LECTURE NOTES ON ANT (PART II)- SUMMER SCHOOL 2019

YE TIAN

In the later half of this course, we will mainly study quadratic fields and cyclotomic fields. For
quadratic fields, we will introduce Gauss’ reduction theory of quadratic forms to study ideal class groups
and unit group; and use Eisenstein series to give meromorphic continuation of Dedekind zeta functions
and residue formula; and complex multiplication gives the explicit construction of class fields of imaginary
quadratic fields. For cyclotomic field, we introduce Stickelberger’ s theorem and Thaine’s theorem, and
the proof of Catalan’s conjecture as an application.

For a quadratic field K of fundamental discriminant D, let xp = (£) : (Z/DZ)* —s {+£1} be the
associated quadratic character of conductor |D|. Sometime we also write Clp, hp,ep for the ideal class
group Clg, ideal class number hg, and fundamental units ex (when D > 0).
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1. LECTURE I: THE EQUATION y2 + 14 = 23
We review what we have studied in the last two weeks via the following Diophantine equation
y? + 14 = 23, with z,y € Z.
Let K = Q(v/—14) and O = Z[y/—14] its ring of integers. The equation factors as an equality of ideals

of O
(y +V—T4)(y — V=13) = (a)".
We claim that the principal ideals of O
y+v-14),  (y—v-14)

must be co-prime. Otherwise, let p be a common prime divisor. Then y + v/—14 € p and therefore
2y/—14 € p, p|2 or 7. On the other hand, p|(y + v/—14) implies that Np|y? + 14 so that p is coprime to
2,7 since 2,71 y. It is now a contradiction. It follows that

(y+vV-14) =¢’

for some ideal a of @. But the ideal class number of K is 4, then a itself is a principal. Moreover
O* = {£1}, so the element y 4+ v/—14 is a cubic of an element in O, say

Y+ V=14 = (a + v/—14b)3, for some a,b € Z.
It follows that 1 = 3a%b — 14b3 = b(3a® — 14b?), and then b = +1 and 3a? = 15,13. It is impossible.
Summary. For any number field K, the following exact sequence is fundamental

1— O0x — KX — Iy — Cl(K) — 0,
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where Iy is the group of non-zero fractional ideals of K, which is free abelian group with bases all
non-zero prime ideals; the unit group O is a finitely generated abelian group of rank r1 + 7o — 1; and
the ideal class group CI(K) is a finite abelian group. (These invariants are useful for some Diophantine
equations; The relation of ideal class number and L-values is given by the class number formula, which

is useful for many questions:

2" (2m)"2hg R
Res Cre(s) = 2 2m) M R
s=1 wK |dK|
when K/Q is Galois sometime we even need to know the Gal(K/Q)-module structure of CI(K) and Oj;.
A typical example is the proof of Catalan’s conjecture. Let’s recall the proof of finiteness of ideal class
number and discuss ideal class number of imaginary quadratic field.

Let K be a number field. Note that for any M > 1, there exist only finite many integral ideals of Ok
with norm bounded by M. Thus enough to show exists a constant My only depends on K such that
for any fractional ideal a, exists « € a such that |[N(a)] < MgN(a), i.e. N(aa™!) < M. Consider the
embedding

K—R"xC?~R", n=[K:Q)
Here the last isomorphism is given by maps z = x + yi € C to (x,y) € R?. A fractional ideal a can be
viewed as a lattice in R™. Consider the following centrally symmetric convex connected region

1 T2

S i+ 20z < t}.

i=1 j=1

If Vol(S;) = 2™Vol(R™/a) (or equivalently t"Vol(S;) = 2"Vol(R"/Ok)N(a)), then S; contains a non-zero
a € a (one may think to choose other symmetric domain) so that

t\"  2"Vol(R"/Ox)
|N(a)|<(n> = niVLVol(Sl)K -Na.

Sy = {(x,z) ER™ x C™

Thus we obtain a desired constant
B 2"Vol(R"/Ok)

My =
K n™Vol(S1)
For K imaginary quadratic field with discriminant dg (so that Ok has a Z-basis 1, (dx + v/dk)/2 in C
and thus (1,0), (dx /2, \/]dk|/2) in R?), we have

2
Vol(S;) = g Vol(R2/Og) = /|dx|/2, My = ;\/|d,<|.

Thus for an imaginary quadratic field K, Cli consists of ideal classes of integral ideals a C Ok with
N(a) < 2/|dk|. Example, for K = Q(v/—14), we have My < 5 and therefore one can find that the
ideal class of p = (3,1 + +/—14) is of order 4 and generates Clg. In general, one can show that
nl(4/m)"? —
MK = = % . |dK|.
Proposition 1.1. Let D < 0 be a fundamental discriminant of an imaginary quadratic field K. Then
—b D
az? + bry + cy® e T = %ﬁ s (a, (b+ @)/2)
a
induces a bijection among
(1) SLo(Z)-equivalence classes of primitive positive definite quadratic forms of discriminant D;
(2) imaginary quadratic points in fundamental domain of H by SLa(Z) with minimal integral poly-
nomial with discriminant D.
(3) the ideal class group of K;
Moreover, in (1) any integral primitive definite positive binary quadratic form of discriminant D is
SL(Z)-equivalent (or properly equivalent) to a unique reduced form ax® + bxy + cy? in the sense
[b] <a<eandb >0 if either a=1b| ora=c.

In (2), any quadratic number T in the upper plane H with discriminant D is SLo(Z)-equivalent to a
unique point in the domain F':

Re(r) € (—=1/2,1/2], || > 1, if|7| =1 then Re(r) > 0.

The above correspondence maps reduced forms to quadratic points in the fundamental domain F'.
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Remark. Note that b + |D| = 4ac > 4b*>. Thus 3b?> < |D|. This shows that the number of reduced
forms and therefore ideal class number is finite. It gives rise to another proof of finiteness of ideal class
number for imaginary quadratic fields.

Example. Let D = —56, then the corresponding (reduced) quadratic forms are
z? + 14y2; 212 + Ty?; 322 + 2zy + 5y
The corresponding quadratic points in F are /—14,v/—14/2, (+1 + v/—14)/3 and corresponding ideals

are
Ok, (2,V/=14),  (3,+1+4—14).

Let ‘H denote the upper half plane. Prove that the Eisenstein series defined by

E(z,8) =7 °T(s) - % Z Y

2s?
oz M+

S

z=x+iyeH

is absolutely convergent if Re(s) > 1, has meromorphic continuation to the whole s-plane; it is analytic
except at s = 0,1 where it has simple poles. The residue Ress—1 E(z,s) = % independent of z. The
Eisenstein series satisfies the functional equation

E(z,8) = E(z,1 - s).

Moreover, E(z +iy,s) = O(y?) as y — oo where o = max(Re(s),1 — Re(s)). The function E(z,s) in z
is automorphic i.e.

E(yz,8) = E(z,s), Yy € SLa(Z).
Let D < 0 be a fundamental discriminant of an imaginary quadratic field K and wg the number of roots
of unity in K. Then we have

(\'ﬁ> I'(s)Ck (s) = % : > E (‘“ @,s> :

27 2a
b2 —4ac=D,
—a<b<a<c or 0<b<la=c

Compare residues at s = 1 on both sides, we have

Theorem 1.2 (Dirichlet). Let K be an imaginary quadratic field. Then we have that

2
Res Cre(s) = ——— - hic.
s=1 wK |dK‘

Exercise. 1. Daniel Bump, Automorphic Forms and Representations, Chapter 1, §6 Ex 1.6.1-1.6.2. and
prove the equality above between sum of evaluations of E(z,s) at quadratic points and (k(s).

