict@)| = [LIov(@) Ll

K2

< Sl + Xl i)

tn
< —.
S
Take the limit ¢ — to, we obtain that
[Nk /g(@)| < CxN(I).
Finally, note that we may choose « independent on t. We obtain the theorem. O

Ezample 5.6. Consider K = Q(/—14). Then n = 2 with r; = 0 and ro = 1. The discriminant
A = —56. The Minkowski constant

4 2
Cg=|(—-) = -Vb6=~4.765 < 5.
T 22

Therefore, every ideal class contains an ideal of norm less than 4. If I is an ideal with N(I) = 2, by

the unique factorization law of ideals, we have I = p for some prime ideal p with N(p) = 2. Now

(2) = p% with py = (2,4/—14). Then I = py which is not principal (otherwise ps = (x + /—14y) for

some z,y € Z which is impossible by taking norm). Similarly, if N(I) = 3, then I = p3 or p3 where

ps = (3,1 ++/—14) and p3 = (3,1 — v/—14) are both non-principal. Hence, the possible representatives

in Clg are O, pa, p3, p3. Finally, we have the relation pap3 = (2 — /—14) and we obtain Clx = Z/4Z.
15



Note that for any number field K, the Minkowski constant Cx > 1 (Proof: for any ideal I and nonzero

element o € I, we have 1 < [Nk /g(a)| < CxN(I). Now take I = Ok). This implies that
T\"/2 np"
20 (55
|[Ax| 2 a 4 n!

For the family {a,}n, we have az > 1, anq1 > a, and lim, 4 oo a, = +00.
Corollary 5.7. (1) For any number field K with n =r; +ry > 2, |[Ag| > 1. (2) If K/Q is unramified
everywhere, then K = Q.

Theorem 5.8 (Hermite). Fiz A € Z, then there are only finitely many number fields K with A = A.
This theorem is the main ingredient to prove the following one

Theorem 5.9. Let K be a number field. Let S be a finite set of maximal ideals of O . Then for any
n > 1, there are only finitely many field extensions L/ K such that [L : K| = n and every prime p € S is
unramified in L.

Ezample 5.10. Let Gx = Gal(K/K) = lim Gal(L/K). Let p be a prime. Then
L/Kfinite
dimp, Hom(Gk,Fp) = +oo0.
Let S be a finite set of maximal ideals of Ok and write Gx g = @ 5 Galy, ¢ where L runs over finite
field extension of K unramified outside S. Then

dimg, Hom(Gk s, F,) < oo.

Idea of proof of Hermite’s theorem. We need to show that if Ak is bounded, then there exists o € O
such that K = Q(«) while its minimal polynomial has bounded coefficients. For this, we shall choose a
convex, centrally symmetric, connected region X< C R™ such that Vol(X<) > 2"Vol(R"/A(Ok)). By
previous lemma, there is a nonzero element o € X< N A(Ok).

Consider the case 1, > 0. Let C = (C))1<i<ri+r, € R’;OJFTQ, and consider X¢ of the following form
Xc = {(y,z) e R™ x C™

il < Ch,on 2] < Cr1+j}-

Then
Vol(X¢) = H201 Hw 2

Take C; with C; < 1 for ¢ > 1 and Vol(X¢) > 2V01(R”/)\((’)K)). Let o be a nonzero element in
MOk) N X¢. Then |o;(a)] < C; < 1 for any ¢ > 1. Then

1 < [Ngjg(@)| = loi(a HIUz I Tlov+s(@)P
J

This implies that (o) > 1 and o;(a) # o1(a) for any j # 1.
The case for r; = 0 is similar. O

We give further questions for the class group Clg.
Firstly, we view Clg as a set and focus on the class number hx = #Clg. Consider the Dedekind zeta

function
= > N Re(s) > 1
ICOk

which has a meromorphic continuation to the whole s-plane with a simple pole at s = 1. The residue
satisfies the following class number formula
2T1(27T)T2hKRK

|Ak]
where wg is the number of roots of unity in K and Ry is the regulator of K (will discuss in the next
talk).

