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“twisted band” Boundary
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Normal
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?g Conduction band /

Valence band N=0 N=1
ks

Cut:

Boundarv State No adiabatic connection
y between two sides
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L5 (] R
£ H(F) =HGF+R)
b
3 -
Bloch State: Uk (r) = e® Ty, (r) H(r)nk(r) = cpxtnk(r)
fizZsiE (EhEZSED - 4 Hyc = e " He'™
E—HERX) Ky Hye(r) e (1) = € pictinic (1)
kaﬁ)b
Gauge Freedom: [tri) = ¢! ) |tnk)

Hylul,) = €niclun)




—. ¥A*¥PZE : Berry connection & Curvature

K-space as the parameter space:

Connection: A, (k) = (k| Vi|tnk)

Gauge dependent Al (K) = i(ul, |[Vi|uli) = An(k) — Vio(k)

Curvature: Q,(k) = Vi x A, (k) = i(Vitnk| X |[Vitnk)
Gauge invariant €2y, (k) = Vi x A/ (k) = Vi x A, (k)

Symmetry: , (k) = Q,(—k) for inversion symmetry
Q

n(k) = —Q,(—k) for time reversal symmetry

0, (k) =0  Forsystems with both T and I




—.\ #HIMZEE: Gauge Field

Gauge covariant position operator: X (=10 6~ A, (k)
Commutation relation: [le“ 331/] — JT",uz/

FIJJ/ — 8[{;“141/ - 8kuAIJI

Curvature can be written in anti-symmetric tensor form:

0 0

€uveline = Fnpw = 8—An,l/(k) T Ok

Ok, ' Ok, Ok, ' Ok,

€€ is the Levi-Civita antirsymmetirc tensor, and

Qn,z — v n,xry




—. AP T = Magnetic Field in K-space

Key quantity: 2K =V, xA®K) =V, xi(u,

Vk‘unk>

A(K) : Berry connection, « , :periodic part of Bloch function

can be viewed as magnetic field in k-space

[ Sundaram & Niu, et.al, PRB (1999); Jungwirth & Niu, et.al, PRL (2002);
Fang, Nagaosa, Tokura, et.al, Science (2003); Y. Yao & Niu, et.al. PRL (2004)]

Analogies

Berry curvature Magnetic field
Q(k) B(r)
Berry connection Vector potential

- - J -
A(k) <1p|zak|zp> (r)

Geometric phase Aharonov-Bohm phase
i« A(k) = [[ d*k (k) $dr e A(F)= [[d’r B.(F)
Chern number Dirac monopole
ﬁ;dzk Q. (k)= integer SﬁSer B.(F)=integer h/e

Equation of motion:

1 9e(k)

r ~kxQ(k
n ok
- Anomalous
hk = —eE(r) —erx B(I') velocity

29~z e o (F
.\,.-laki A;(k), [.\,y] iQ_(k)

I

Anomalous Hall Effect



—\ HhIMEE:

AWM E:, Hall Conductivity

B
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—

Hall conductivity:

For 2D insulators:

3
o = —evg = 62/ () (e x 2 (K),

f (k)=1 or 0

3
Z /B . (gﬂkgfn )(E x Q2,(K)),

d*k
Z /B 10 By s (k)

d?’k
T, s

e? d*k
) DY = AL

2

e 2
—_— k an k

n(oce)



—. #AFPZTTE: Chern Number

Chern theorem: / Qk)-dS =217 Z=interger Chern number
S
2D Brillouin Zone:
T
Ky
~ -
kX
R
Quantization: / d?kQ, (k) = / Q(k) - dS
BZ S

e2 2

€
Ogy = —% X 2m/ = _FZ



FhFM 2= Chern Number as

Wannier Center

ky L IQ
2T K,
\!&l/
- =
0 Ky

27 = — //dk:dk (O, Ay — O, Ay)

:/_de O, (/_ dky Ay (ks ky))

= /_ 7; df (k).

Berry Phase: P, (k) =

On(ky) 1 [T
= dk, Ay (ke k
2T 2T /_7r al v)

: 1
Wannier Center: #(k,) = (nRy—o. ky|&[nRu—o, ky) = i

(2m) J-

Winding Numer N

s

dkz (unk|Vi, [unk) = Pa(ky)



—. HAiIMZEE: T-symmetry and Z, Invariant

NoT <

Invariant: Z,=7 mod 2

(a)
o ( H
; ) Y v
(b)
. Chern l TRS l
\. = Instulator
0 2
(©
( \
0 T .ﬁt

(d)

Energy>

Conduction band

>

Valence band

Z,TI

ks

Ref: (1) Hasan & Kane, RMP (2010).
(2) Q1 & Zhang, RMP (2011).

Z, Tl can be extended to 3D!