2. Let xx be the quadratic character modulo |dg| such that yx(p) = 1 (resp —1) iff p is split (resp.
inert) over K. Recall that

=3"n" (k= Y Nat Lixk.s) = 3 xx(nn .

0#£aCOk

Then (x(s) = ¢(s)L(xk,s) and Ress=1 (x(s) = L(xk,1). Deduce that for imaginary quadratic field K
of discriminant D and ideal class number hg (or denoted as hp). We have

By = — 0K . S xa).

22-x(2) | S5

Using this formula compute the ideal class number of Q(v/—14). Let p = 3 mod 4 be a prime. Prove
that there are more quadratic residue more than non-residue in the interval (0,p/2).

3. Let K = Q(v/—17). Compute the ideal class number using (i) Minkowski constant My (ii) Gauss’
reduced forms; (iii) Dirichlet’s class number formula above. Moreover, find the Hilbert class field of K.

Based on Dirichlet formula, we have
Theorem 1.3 (Siegel). For any e > 0, hp > |D|*/27<.

In particular, for any given h € Z>, there are only finitely many imaginary quadratic fields with ideal
class number h. A problem is that the constant in the above estimation is not effective, how can one
determines those field? D. Goldfeld solved this problem.
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2. LECTURE II-III: PRIMES OF FORM p = 2 + ny? AND CLASS FIELD THEORY

Now we consider the second question. It is clear that 2,7 is not form x? + 14y2. Let p {14 be a prime
of form p = 2 + 14y2. Then p { zy, and therefore —14 is a quadratic residue modulo p; equivalently, p
is complete split in K = Q(v/—14). Furthermore,

p=ax?+ 14y? = (z +V—14y)(z — v—14y)

implies the two (distinct) prime ideals of K above p are principal, generated by = + +/—14y. How to
describe principal ideal of K? there is a way through class field theory (Important things should be
repeated three times (30 times)).

Remark. We make a remark on Galois Group of Number Field Extension. Let L/K be a finite Galois
extension of number fields. How to describe the elements in its Galois group Gal(L/K)? There are two
ways.
e Explicit way: The L must be a splitting field of a polynomial f over K. Thus the Galois group
Gal(L/K) can be realized as a subgroup of the permutation group of the roots of f;
e For each primes Bp of L/K unramified, Froby/x () € Gal(L/K) is the unique element fixing
P and induces the Frobenius morphism in the Galois of residue field extension k(3)/k(p). For
any o € Gal(L/K), we have

o Frobr (P) - o' = Frobr x (oP).

Thus, the prime p of K defines a conjugacy class of Gal(L/K), denoted by Froby x(p). For a
given conjugacy class C of G = Gal(L/K), the density of prime ideals p of K with Froby, /x(p) =
Cis |C|/|G|. When L/K is abelian, then Froby,/x (B) only dependents on p, and is also denoted

by FI‘ObL/K(p).

Recall that we say a finite Galois extension L/K is unramified at a prime ideal p of K (resp. a real
embedding o, also called a real place) if the ramification index of any prime B of L above p is one (resp.
any extension of o to L is still real). If L/K is unramified at all prime ideals of K and all real embeddings,
then we call L/K is an unramified extension or unramified everywhere. Example, Q(v/—3,4)/Q(+/3) is
ramified at the real places.

Theorem 2.1. Let K be a number field. There is a finite Galois extension H of K such that
e H is an unramified (including co) abelian extension of K ;
o any unramified abelian extension of K lies in H.

The field H (called the Hilbert class field of K ) is the mazimal unramified abelian extension of K and is
clearly unique. Moreover, the group homomorphism

Iy — Gal(H/K), p > Frobg k()
is surjective with kernel Py . Thus it induces an isomorphism, called Artin map,
Art : Clg — Gal(H/K).
In particular, a prime p of K is principal iff p is completely split over H.

For the number field K = Q(v/—14), we have seen that Cl(K) = Z/4Z. The genus field of K is
L := K(v/=7) = K(+/2) (i.e. the one contained in H and abelian over Q), and therefore H = L(a);
one may choose o = v/u and u € L NR = Q(v/2) and then one can show that u = 2v/2 — 1 is a desired
one. The minimal polynomial of a over K (and also over Q) is X* + 2X? — 7 = 0, which discriminant
disc(a) = —Npy /g f'(a) = =7 - 214 only has prime factors 2 and 7; thus for any prime p { 14 of K, p is
complete split over Hy iff
X*42X%2-7=0 modyp
has a solution (and then all solutions) over Ok. If pO = pp is split in K/Q, then Ok /p = Z/pZ and it
is equivalent to require
X*4+2X?2-7=0 modp
has a solution in Z. Now we conclude that
e A prime p has form p = x? + 1492 iff p completely splits over Hx with K = Q(y/—14); By
density theorem (which we will state later), we also know that primes of form z? + 14y? has
density 1/8 = 1/|Gal(Hk /K)|.
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e A prime p has form p = 22 + 14y? iff <_714) =1and X*+ 222 —7=0 mod p has an integral
solution a € Z. (For a given prime p, how to determine whether this condition holds? It relates
to the question: determine the solvability of 2 = a modp and actually find a solution in Fp,).

Remark. Starting with the CFT isomorphism, A. Smith showed that for any finite abelian group A of
cardinality power of 2, imaginary quadratic fields K with Clg[2°°] = A has positive density according
to discriminants.

Exercise. Can you find infinitely many abelian extensions L over K with Gal(L/K) = Z/4Z?

Exercise. Let L be s splitting field over Q of the polynomial % — z + 1. Show that L contains a unique
real quadratic field F' = Q(v/19 - 151) and L/F is Galois extension of Galois group As and unramified
everywhere.

How about replacing 14 by general positive integer n and consider primes of form 22 + ny?? The

decomposition

p = (z+V-ny)(x — vV-ny)
show that p splits in K = Q(v/—n) and the primes p of K above p is principal with generator of form
a=2x++/—ny € Og; If write —4n = dg f?, then

a=a mod fOg

with some a € Z. Thus p completely split over H is just a necessary condition. We are looking for a
larger class field related to the above condition.

Let L/K be a Galois extension of number fields with Galois group G. Let p be a non-zero prime
of K. Then G acts transitively on the finite set ¥ = {1,--- , B4} of primes of L above p, i.e. with
‘BiﬂOK:P- Let‘B:‘,Bi S

e Dy = {0 € G| o(P) =P} is a subgroup of G, called the decomposition group of B; There is a
natural group homomorphism
Dqg — Gal (km)
k(p)

is surjective; denote by Iy its kernel. Then B/p is unramified iff Iy = 1, and iff p { discy /.