Secondly, we view Clg as a group. We have the following special case of class field theory.
16
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Theorem 5.11. For a number field K, there ezists a unique finite extension Hy /K, called the Hilbert
class field, which is maximal among all finite abelian Galois extensions of K, that are everywhere un-
ramified over K. Moreover, one has an isomorphism

Gal(H[{/K) L) CIK
such that for any prime ideal p of Ok, the Frobenius element at p corresponds to the ideal class of p in
Clg.

To have an idea why this theorem is extremely useful, we state the following corollary, which seems
to be quite hard to be proved without using class field theory.

Corollary 5.12. If L/K is an extension of number fields such that there exists a prime of K totally
ramified in L, then hy | hy,.

Proof. Let Hx and Hy, be the Hilbert class fields of K and L. Then Hx L C Hj. By the assumption,
HKﬁL:K HencehL:[HL:L]:[HL:HKLVLK. U
Ezample 5.13. Let K = Q(+/10), Q(v/—23) and Q(v/—14) respectively. Then Hx = Q(+/10,v/2),
Q(v/=23,a) and Q(v/—14, v/2v/2 — 1) respectively. Here, a satisfies a® —a — 1 = 0.

Question 5.14. For a number field K, how to construct its Hilbert class field Hg explicitly?

This is one of the most important open questions in class field theory nowadays. When K is an
imaginary field, this is done by the theory of complex multiplication using j-invariant.

5.1. Exercise sheet 5.

Exercise 1. Some simple applications of Minkowski bound:
(1) Find the class number of Q(y/m) for m =5,6,—5, —13.
(2) Show that the ideal class group of Q(v/—23) is isomorphic to Z./3Z, and find explicitly an ideal
that generates the ideal class group.
Exercise 2. Let K = Q({/m).
(1) Show that Z[¥/m] is the ring of integers of K if m is square free and m is not congruent to £1

modulo 9.
(2) Prove that Z]¢/m)] is a principal ideal domain for m = 3,5,6, and that the class number of Q(3/7)
15 3.

Exercise 3. The aim of this exercise is to prove that the pairs (17,£70) are the only solutions in Z* to
the equation
(5.1) y* 4+ 13 = 2.
We denote A = Z[\/—13], and let (x,y) € Z* be a solution.
(1) Show that no prime ideals of A contain both y++/—13 and y — /—13.
(2) Show that there exist (a,b) € Z? such that
y+vV—13 = (a+ bv/~13)3.
Conclude that (x,y) = (17, £70). (You may use directly the fact that Q(v/—13) has class number
2).
Exercise 4. Let K be a number field, and S be a finite set of mazimal ideals of O . Fiz an algebraic
closure K of K. Let K°/K be the mazimal subextension of K/K that is unramified outside S, and put
Gr.s = Gal(K°/K).
(1) Prove that for any finite abelian group M, Hom(Gk s, M) is a finite abelian group as well.
(2) For K =Q and S = {5,13,31,101}, compute the dimension of Hom(Gg s,Fs5) over F5. (Hint:
use Kronecker—Weber’s theorem )
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6. LECTURE 6: AUGUST 9

6.1. Variation of the class numbers in families. We continue our discussion on questions about
ideal class groups of number fields. We are interested in the following

Question 6.1. Let K, be a family of number fields, hg, be their class numbers. How does hg, vary
as n — 007

For example, we can consider the family of quadratic fields {Q(v/d) : d is a square free integer}. Then
in this case, we have the following celebrate

Conjecture 6.2 (Gauss). Let d be a square-free integer, and let hy denote the class number of Q(v/d).

1 If d <0, then hqg — oo when d — —o0.
2 If d > 0, then there exist infinity many real quadratic fields Q(\/d) with hq = 1.

Remark 6.3. Gauss conjecture for imaginary quadratic fields was first proved by Heilbronn in 1934, but
for real quadratic fields, Gauss conjecture is still open.

Theorem 6.4 (Littlewood). Assume GRH, then

1 When d <0, then hqy = O(1/|d|loglog|d|),

2 When d > 0, then hy = O(ﬁ%)'

Remark 6.5. These upper bounds are optimal.