—. #HAiFP T = Magnetic Monopole and Weyl node

Any 2x2 Hamiltonian:  H(k)= f(k)-6 = f.(k)o, + f(k),0, + f(k),O,

. L L k., k —ik,
Simplest Case f(k)=+k:  H(k)=+k-0== . ><
ko+ik,  —k

<

Weyl nodes: Magnetic MonopoIeS'

1) Topological Objects Q) =V, % Alk) = +|k_|3 Vi

(1)
(2) Gapless, no mass term % -%4
(3)
(4)

3) Chirality x (left or right-hand)

— P Qk)-dS(k
4) Protected by translation Eﬁ (=0

(k must be well defined) Q—magnetlc Charge

Fang, Science (2003).




—. #AiFPM T = Topological Invariant for 3D Metals

Definition: 2L Sﬁ Q(k)- dS(k) = C,, O RS
T Fs

Ces=0, normal metal g I %

Crs#0, topological metal

if E; at node (k=0) =» topological semimetal
Volovik, JETP (2002).

Notes: 7. &?Zﬁfﬁg (()égiz)
(1) |Q| can be more than 1
(2) +Q & -Q monopoles have to appear in pair in lattice,
but may separate in K.
(3) +Q & -Q monopoles can annihilate.

(4) Defined only for 3D k-space




=. #h¥M=EF7S: Momentum Space
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2D 3D
T-broken T-invariant T-invariant T-Broken
Kondo
QHE QSHE Topo. Band Insu.
QAHE Anderson
Mott ... Semi-metal
- Weyl points
?}C{lﬁf\} States 79 v Surface States (in bulk)
Z2
Chern number, Z ‘
BEFERMKN EFERERY N
DRt 3D#R MBS hitER
Z#0 Z,#0 Z,#0 Crs#0



thifMEF7S: Integer Quantum Hall Effect

AR R T IR
HANAYNEFINR !
apy—a 4+ 2 8 T 7 U
@)B A Pox 5ot * Py
O’ kQ¥sq 25 g 1°# hie?
O Dissipationless edge 2ol 1.,
E%/J'L, &EEE 15F
| 102
v 05 J \
ZDEG 0'00 ; 4 .(Ia Els 110 1I2 1’4 00
Magnetic Field (T)
Edge states g\grey £ () Edge states Quantization
N \J O ey o
K. Von Klitzing, et.al., PRL(1980)
. Bqu states Py 4
EF :;':‘\ “““““““““““““““““““
& Landau Levels
| ooooooooooooooooooooooooooooooooooooo |
>
B ygo ke el
¥, we™ D, (v-y,). V= s > B
N.yg N S0/ J0 (?B

Quantum Hall Effect

Hall Effect Ppa = RoB



v HHFIMEFES: IQHE

Z-number for T-broken QH or QAH insulators (2D)

k

. Wlndlng Numer N
o Oxy_ fQ (k)dk——n—
) / - \>/\) 2mh s, h
0 : K, \\\:Lf/// n=Chern number
27,
TKNN, PRL (1982): = Y - - / d*k (<8k1 8k2> _ <8k2 = >)

bands

Haldane, PRL (1988): Lattice Model (Honeycomb);

Onoda & Nagaosa: PRL (2003); S. C. Zhang: PRB (2006); PRL (2008)

Realization: Fang &Dai, Science 2010 (Theory); Xue, Science 2013 (Exp.)
( Cr-doped (BiSb)Te; thin film )
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. #¥h¥MEF#%}: Band Inversion Mechanism N'e

Guidelines:

1. Semiconductor with inverted band structure
2. Strong SOC

Z, Topological Insulators:

Gap opening
due to SOC

2D Chern Insulators:

v | Gap opening i Hepp(k) = [%((11:)) %[_(EZ;]

- due to SOC +
Ei(k) = Fm+k?

/\/\ M(k) = (k; + ik,)"

+ €
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Matrix element:

Berry phase: 7(ki) =1Im [

v hFIMNBFHAHE}: First-principles Calculations

Vm,n(k) — (¢mk|V|¢nk> -

J—1

j=1

QO

1
;.L(UmkIVkH(k) |tUnk)

In det H (un,(kL,kj) |Um,(k¢,kj+1)>]

or Wilson Loop method to avoid the gauge-fix condition

T

— — ————————————

— e
— - -
_
7* — T T — —
—_—

dky Ay o (ks ky)

Bi,Se,



0. $RIMETAR: EEH
2D TI (QSH Insulator):

Theory: Bernevig, Science (2006),

Exp:

Konig, Science (2007).

3D TI: Bi,Se,, Bi,Te,, Sb,Te,

Theory: H.J.Zhang, Nat. Phys. (2009), |
Exp:

QAHE Insulator: Cr-doped Bi,Te,

Y. Xia, Nat. Phys. (2009)
Y. L. Chen, Science (2009).

Theory: R. Yu, Science. (2010),

Exp:

C. Z. Chang, Science (2013).

HgTe Quantum Well

N ) Bise,

G=001e2h

SVT=3OmK

O

30 mK V;=|'1-5V

y

c,(0), ,(0) (e’

0 -0.1 0.2 0.3
Exchange field (eV)




0. FEFETF4E: Quantum Hall Trio

The Complete Quantum Hall Trio
Seongshik Oh

Science 340, 153 (2013);

DOI: 10.1126/science.1237215
AVAAAS
Hall Spin Hall Anomalous Hall
(1879) (2004) (1881)

'y

Quantum Hall Quantum spin Hall Quantum anomalous Hall
(1980) (2007) (2013)

.