In this case, the homomorphism is an isomorphism. For any prime p unramified over L, let

Froby,/k (B) € Dy denote the element mapping to the Frobenius in the Galois group of residue

field extension under this isomorphism. If Froby,x(9) = 1, then p is completely split over L,

ie. pOr =P1--- P, with g = [L : K].

e For any 0 € G, Dyyp = 0 Do~ ! and moreover, Froby,/x (0B) = oFroby  xPo~". Let Frp/x(p)
denote its conjugacy class. Let S denote the finite set of primes ramified over L (equivalently,
p|discr/x) and P(S) the set of non-zero prime ideals not in S. Thus we have a map

Here ~ means conjugacy equivalence.

Theorem 2.2. Let C be a conjugacy class of G, then the subset of P(S) of prime ideals p with
Froby,/k(p) = C has density |C|/|G|.

Corollary 2.3. Suppose L; C K,i = 1,2 are two finite Galois extension of number field K and
let 33; be the set of primes of K completely split in L;. If there exists a finite set S of primes of
K such that ¥4\ S = X3\ S, then L1 = Lo.

When L/K is finite abelian. Let Ik (S) be the group of fractional ideals generated by primes
coprime to S. Then the above map induces a group homomorphism (called Artin map)

Art 2 Ig(S) — Gal(L/K), [ = []Frobm, /ux(p:)™.

o Let my be an integral ideal of K, my, a set of some real embeddings of K, and write m = mymq.
Let I, denote the group of fraction ideals whose support disjoint from my and let Py, C I, the
subgroup of principal ideals (o) with generator & =1 mod my (i..e for any p|my, vy(a —1) >
vp(my) and o(a) > 0 for any 0 € moo. We call Clg iy := I/ Pn the generalized ideal class group
modulo m. When m = 1, Clg  is the ideal class group Clg of K. The generalized ideal class
group is finite abelian group.
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Denote anf the subgroup of K* which is units at my and Knxl’1 the subgroup of Ky, that
congruent to 1 modulo m (so that under o € m, is positive). Then we have the following exact
sequence

0 O0x/Og NEKy, = Ky /Kpy — Clgm — Cl(K) — 1.
In particular, #Clg y, is finite. We also have a canonical isomorphism
Koy /Koy = {F1}77= x (O /my)*.

e The maximal abelian extension Hy over K is finite over K, and moreover, the Artin map induces
an isomorphism Clg —— Gal(Hf /K). Together with Galois theory, it gives a bijection between
subgroup of Iy containing Px and the subfields of Hx (i.e. all unramified abelian extensions
over K). In general, we have

Theorem 2.4 (Class Field Theory). For a given m = mymq,, there exists a unique finite abelian
extension Hy, (unramified outside m) such that the Artin map, which is surjective,

Art: Iy — Gal(Hn/K), ]} = [ Frobm, /x(pi)"

has kernel exactly Py. The induced isomorphism Iy /Py = Gal(Hw/K) and Galois theory gives
rise to a bijection between subgroups Q: Pn C Q C Iy and subfields L: K C L C Hy so
that Q@ = PuNp/k(Im(L)) and I/ PuNp g In(L) = Gal(L/K) under Artin map. If mjm’, then
Hy C Hy.

Any finite abelian extension L over K is contained in some Hy,. The mazimal such m is called
the conductor of L, denoted by fr/x. We have that p|fr,x iff p is ramified over L. (Note that
not all m can be conductor).

A congruence subgroup @ (over K) modulo m is a subgroup of I, containing P,. Call
congruence subgroups ; modulo m; are equivalent if there exists m divisible by m;,7 = 1,2 such
that I, N Q1 = Iy N Q2 (so that if we call the intersection @ then I, /Q1 = I1/Q = I, /Q2).
Denote by [Q] the equivalence class of (). There are one-to-one correspondence between finite
abelian extensions L over K and congruence subgroup classes [Q] over K.

It will be very convenient if use adéliclanguage. Note that let Uyn C Aj be the modulo m
congruence subgroup, then there is a canonical isomorphism A /K * Uy, onto Iy, /Py. There is a
one-to-one correspondence between finite abelian extensions over K and idéle class groups over
K.

e Let L C Hy, be an abelian extension over K corresponding to group @ : P, C @ C I so that
the Artin morphism
In/Q = Gal(L/K).
Then for any o € Aut(L), we the commutative diagram

~

In/Q = Gal(L/K)
g S
o(Im)/o(Q) — Gal(o(L)/o(K))

Exercise. 1. Taking m = 1, then H,, = Hg is the Hilbert class field and the norm of any ideal of Hy, to
K is principal. What is H ) for K = Q7 Recall Kronecker-Weber theorem: any finite abelian extension
over Q is contained in a cyclotomic field Q(¢n).

2. Do you think the following statement is the essential part of CFT: For a divisor m = mgmy, of K,
there exists a unique finite abelian extension L (denoted by Hy ) over K such that for any prime ideal
p 1 mg, p completely splits over L iff p € Pn. Moreover, the mazimal abelian extension K over K is
union of all Hy'’s.

3. If one is interested in which integers have form 22 4+ ny?, note that

(21 + v/ =nys) (w2 + V=nye) = (1122 = ny1y2) +V=nlz1ye + 2291).

Therefore if a, b have such form, then so is ab. But the converse is false in general (What is the condition
on n such that the converse is true?)

Recall our question. For a given positive integer n, which primes p can be expressed in the form
p = 22 + ny? with 2,y integers? For primes p { 4n, if there exist z,y € Z such that p = 22 + ny?. Then
p 1,y and therefore
—ny? = z* mod p.
6



It follows that —n is a non-zero residue square modulo p, or equivalently by quadratic reciprocity law, p
is split in the field K = Q(v/—n). Not only this, but

p=(z+V—ny)(z—v-ny),
any prime p|p of K is also a principal ideal. By the class field theory
Cl(K) — Gal(Hk/K),
the prime p must be completely split over Hg. It should not be sufficient in general. If replace n by nd?
with d non-zero integer, the field K, Hx does not change, but the condition becomes more restricted.
Taking primes p t 14, there exist infinitely many prime p = 15,127, --- such that
p=2a%+14-y% p# 2% +56-y%
In fact, the prime ideal p|p is not only principal, but if we write —4n = c?dy with dx the fundamental
discriminant of K, then 2|dxc and

r+yv—-n=xz—y-(dge/2) mod ¢, ¢ =cOk.

Let I. denote the group of non-zero fractional ideals of K with support disjoint from ¢, and let P,z be
its subgroup of principal ideals («) € I, such that & = a mod c¢Ok for some integer a € Z (prime to c).
The Class field theory tell us that there exists a unique abelian extension L over K, unramified outside
¢ and containing the Hilbert class field Hg of K, such that the Artin morphism

I. — Gal(L/K),
induces an isomorphism I./P.z(f) — Gal(L/K). Moreover, L is Galois over Q with generalized
dihedral Galois group. Such field is called a ring class field over K of conductor ¢ (Its CFT conductor
may not be ¢ := ¢Og). It is clear that p|p is completely split over L. It follows from the above

isomorphism, for primes p { 4n, if p completely split over L, then a prime ideal p|p of K is generated by
an element of form z + yv/—n, thus p = 22 4+ ny?.