Corollary 6.6. Given an integer m > 1, there exists only finitely many imaginary quadratic fields
Q(Vd) with hg < m.

In view of this corollary, a natural question is the following
Question 6.7. Given an integer m > 1, how to determine all d < 0 with hy = m?

For m = 1, Heegner proved in 1952 that hy = 1 if and only if d = —1, -2, -3, -7, —11, —43, —67, —163.
Actually, Heegner’s solution was not immediately recognized by the mathematical community, because
his article contained a gap. Stark and Baker then filled Heegner’s gap in 1971, and they also solved the
problem for m = 2 as well. For general m, this question was finally solved in 1985 by combining the
work of by Goldfeld and Gross-Zagier.

Theorem 6.8 (Goldfeld,[1]). Let d < 0 be a square-free integer. Suppose that there exists an elliptic
curve E/Q such that ord,—1 L(E/Q(\/d),s) > 4. Then for any € > 0, there exist an effective constant
C.(E) > 0, such that

ha > Ce(E)(log |d])! ™.

The key point of this Theorem is that the constant C(E) is explicitly computable in terms of the
elliptic curve E. Then Gross-Zagier’s work then gives an effective way to produce elliptic curves with
large analytic rank over Q(\/ﬁ) Based on the theorem above, Watkins gives a complete list of d < 0
with hg = m when m < 100.

Another important family of number fields is provided by Zp-extensions.

Definition 6.9. Let p be a prime number, K be a number field, a Z,-extension of K is an infinite Galois
extension L/K such that L =J,, Ly, with L,, C L4, and Gal(L,,/K) ~ Z/p"Z for each n.

The previous example of family of quadratic fields can be considered as a horizontal family in the
sense that the degrees of the number fields in the family remain the same but the ramification locus
varies, while the Z,-extensions can be considered as vertical families in which the ramification locus is
bounded but the degrees go to the infinity.

Ezample 6.10. Let Q(¢p=) = U,, Q(Gpr ), then Gal(Q((pe<)/Q) ~ Z,5. Via the p-adic logarithm map, we
have

7x ~

{up_l X L, ifp>2,
P

Mo X ZQ, if P = 2.

It follows that Q(¢5°) contains a (unique) subfield Qo such that Gal(Qu/Q) =~ Z,, called the cyclotomic
Zp-extension of Q. For general number field K, define Ko, = KQ, called the cyclotomic Z,-extension
of K.
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Theorem 6.11 (Iwasawa). Let Koo /K be a Z,-extension of number field K, A,, be the p-Sylow-subgroup
of ideal class group of K,,. Then there exist integers u, A > 0 and ¢ such that for n >0,

log, (#4n) = up" + An +c.

Conjecture 6.12 (Conjecture by Iwasawa). Let Ko/K be the cyclotomic Z,-extension of a number
field K. Then we have p(Koo/K) = 0.

Theorem 6.13 (Ferrero-Washington). If K/Q is abelian, then Iwasawa’s conjecture is true.
Remark 6.14. There exists Z,-extension Ko, /K with y-invariant arbitrarily large.
The key to prove Theorem 6.11 is to consider the natural actions of I' := Gal(K . /K) on A,,. We put
Zp([T]] == @ZP[FTL]’

n
where I',, = Gal(K,,/K). Then it is not hard to see that if vy € I' = Z, is a topological generator, then
one has an isomorphism

Ly[[T]] = Z,[T]
sending T to [y] — 1. We put A4 := limn A,,, where the transition maps are induced by relative norms of
fractional ideals. Since A,, can be viewed as an Zy[I',]-module, A is a Z,[[I']] := Wm 7, [[',]-module. A

key step to proving Theorem 6.11 is the following result
Proposition 6.15. A is a finitely generated torsion Z,[[I']]-module.

Note that Z,[[I']] is a regular local ring of dimension 2. There is a satisfactory classification for
finitely generated modules over such rings, according to which a finitely generated torsion module M
over Zy[[I']] 2 Z,[[T]] is, modulo the subcategory of Z,[[T]]-modules of finite length, equivalent to a
module of the form Z,[[T]]/(p"g(T")), where g(T') is a monic polynomial of degree A with coefficients in
Zy,. Theorem 6.11 then follows easily from this description.