Theorem 2.5. The ring class field L over K of conductor c (so that —4n = dxc?) is the unique number
field L Galois over Q such that

{p | p completely split over L} = {p | pt4n,p = 2 + ny?}.
Proof. We only need to show L is Galois over Q and the complex conjugation 7 acts on Gal(L/K) via
inverse. It is easy to see that for any o € Aut(L), o(I;) = I. and 0(P,z) = P.z. Thus o(L) = L and
thus L is Galois over Q. Moreover,
TFrobyr i (p)7 = Froby /k (p),
but pp € P, z. Thus Gal(L/Q) is a generalized dihedral group. O

Exercise: 1. Let O, = Z + ¢cOk. Then O, is an order of K. Show that Pic(O.) = I./P, 7. Moreover,

MO M(Ox) = 5 TL0 = ol ™).
K ple

2. Ray class group and ring class group: Let L be the ring class field of conductor ¢ over K and § C Ok
its class field conductor. Then we have

Ok, if K=Q() and c=2, or K =Q(+v/—3) and ¢ = 2,3,
f=1<¢/2 Ok, if 2||c and 2 splits completely in K,
c- Ok, otherwise.

Note that Hy, ;3 C Hg, .2 does not imply cofcy.

We also denote the ring class field over K of conductor ¢ by Ho = Hg, .2 with O = Z 4+ cOg. Now
one can agk if there is a way to construct Hp explicitly?

Theorem 2.6. Let O = O, be the order of conductor ¢ (and thus discriminant dgc?). Then the field L
is generated over K by the real number j(O). Let ay,-, fay, h = #Pic(O), be ideal class representatives.

Then
h

Ho(X) =[[(X —j(a)) € Z[X]
i=1
is the minimal polynomial of j(O). Moreover, there is an algorithm for computing the class equation
Ho(X).



Note that for p { 4n, if p| disc H_4,(X), then (—4n/p) # 1 by During’s result on prime divisors of the
difference of two singular moduli (Gross-Zagier’s work further determines exactly which primes divide
such a difference). Thus we have
Theorem 2.7. Let n be a positive integer. There is a monic irreducible polynomial f,(X) of degree
h(—4n) such that for all primes pt4n, p = 2% + ny? iff (%L) =1 and fp(z) =0 mod p has an integer
solution. Furthermore, there is an algorithm for finding f,(X).

Proof. Take f,(X) = Ho(X). O

3. LECTURE IV: ARCHIMEDES’ CATTLE PROBLEM AND PELL’S EQUATION
One main result of this section is

Theorem 3.1. Let K be a real quadratic field of discriminant D and fundamental unit e. Then we have
2hi loge

WD|

Consider the equation: 22 — 14y? = +1 with =,y € Z. It is clear that the set of solutions to this
equation has a bijection to Oy for K = Q(v/14). We have continued fraction of 3 + /14 = [6, 1,2, 1]
with minimal period 4, so that [3,1,2,1] = 15/4 is fair approximates to /14 and gives the generator of

OF/+1,ie. 15+ 4y/14. In fact for any real quadratic field K, Oy = {£1} x Z. Thus there exists a
unique unit € > 1, called the fundamental unit, generates O}/ £ 1 and loge is called the regulator of K.

Res (e (s) =

Theorem 3.2. Let D =0,1 mod 4 be a positive non-square integer. For ax?® —bx+c € Z[x] a primitive
form with discriminant D, the following conditions (called reduced) are equivalent

e 0<VD-b<2a<VD+b,
e it has roots £ > 1 and &' € (—1,0),
e the continued fraction of & is periodic,say & = [ug, -, Ug—1)-

For example, ¢ =\/d + [Vd] if D = 4d and (14 vD)/4+[(—1++vD)/4] ifd=1 mod 4. Define

P-1 D-2 10 Dj-1 Pj—2 ug 1\ fur 1 uj—1 1 .
= s = e ,V Z 1.
(Q—1 Q—2> (O 1) <Qj—1 qj—2 1 0/\1 0 1 o0)"
z1+y1vV D
2

Then fundamental unit € = s equal to

e=E&q—1 + Q2.

Moreover, e’ = (—1)¢, i.e. x2 — Dy? = (—1)*4. The field Q(v/D) has units of norm —1 iff £ is odd.

Two reduced quadratic numbers of discriminant D are equivalent iff they are complete quotients to each
other (i.e. permutation in continued fractions). The set of all reduced quadratic numbers of discriminant
D has hp (narrow ideal class number?) equivalence classes.

Remark. Gauss did give the composition of forms, namely, we can also determine the group structure of
ideal class group using forms. To relates to ideal class group, the related equivalence relation of quadratic
forms is under the action of GLy(Z), for any v € GLy(Z),

yo (b?? b?) =dety -y <b72 bf) .

If one consider SLy(Z)-action, then the equivalence classes corresponds to narrow ideal classes. The
related equivalence relation among continued fractions should be given by

[ug, «+ - s up—1] ~ [u2i; Ugit1, - Ue—1,Up, -, Uzi—1].
Example. 1. There are 4 reduced form of discriminant 56:
(a,b,¢) =(2,4,-5), (5,4,—-2), (1,6,-5), (5,6,—1).
Computation
V1443 =1[6,(V14+3)/5] = [6,1, (V14 +2)/2] = [6,1,2, (V14 +2)/5] = [6,1,2,1,V14 + 3].

It follows that hp = 1 and € is the above one.
2. Let d € Z>1, then the fundamental unit of Q(v/1+ d?) is v/1+d? + d. The quadratic field
Q(1/62501), p := 62501 = 250%+1 is a prime = 1 mod 4, has ideal class group A isomorphic to (Z/3Z)2.
8




It follows that the quotient group E/C of its units F by cyclotomic units C is isomorphic to (Z/9Z).
This gives an example that for the field F := Q(¢,)", F/C[3*] and A[3*°] have the same cardinality,
but not isomorphic as Zs[Gal(F/Q)]-modules; however, Mazur-Wiles and Kolyvagin’s theorem implies
that they have the same Jordan-Holder series as Z3[Gal(F/Q)]-module.

The field Q(v/62501) has 43 reduced forms (a, b, ¢) and corresponding continued fractions [ug, w1, - - , ug—1]
as follows. (Note that the inverse of class of (a,b,c) is the one of (—¢, b, —a)).

1.[249,1,1]; (1,249, —125), (125,249, —1), (125, 1, —125);

2.[49,9, 1]; (5,241, —221), (25,249, —5), (221,201, —25);

3.[49,1,9); (5,249, —25), (221,241, 5), (25,201, —221);

4.[7,1,2,18,1]; (29,195, —211), (155,211, —29), (85,99, —155), (13, 241, —85), (211, 227, —13);
5.[7,1,18,2,1]; (29,211, —155), (211, 195, —29), (13, 227, —211), (85, 241, —13), (155, 99, —85);
6.[3,2,14,3,1]; (59,161, —155), (107,193, —59), (17, 235, —107), (65, 241, —17), (155, 149, —65);
7.1,3,14,2,3); (155,161, —59), (65, 149, —155), (17, 241, —65), (107, 235, —17), (59, 193, —107);
8.[7,2,3,2,1,1,1]; (31,211, %), (103,223, %), (65, 189, x), (85,201, %), (127,139, x), (97, 115, %), (145, 79, *);
9.[1,1,1,2,3,2,7]; (145,211,%), (97,79, %), (127,115, %), (85, 139, %), (65, 201, x), (103, 189, %), (31, 223, )

There is a famous problem involving the unit group of real quadratic field. The Archimedes’s Cattle
problem: Compute, O friend, the number of the cattle of the sun which once grazed upon the plains of
Sicily, divided according to color into four herds, one milk-white, one black, one dappled and one yellow.
The number of bulls is greater than the number of cows, and the relations between them are as follows:
(Let W, B, D,Y (resp. w,b,d,y) be White, Black, Yellow, Dappled bulls (resp. cows), respectively,)

1 1 1 1 1 1
W=|(=+-)B+Y, B=|-+-|D+Y, D=|=-+4+-|W+Y,
(2+3> + Y, <4+5> + 7Y, <6+7> + 7Y,
and moreover,

w_(;+i)(B+b), b_<i+;>(D+d), d—(;+é>(Y+y), y—<é+;>(W+w).

If thou canst give, O friend, the number of each kind of bulls and cows, thou art no novice in numbers,
yet can not be regarded as of high skill. Consider, however, the following additional relations between
the bulls of the sun:

W+ B=101, D+Y=A
(where O, A represent square number and triangle number, respectively. ) If thou hast computed these
also, O friend, and found the total number of cattle, then exult as a conqueror, for thou hast proved
thyself most skilled in numbers.

The first part of the problem is just linear algebra.The number of (homogenous) equations is one less
than variables (and in fact the equation are independent), thus the general solution (W, B, D, Y, w, b,d,y) =
t(Wo, Bo, Do, Yo, wo, bo, do, yo) must be a common multiple ¢ € Z>; of the minimal one. The last two
conditions tell us that if denote (Bg + Wy)? by its square-free part,

t=(Bo+Wo)%?  1+8(Do+Yy)t=2a"
Thus we obtain a Pell equation
2% — 8(By + Wo)*(Do + Yo)y? = 1.
It turns out that
(Wo, Bo, Do, Yp) = 4657 - (2226, 1602, 1580, 891).

and then (Bg + W)? = 3-11-29-4657 and Dy + Yy = 7 - 353 - 4657. Thus reduced to solve the equation

22 —dy? =1, whered=609-7766 =2 mod 4,

z,y €7, 2-4657|y.

Let € > 1 be the generator of the related unit group. We choose minimal n such that €™ gives a solution
(Tn, Yn) with 2-4657|y,,. It turns out n = (465741)/2 = 2329. Nevertheless, the core part of the problem
is to calculate e. Amthor found the period length of continued fraction for d is 92, and the generator is

109931986732829734979866232821433543901088049+50549485234315033074477819735540408986340V/d.
The regulator is R ~ 102.101583.



Remark. Even though it is not easy to write down the fundamental units € of a real quadratic field
K = Q(v/D) with discriminant D > 0. But one can easily show that K ¢ Q((p) and write the following
unit in K, called cyclotomic unit

ni= Y, (1=¢p)e, (p =P
(a7 D7)

Theorem 3.3. Let K be a real quadratic field with fundamental discriminant D > 0. Let € be its
fundamental unit and n the cyclotomic unit. Then

_ 2h
n=e-,

where h is the class number of K.

The proof of this theorem involves L-functions.

Theorem 3.4. Let K be a real quadratic field with fundamental discriminant D > 0. Let € be its
fundamental unit and n the cyclotomic unit. Then we have

2

° ljzelng(s) = @ -loge - h;

* Res(re(s) = 75 ~logn.
Let b

LT . Ta
Mo = H smB/ H smEEOf(HRZl.
0<b<D/2,x(b)=—1 0<a<D/2,x(a)=1

Then 1y = €.

‘We will show the above result in the next section.

Exercise. Let D =1 mod 4 be a positive square-free integer. Then the quadratic residues modulo D
cluster at the beginning of the interval (0, D/2), and the non-residues at the end.

At the end of this section, we include here Dirichlet’s theorem on units of general number fields.

Theorem 3.5 (Dirichlet). Let K be a number field with r1 real embeddings and ro pairs of complex
embeddings. Then Oy is finitely generated abelian group of rank r :=ry + 1y — 1.

Proof. Note that the group homomorphism

0: 05 — RH72, x — (log|o;(x)

67;)
(where e; = 1,2 according to o; is real or complex) has discrete image in the hyperplane H : ", z; =0
of R™*72. 'We now prove that (O} ) is actually a full lattice in H, i.e. of rank rq +ry — 1.
Consider the embedding
c: K —R" xC*.
Let C' > 0 be a constant such that for any ¢; > 0,1 < i <y +ry such that [[/1, ¢ H;; t%H_i = C, then

il <t} # {0},

(Since the volume of the above symmetric domain is 2" 7"2C). Fix ig : 1 < ig < rq + 79, take 0 # a,
belong to the above intersection with ¢; = 1/n, # ig. Then it has a subsequence a,,,k =1, -, such
that

o |oi(an, )| is decreasing for all i # ig;

e (ap,) are the same principal ideal of Ok.

Ox N {(xi) ER™ x C™

Then €, := an, /oy, € O such that log|o;(e;,)| < 0 for all i # ig. Thus log |o;(e;)| for a matrix of rank
r =11 +79— 1 and then €y, --- , €, are linear independent in OIX(. O

Exercise. Let 0(t) = >, e~ = ¢=1/29(4=1). Study Riemann zeta function

((s)=> n*=JJ0=p")"",  Re(s)>1.

n=1 p

Show that it is absolutely convergent on Re(s) > 1, and satisfies

P52 = [ 600 - 02,
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from which, deduce the meromorphic continuation, functional equation, and residue formula at s = 1.
How to generalize to Dirichlet’s L-series?

Exercise. Read Bump’s book, the first section and exercises 1.1.1-1.1.2.

Appendix. If a,,b,,n > 1 are two sequences of complex numbers, A,,, B, their partial sums. Then
N N-1
Z anby, = Anby + Z An(bn - bn+1)~
n=1 n=1

If the Dirichlet series Y ann~*° converges for some s = sg, then it converges for any s with Re(s) >
Re(sg), uniformly on any compact subset of this region.

Proof. Write P,(so) = > p_, agk™*°, then

n n—1

Sk k(0 = Py (so)n (0 4 3T Py (o) (k50 = (k1) 20)) = Py (s0) (m-1) ()
k=m+1 k=m+1

But k+1
1 1
— — _ 7(8750+1d

kS—SO (k+ 1)5_30 (5 50)/k x T

whose absolute value is easily estimated. O

2. if there exists C,o > 0 such that
|A,| < Cn?, vn.

Then the abscissa of convergence of Y a,n~* is < o.
Proof.
n—1 k+1
Po(s) — Pp(s) = Apn=° + Z Ap(k™ = (k+1) "= A+ Y / 2=t g,
ktm+1 ktmt1 P
It follows that for Re(s) > o + ¢ with § > 0,
|Po(s) = Pp(s)] <Cn=° + Cls|6~ (m +1)7%. O

Example. We obtain the analytic continuation of {(s) to Re(s) > 0.

(1—27C)g(s) = S (-1,

n
4. LECTURE V: EISENSTEIN SERIES AND CLASS NUMBER FORMULA OF QUADRATIC FIELDS
In this subsection, we show class number formula for quadratic fields.

Lemma 4.1 (Possion formula). Let f € S(R™), then we have

IIGEDINIG!