For the Zy[[I']]-module A, the corresponding ideal Charg ;ryj(A4) := (p*g(T)) is usually called the
characteristic ideal of A. It is intimately related to the L-functions of the Galois group of K. Roughly
speaking, one has the following conjecture:

Conjecture 6.16 (Iwasawa Main Conjecture).
Charz, r))(A) = “p-adic L-functions”.

6.2. Dirichlet’s unit theorem. Let K be a number field, Oy be its unit group. Then we observed
that

o Let o € O, then o € O iff Ng (o) = £1,

e (O%)tor = {a € Ogla™ = 1, for some m} = {a € K|a™ = 1, for some m} =: Wk.

Theorem 6.17 (Dirichlet, 1846). There exists a free abelian subgroup V- C O of rank r1 +ry —1, such
that

OIX( =Wgrg xV ~ Z/U)KZ X ZT1+T271,
where wg := #Wg.

Corollary 6.18. Let R be a commutative ring, which is finitely generated as a Z-module. Then R* is
a finitely generated abelian group.

Proof. Let J be the nilpotent radical of R, and Ry = R/J. Then the kernel of the map R* — R[] is
1+ J, which is a finitely generated abelian group since J is a finitely generated Z-module. To prove the
corollary, it is suffice to show that R( is finitely generated. Up to replacing R by Ry, we may assume
that R is reduced. Let Rios C R be the torsion submodule of R. Then (Riors)™ is finite, and torsion-free.
In this case, R® Q ~ [, K;, a finite direct product of number fields, since R is integral over Z, we have
R C[]; Ok,, then R* C []; O, hence it is finitely generated. O

Proof of theorem. First we notice that

e If X is a compact topological space and I' be a closed discrete group in X, then I' must be finite,
e Let f: X — Y be a continuous map between topological spaces, C' be a compact subset of X,
then f(C) is also compact.
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Let \: K = R™ xC"™ =:V, V is a R-algebra, and V* = (R*)™ x (C*)">. For any element (y;, z;) €
V>, define norm to be N(y;,z;) = [, vl I1; |zj|*. Then for any o € Ok, N(Aa)) = |Ng/g(a)]. So
the image of Oy under the map A is contained in the subgroup G := {(y;,z;) € V*|N(y;, 2j) = 1}. So
A: Of < G is a group homomorphism. Moreover, A(Oj ) is discrete in G because A(Oj ) is discrete in
V.

Proposition 6.19. G/\(Of) is compact.

Proof. By Minkowski’s lemma, we fix C C V' a compact, convex, centrally symmetric, connected subset
with volume p(C) > 2"Vol(V/A(Ok)). Then C N A(Ok) contains a non-zero element o € A(O). For
any g € G, we have u(gC) = N(g)u(C) = p(C), so there is a non-zero element ay € gC N A(Ok). Note
that
#0O0k /0,0 = N(ay) € N(gC)NZ,

and N(gC)NZ = N(C)NZ is both compact and discrete, hence is finite. However, there are only finitely
many ideals of Ok with bounded norm. So there exist finitely many elements «a,...,ar € Og — {0},
such that for any g € G, (ay) = () for some i, namely o, € ;0. Then for any g € G, oy € gC &
97! €a,'C C a;'OKC, therefore g € UX_ a; 'O C, namely the image of US_;o; 'C cover G/N(OF),
which implies that G/A (O} ) is compact. O

OIX((—)\>GLH={LE€R”+T?\Z¢$¢:0}

[

K Ay
Denote i =logo) : O — H, clearly
e log(G) =H,
o Ker(lx) = (OF)tor-
Using the above proposition, A\(OF) is discrete and co-compact in G, so ¢x(OF) is discrete and

co-compact in H. Notice that a discrete and co-compact subgroup I' in R™ must be a full lattice, in
particular, rankz(T") = n. Therefore

log Rritr2

rankz (O ) =71 + 712 — 1. O

Definition 6.20. Let €, - ,¢, € O be a basis in O /Wy, where r = r; + 179 — 1. Let i =
—_(1,1,---,1) € R"*72 \ H, we define the regulator of K to be Rx = | det(ii, lx (e1), - , lx (€))].