£ezm £ezn

where f is the Fourier transformation of f defined by

]?( ) f( ) 2mie >dy7 <l’,y> = leyz

R

Proof. Let ¢(z) = >, f(x + &), which is periodic w.r.t Z", and therefore admits a Fourier expansion
o(x) =, ezn a,e2™ ) with

0 = / om0 d = [ a0 dr = foo).
R /Zn

Thus we have the equality
Yo S+ =) flperiine,
£ezm neLm™
Evaluating at x = 0 gives the Poisson summation formula. O
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Example. Let Q be a positive definite quadratic form on R”. Then f(z) := ¢~ "?®) ¢ S(R™). Let
Q(r) = 2' Ax with A positive definite symmetric and Q'(z) = 2'A~'z. Then

Fla) = Vdet A e 2@ @),

Proof. Let A = *BB, then the Fourier transformation of f(z) = e="2®) is (let ¥ (t) = >, and note
that the Fourier transformation of =" s itself):

For= [ emrmnsCayae= [ e Oy B ey Be)ay = [ e (B )y

n

= |det B| "l ™ ' BTIOCBTIE) - deg(A) 12T 0w, 0
In particular, the quadratic form of 2 variables
_ em+yP
QT(m’y) T Im(T) ; TEH

has discriminant —4 so that the Fourier transformation of e="@7(@:¥) ig ¢=7T@+(=4:2) Tt follows that

@T(t) — Z e—ﬂtQT(nL,n) —— Z e—ﬂt71Q7(7rL,n) — t_l(")-,-(t_l).

(m,n)€z? (m,n)€z?

Remark. Let (V,q) be an Euclidean space over R and A C V a lattice. Let AV its dual. Let dz be the
Haar measure such that the lattice spanned by an orthorm=normal basis has measure one. Define the
Fourier transformation by: for any f € S(V (

/ f 7271'2 (z y

> = Vol Z i

AEA

Then

Proof. By choosing an orthonormal basis of V', we may identify V' with the standard Euclidean space,
and dz with the Lebesgue measure. Let A € GL,,(R) be such that A = AZ". Then

Vol(A) = | det 4], A =tA~tzn,
The desired equality is equivalent to the Poisson formula for the function g(z) := f(Az) and g(z) =
VO%(Af(tAflx). O
Theorem 4.2. The Eisenstein series
1
_ - -
E(z,8) =7 °T(s) - 5 Z
(m,n)#(0,0)
is absolutely convergent if Re(s) > 1, has meromorphic continuation to the whole s-plane; it is analytic
except at s = 0,1 where it has simple poles. The residue Resg—1 E(z,8) = % independent of z. The
Eisenstein series satisfies the functional equation
E(z,s) = E(z,1— s).

Moreover, E(x + iy,s) = O(y?) as y — oo where o = max(Re(s),1 — Re(s)). The function E(z,s) in z
is automorphic i.e.

Im(z)®

Tz + 2 zeH

E(vz,s) = E(z,s), Yy € SLa(Z).
Proof. For z € H and t > 0, let

|mztn|?
0.(t) = Z e T e
(m,n)€Z?
It follows from the Poisson summation formula ©(1/t) = t©(t). Thus we have

Bes) =3 [ (00 -1
:;/100(@(15)—1) dt+;/o (o) -1 d
=%[ @@—Uﬁ%+%ﬁ @w—nﬂﬂﬁ+;<]—l)

t s—1 S
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This gives the analytic continuation, functional equation, and residue formula of E(z,s). For the infor-
mation about the behavior of E(z, s) in the neighborhood of the cusp, see Bump’s book: automorphism
forms and representations, proof of Theorem 1.6.1. O
4.1. CNF of Imaginary Quadratic Fields. . Let Q(m,n) = ax? + bxy + cy?, a,b, c € R be a positive
definite forms of discriminant D < 0. Let zg = % € H, then

fsr(s)é > Qm,n)* = (VIDI/2)E(z2q, s).
(m.,n)#(0,0)

L |mz—&-n\2 . ..
Note that for any z € H, then Q,(m,n) := == has discriminant —4.

Im z
We associate to a positive definite form Q(x,y) = ax? + bxy + cy? of discriminant D the integral ideal

b+ D b+ /D
+2\F]:Za+Z +2f7

whose norm is @ and its ideal class is denoted as A. Thus b := [a, (—b +v/D)/2] € A~ has also norm a.

C(A;s): = Z Na™ % = Z (N/\b_l)_s

a€A,aCOx AEB/O)

1 s —2s
= o > A2

0ANEZa+Z(—b+vD)/2

= i Z Q(man)is'

YK (,m)%(0,0)

[a,

Thus

2

Qi

The meromorphic continuation and function equation of E(z,s) implies the meromorphic continuation
of (x and functional equation

s/2 s
Ex(s):=+/|D] " 202m)"°T(s)Ck(s) = Ex (1 — s).
Moreover, Taking residue at s = 1, we have that

2
Res §) = ———— - hg.
SleK() wre /D] K

4.2. CNF for Real Quadratic Fields. Let K be a real quadratic field of discriminant D > 0 and €
the fundamental unit. Let A be an ideal class of K and b € A~. Let

[ dv o T(s/2)
e(s) '_/0 (e +e-v)s  2I(s)

(We do not need the last equality). For any real a,b such that ab # 0,

1 ( )_/Oo dv
|ab|s cas) = oo (a26v+b26—v)s'

Let A be an ideal class of K and b € A~. We have
1 1 (Nb)*®
A = —_— - -7
¢(s,4) Z (N(Ab—1))s 2 Z INA®

A€b/O% AEb/cZ

and if let A = Nby/D = disc b and write X’ for the conjugation of |lambda € K, then
S S 1 S
2D Pe(s)((s, A) = > C(S)W(m)

AEDb/€r

= (24)°
Z /oo ()\261)_1_)\/26—1))5(1’0

Acb/ez )~

Z /loge (QA)S p
= 7 v
= Cloge (AZGU +)\2€7v)s
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Choose b = Z + Zw with w > w’, then let @, be the quadratic form

1
Qv = ﬂ(
then the discriminant of ), is —1 and thus we have

mw +n)?e” + (mw' +n)e”"

log e
2S+1D5/26(s)7rfsf(5)1<(5, A) = / 77751“(3)% Z Qy(m,n) " *dv

2 ~loge (m.n)#(0,0)
log e
= / 2°E(zq,, s)dv
—loge
Thus we have that
loge
7S D20 (5/2) e (s) = 23 / Blzo,,s)dv.
Q —loge
Taking residue
_ 2hloge

Res (ke (s) = 75

5. CATALAN’S CONJECTURE
For general number fields K, Tate’s thesis gives a proof, via Harmonic analysis, of meromorphic
continuation and functional equation of L-series of any Hecke character over K, together with formula
2" (2m)2hk Rk
wi -/|Dk|

We will see how the Galois structure of ideal class groups and unit groups, together with the refinement
of the CNF, play an essential role in the proof of the Catalan’s conjecture.

Repxs) =

Theorem 5.1 (Catalan’s Conjecture). The equation

aP —yl =1
P:q € L>2, x,Y € Lxo
has no solutions (x,y) in positive integers other that the ones given by (£3)% — 23 = 1.

The cases of ¢ = 2 and p = 2 are proved by Lebesgue and Chao Ko, respectively. Then to prove the
conjecture, it reduces to the following

Theorem 5.2 (Mihailescu). Let p,q > 2 be two distinct primes. Then the equation
aP —yl =1,

(*)
z,y € Z\{0}

has no solutions. (We call the above Diophantine equation (x) the Catalan’s equation.)

From now on, we assume that x,y is a solution to the Catalan’s equation and derive a contradiction.

5.1. Cassels’ result: elementary number theory. We start with the following result of Cassels
(whose proof will be given later) according the v-adic properties of x,y for v = p, ¢ and oco.

Proposition 5.3 (Cassels). Assume that (z,y) is a solution to the Catalan equation. Then we have

(1) qlz and ply;
(2) =1 (modpq_l) andy = —1 (modqp_l);
(3) |z] > max(p?~' (¢ —1)7 =1, ¢"~" +¢) and |y| > max(¢"~*(p — )P — 1, p?~" +p).

Proof. If pty, then (ac -1, ﬂ”::ll) =1 and therefore x — 1 = a? for some a # 0, —1. Thus

(aq + l)p - yq = 17
or

y=((a?+1)? —1)Y9=aPF(a™9), with F(t) = ((1+1t)P —tP)}/2.
14



If ¢ > p, the decreasing function f(y) = (a?+1)? —y? has f(a?) > 1 and f(a? +1) < 0, a contradiction.
(Thus we have ply if ¢ > p, and similarly, ¢|z if p > ¢). Now assume p > ¢, let Fy, be deg < k-partial
sum of the Taylor expansion of F' around ¢ = 0, and consider rational numbers:

B = Bri=al (F() = F(0)| _ k>0,

It is clear aqu(a_q) € Z. But if k < p, then F}, is the same as the deg < k-partial sum of the Taylor
expansion of (14 t)P/9, i.e. Ef:o (péq)ti. Thus for p/q < k < p, 8 € Z[g™'] is a g-integer. Its g-adic
valuation is ord, (?/?) = —k — ord, k!. Thus we obtained a lower bound of :

|ﬁ| > q—k—ordq(kl).

On the other hand, since g|z, consider the decomposition

yr+1
1) — 2P,
(y+1) 1
It follows that a1
y+1=¢q"" ", g;j-_1 =q”, z=qu.
Thus a1
_|_
p—1 1’ y — = P_l
¢ y+ ST q(vP = 1),

and vP» =1 mod ¢P~2. Since (Z/qP~2Z)* = Fx x Z/qP~37Z, together with (p,q — 1) = 1 since p > ¢, we
have v =1 mod ¢?~2. Thus |z| > ¢! +¢. For k = [p/q] + 1, we have
|t|k+1

|F(t) - Fk(t)| < ma

Vvt eR, |t < 1.
The bound of = implies that

1Bl <

alr
(Jalt 12 = Ja[1 — 2

< ql—p < q—k—ordq(k!). 0

5.2. Selmer group and the element [z — (]. Let ¢ € p, be a primitive root of unity and K = Q(¢).
Then Z[(] is the ring of integers in K. Decompose the equation 2? — 1 = y4, one has

[[@—¢ =y

a

If a prime ideal [|(z—(®, £—C?), then [|((*—¢?). Taking a, b distinct modulo p, we have that [ = p := (1—()
the unique prime ideal of K above p. It shows that ¢|ord;(z — ¢) for all [ # p. By Cassels’ result x = 1

mod p?, we have that
z—¢
Ordp <1<> =0.

Define the g-Selmer group (of Z,(1)) over K

Sel(K, ug) := {[a] € K*/K*? | (a) = a? for some ideal a of K} C H' (K, ).
Here for a € K* we denote by [a] its class modulo K*3. We have see that the class ¢ of %_g modulo
K> belongs to Sel(K, pq).

Then the map [o] — the ideal class of a gives rise to a well-defined surjective homomorphism
Sel(K, pny) — Clglg]. Its kernel is clearly O /Ox? Then we have the short exact sequence of
R :=TF,[A]-modules, (here A = Gal(K/Q)),

1— 0% /OxT — Sel(K, pg) — Clg[q] — 1.
Some variations of Selmer groups are also useful. Define
H:={[a] € K*/K*7| (a) = a?p" for some ideal a of K and n € Z} C H'(K, 1)
It is clear that [z — (] belongs to H.
Remark. Recall for the equation y? + 14 = 23, let K = Q(1/—14) and consider the class ¢ := y +/—14
mod K*3. Since (y ++/—14), (y — v/—14) are coprime, we know that (y + v/—14) = a® for some ideal a,
thus € € Sel(K, p3). In the short exact sequence

1 — 0% /0% — Sel(K, pu3) — Clg[3] — 0,
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we have that Clg[3] = 0 since Clg = Z/4Z and O /O}* = 1 since O} = {£1}. Thus Sel(K, 3) = 0.
However, look at the class of y++1/—14 in Sel(K, u3) C K* /K>3 must be non-trivial, since one can show
that y2 + 14 = 2 has no integral solution by showing that any elements in K*? can not have /—14-
coefficient 1. In our situation, the minus part of [z — (] play the similar role in Catalan’s conjecture. Let
x — T = (x) denote the complex conjugation.

Theorem 5.4. Let p,q > 3 be two distinct prime and x,y non-zero integer solution to Catalan’s equation
2P —y4 = 1. Then the minus part (x — ()~ = (x — ()'=* of x — ( is non-trivial in H. Therefore,
Clglgl 2 H- #0.

Proof. The proof is by p-adic argument based on the fact # = 1 mod p?~!. The following lemma is
obvious.

Lemma 5.5. Let o, 3 € Ok such that a — 3 € Oy and a/B € K*1. Let /1,319 € K be q-th roots of
a, B, respectively, such that al/q/ﬂl/q € K. Then

v o= (al/q _ Bl/q)q c O[X(
independent of the choice of these q-th roots.

Assume now that [(z — ¢)7] is trivial in H (actually [z — (] € S~ C H™). Let v € O be the unit
constructed in the above lemma by taking

a:ﬁ, *le—g'

Thus N(y) = 1 since K has no real embedding. Using 2 = 1 mod p?~!, we compute the N(v) in the
totally ramified extension Q,(¢)/Q, such that the p-adic argument will produce a contradiction.
Let m = ¢ — 1 a parameter of Q,(¢). Let u = (z — 1)m~!. Then

a=1+pu, B:_C(1+ﬁ)a
with p?=tz|u, i. We may choose above g-th roots of , 8 in K, as below:
1/q\ St - 1/q\_;

= (14p) = =1 mod "= (=C(14m) = e ‘' =_1 mod .
w = (1+4) ;(l>u mod m,  w' = (=(¢(1+x) ¢ ; ;)R mod
These choices work since the unique element § € K™ with 67 = = — ¢/x — ( satisfies § = —1 mod 7
(since 09 = —1 mod 7 and 1 = §6 = §? mod 7).

e Considering 1 = N(w — w’)? mod p?, we have

(-1 —-q)

Nw—wH)=1
(w—w") + 2%

mod (7(xz — 1)),

which implies p|1 — ¢ and
w—w =1+p/q)+CYI(1+7/q) =14+ mod 2.
e Considering 1 = N(w — w’)? mod 3, we further have

(1-g)(z—1)* 1-p?
2q 12

which implies p?=t|73(q — 1)/3, a contradiction. O

mod /3,

Nw—w)?=1+

Corollary 5.6. If Catalan’s equation has solutions, then p,q > 41.