r1+72
Ezample 6.21. l.ri+r—1=0iff r; =0,79 =1 or r; =1,r5 =0, namely K = Q or imaginary
quadratic field, and for negative square-free d, K = Q(v/d),
{£t1£v-1}, ifd=-1,
Of { {£¢5,+1},  ifd=-3
{£1}, otherwise
2.11+ro—1=1iff r;y =2,79=00rr =1,r5 =1 or r; = 0,7y, = 2. For example, real quadratic

fields and pure cubic fields Q(¥/m). In this case, O ~ {£1} x €Z, the generator ¢ is called the
fundamental unit of K.

To compute the fundamental unit, for real quadratic case, it is equivalent to solve a Pell equation,
then we can use continuous fraction. For cubic case, we have the following theorem.

Theorem 6.22 (Artin). Suppose [K : Q] = 3 and r1 = 1, fir an embedding K — R. If v € O with
v > 1, then
|Ak| < 4v® +24.

Corollary 6.23. For any u € O, if 4uP/™ + 24 < |Ag| for an integer m > 2. Then u = €* for some
1 <k <m. In particular, if m = 2, then u must be the fundamental unit.

Ezample 6.24. K = Q(\s/?), we have ¢ = /2 — 1.
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6.3. Exercise sheet 6.

Exercise 1. The aim of this exercise is to give a proof of the finiteness of the ideal class group of a
number field K following Dedekind.

As explained in class, we have to show that there exists a constant Cg, which depends only on K,
such that for all ideal I C Of, there exists o € I\{0} such that [Nk g(a)| < CxN(I). Let n = [K : Q).
We choose an integral basis (a,- - , ) for Ok.

(1) Prove that there exist integers x; € [— ¥/N(I), {/N(I)] with 1 < i < n such that not all x; are
zero and o=y, xio; € 1.
(2) Prove that there exists a constant Cx > 0 such that [N g(a)] < CxgN([).

Exercise 2. Let K = Q((p) be the p-th cyclotomic field, where p is an odd prime, and K+ = Q(¢+¢, ).
Denote respectively by U and U+ the group of units in K and K.
(1) Let u be a unit of K. Show that u/u is a root of unity.
(2) Let u be as in (1), write u/u = £} for some k € Z. Show that it is impossible to have — sign.
(3) Show that Ux = Ug+ x ((p), t.e. every unit u in K writes uniquely as u=¢ - C{; with € € Ug+.
(Hint: Consider the map ¢ : Ux — Ug+ given by u — u/a.)

Exercise 3. Let K be a number field. We say an element o € K is totally positive if o(a) > 0 for every
real embedding o : K — R. Denote by Tk the group of fractional ideals of K, and by 73?; the subgroup
of principal ideals generated by a totally positive element. Define the strict ideal class group of K as

Clf = Ik /P

(1) Show that the kernel of the natural surjection f : Cl} — Clg has at most 2171 elements, where

r1 denotes the number of real embeddings of K. Conclude that Cl} is a finite abelian group.

(2) Assume that K is real quadratic. Let u denote the fundamental unit of K. Prove that Ker(f)
has order 2 if Ng qo(u) = 1, and Ker(f) = {1} if Ng,g(u) = —1.

Exercise 4. Let K be a real quadratic field with discriminant di. Then fundamental unit of K is defined
to be the unique unit ¢ of K such that ¢ > 1 and U = {£1} x £&.

(1) Let u > 1 be a unit of K. Show that u > (Vdx + vdx —4)/2 if Ngsg(u) = =1, and u >
(Vdg + Vdkx +4)/2 if Ngjg(u) = 1. (Hint: consider Discg q(1,u) and use the equality that
DiSCK/Q(l, U) > dK)

(2) Show that if di is divisible by a prime number p with p = 3 mod 4, then K does not contain
any units u with Ng g(u) = —1.

(3) Find the fundamental unit of K = Q(v/2),Q(v/3), Q(v/5).
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