Proof. Assume that p < g. We have that the minus class number h, is equal to 1 for p < 19; for
p=23,29,31,41, h, = 3,8,32,37,112, respectively, which is not divisible by ¢ > p. O

Example. 1. Prove that Q((,) has class number 1 for p = 3,5,7. 2. There is an example with p|h, and
qlh, -
hp, =5-139,  hiyy = 3%-47-277%. 967 - 1188961909.

Theorem 5.7. Let p,q > 7 be distinct primes and G+ = Gal(Q(pp) " /Q). Then Fy[GT]-annihilator of
[z — )t [(z = Q) (x — Q)] is trivial.
The proof is via a oco-adic argument based on the fact that |z| > ¢~ +q.
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Proof. Since x =1 mod p, there is an element 6 € Z[G] such that its reduction to F,[G] is the product
of (1+¢) and a lift of £1) to F,,[G] with the following properties:

ne = Ny, for all o € G;

ne > 0 for each o € G

Yo Mo = myq for some integer m satisfying 0 <m < (p —1)/2;

(x — ()% = a9 for some (unique) algebraic integer o € Q(¢)™.

We need to show that ¢|n, for all o. If m = 0, nothing to prove. We now assume that m > 0. Note that
any non-zero element has at most one ¢g-th root in K*. Fix any embedding of K into C and consider
the real number (since K> N K1T* = K1tX9),

(z — )0/ = gdes0/a(1 — ¢z=1)0/a = gdeg0/ag(p—1),

where G(z) = (1 — (t)?/4 is defined to be the analytic function around t = 0, via a fixed embedding
C+ (L eR, write = Y ny0a,

o =TI> (nz/q>(—<“)ifi -y Z 11 (na/q> ¢y Z e

a =0 k=0 \> i,=k a
where /
_ k' k (na q> a iq
E%EI
Z H i Hna Ng — (na — (lq — 1)‘])(_Ca)ia
Sia=k a a

= (— Z naC“> mod ¢
Note that ¢ is unramified over K, we will show that ¢|a,, for m = degf/q. Let
Bim g (G~ G(e) € Ok, B=am mod g,
and we show now that 3 = 0. Comparing G(t) and H(t) := (1 —t)~*, we have

| |—m+1)( -m )(1 _ |x|—1)—m—(m+1) <1,

81 < gt (H (o] )= Hua] ) < g™ ol Y

where the last inequality follows from |z| > ¢P~! + ¢ and the assumption 0 < m < (p — 1)/2. For any
o€ G,

((1 - ggg—l)@/q)” = (1- ¢z 1) ¢ K+,
By the same argument, we have |39] < 1 for all ¢ € G. Thus 8 =0 and ¢|a,. O

5.3. Stickelberger Theorem and Minus argument. Define the Stickelberger element © and Stick-
elberger ideal I in Q[G] b

0 :2{2}0;1, I =7Z[GNZ[G)O

One can show that I is generated by

O =(a—0,)0 =) [} oty (a,p)=1.

b
and (1 — ¢)I is generated by

(1= )(usr —0),  1<a<(p-1)2

It is easy to see that odd prime ¢ (1 —¢)fs.

Theorem 5.8 (Stickelberger). I C Anng ;) (Clk). In particular,
(I®F,)~ € Anng (g)Sel(K, 1)~

Theorem 5.9. ¢°|x and p*|y. Therefore locy(x — ()t € KX9.
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Proof. Let 6 = (1 — )0 so that q 1 6. But by Stickelberger’s theorem (1 — (x)? = b? for some b € K*.
Since g|x, b7 = 1 mod q and therefore b = 1 mod ¢>. Now we have ¢ {6 and (1 — ¢z)? =1 mod ¢?,
which implies ¢?|z. Similarly, p|y and Stickelberger’s theorem also implies p?|y. U

Theorem 5.10. ¢ < 4p? and p < 4¢®. Therefore g{p—1 and ptq— 1.
Proof. Consider the injective group homomorphism:
{0 (1-7Z[G]| (x— ) e K} — {a € K* | |p(a)] =1, Vo: K - C}
which maps 0 to o = ap with o = (z —)?. We will estimate N (cp — 1) for 6 # 0 in terms of ||| where
for 0 =3 canoo, 10l =3, cq ol

(1) the norm of the denominator J of (ay) gives a lower bound of N(ap — 1) > N(J)~1:
Write (ag) = ‘17/ with J and J’ integral coprime, then N(J’) = N(J) and

(JI)e = (I] (@ =)™,

ceG

thus

L6l (p=1)
a .

N(ag=1) = N(J)™" > (Jz[ +1)7 2
(2) On the other hand, since |¢(ap)| = 1 for any embedding ¢ : K — C, we have

| arg(o(ag))| = | log(iw(ag)?)| = [log(1 — ¢(¢)/2)’|(principle branch) <

thus there exists a g-th root of unity ¢, € p; C C such that

) o]
[o(0) = Gl < o

Now assume that g > 4p?, by Stickelberger theorem, there exists at least ¢ + 1 elements # € I~ with

|- < %, where I is the Stickelberger ideal. Thus by box principle, there exists § € I~ such that

(note for any ¢, |p(ap) — 1) < 2)

2 3
) L with o)) < 2L
) p—

_ 9|
N(ayg —1)] < 2P71 1
[N(ag —1)] < (q ;

(lz] =1
The above upper and lower bound for N(a — 1) is contradict to the conditions ¢ > 4p?, together with

|z| > ¢?~! and p,q > 5. O
5.4. Thaine’s Theorem and Plus argument. We have the following theorem.
Theorem 5.11. Let K = Q(u,) with p odd prime, and KT the mazimal totally real subfield of K. Let
E = Oy, C its subgroup of cyclotomic units, and A% the ideal class group of K*. Then we have

e (Kummer) [E: C| = |A"|;

o (Mazur-Wiles, Kolyvagin) Let qtp—1 be a prime and x : AT — qu any character. Then we

have that the g-parts of E/C and A' have the same Jordan-Holder series as Zq|G™]-modules,
or equivalently,

[Ex : Cx] = |A;|

Here for any Z[A]-module M, let M, denote M ®gza) . Zq[Im x]. It follows that for R :=F,[A%]-
modules E/CEY and AT /qA™, we have

Anng(E/CEY) = Anng(AT /qA™).

An element o € K* is called p-unit if («) is supported on the unique prime of K above p. There is a
version with p-units, which we will use later.

Theorem 5.12 (Thaine). Let E,C be p-unit and p-cyclotomic units of K. Then we have that E/E? is
a free R :=TF,[G*]-module of rank one and

Annp(E/CE?) € Anng(AT /gAT) = Anng(A*[g)).
18



Now we give the proof of Catalan’s conjecture. Assume p > ¢q. We already have that F,[GT] is
semi-simple. Consider the exact sequence

0— E/E?— Ht — AT — 0.
By Thaine’s theorem, rigidity of (& € H, and loc,&™ = 0, we have that
Anng(CyE9/E9)Anng(E/CE?) = 0,

Here Cy = {2z € C | locy(x) € KJ9}. The fact that E/E? = R implies Anng(CE1/C,E?) = R, ie.
CE? = CyE4. But this is impossible when p > g.
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