Quantum Hall Quantum spin Hall

Quantum anomalous Hall

with Cr-doping



0, RINEFRARL: I WeylE 4B

Considering 2D sheet (fixed k,=m).

Topological phase transition as function of Kk ,.

m k, ik, \/\/ >< U

Hky=| . = 7| B Aaa /) i
k.+ik,  -m % N
* y Weyl node
z=0 kz= Tt
> k
m<(), Chernl = m>0, NI Topological Transition ;
3D Weyl semimetal:
(1) Spin-Momentum Lock in 3D
A ] K, (2) Fermi arcs on side surface,
Normal Insulator
X P =5 (3) Magnetic monopoles in bulk,
"—--_—__-_:- e (4) QAHE in Quantum-well structure
LAE---] _//_J (5) ABJ anomaly, and etc.
X"_,_ _____ = Normal Insulator (Negative MR for E//B)
o= C é/h

X. G. Wan, et.al. PRB (2011).
A. A. Burkov, et.al, PRL (2011);PRB (2011)
G. Xu, et.al., PRL (2011).



0. $AFIMNEF#5: FHFPDirac Semimetal

If both T and | symmetry are present:
+Q & -Q Weyl nodes have to overlap in K-space

M -k-o 0 -k-o
Case [: M£0, Insulator Case II: M=0, 3D Dirac Semimetal

X+ X
Need crystal symmetry protection.

3D Dirac semimetal:
o (1) Pseudo fermi arcs on surface
<:| (2) Giant diamagnetism: x(g)=log(1/¢)
= k (3) Linear Quantum magneto-resistance.
(4) QSHE in its quantum-well structure

S. M. Young, et.al., PRL (2012).
Critical Point Z.J. Wang, et.al., PRB (2012)




U, #hiMEFHE: #HIMFER

¢ HINEBEEN : PRB 85, 195320 (2012)
o 1 - FS(% K1)
& X Egﬁﬁl(k}dS(thFS — O
FS

Crs=0, — & /m %

Crs?#0, $hihE)R
IR SR IR ERE 2 R D0 &R

& HHIMFERMH
(1) HgCr,Se,: PRL 107, 186806 (2011)
(2) NagBi: PRB 85, 195320 (2012)

(3) Cd,As,: PRB 88, 125427 (2013)
wIMERARSLBERARMNMETME: A, . HINESF
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Crystal Structure of A;Bi

a Cubic Fm3m

b Hex-I1P6,/mmc

—

¢ Hex-I1P6,cm
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(b)

ﬁ [001]
x 7 or
M [
Z : :
U L4
)}: fyep. ..‘.‘:éi:“‘"”:i.}—: H é
........ (TR
[010]

Space group: P6;/mmc
(1) C6 around z;
(2) C2aroundy;

(3) Inversion symmetry.

Basic properties of Na,Bi

xM (1078 em3/mote )

Na X (at®b)

Diamagnetism
K. Hackstein,
J. de. Phys. (1980)

Sb,Bi
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. Energy(eV)

\

(c)GGA+SOC

-

—_ e — - ’__ VAR SR
- EF

'/ /\
§\

K H AT L

Z. J. Wang, et.al, PRB (2012)

Hr(k) = eo(k) +

M(k)

Ak,

N
%/ ] \/\ different with HgTe and etc.

J
Band inversion in Na,Bi

(1) S state is lower than p at I
(2) Band-crossing along I'-Z

(3) Protected by C,
(4) 3D Dirac Cone at (0,0,= K,°)

(Complete splitting of p at I,

|P3/2 3/2> is the highest state. )

0 Bk

Ak_ -M(k) B*(k) 0

0
B(k)

B(k) =

B(k)
0

M(k) —Ak_
— Ak, —M(K)

BskSk?
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Strcture of Cd;As,, Zn,P,, Zn,As,, Cd,P,

Zinc Blende

Structure I:
D,, (P4,/nmc)
40 atoms per cell
With inversion

Adding Cd

C

IT"

Anti-fluorite

Two Structures

Structure II: t
C,, (I4,cd)
80 atoms per cell :
No inversion ) st
(most stable phase) . \

Cd;As,, Mobility up to 10°
C. T. Elliott, J. Phys. D (1969).



U, hiMEFHE: #HIMFER

(001) surface
0.04

Energy (eV)
o

Energy (eV)

, Energy (eV)
S °

Energy (eV)

o

-0.05L _ .
XX, k) (0,0,k,) (X, 0,k,)

(1) Protected by C4

(a) structure I (b) structure 11

Z.J.Wang, etal, PRB (2013)  (2) Band-Splitting




U, #hiMEFE: #HhIMFE

3l

|S;7%>a |P%_ 3)7 |S;7_%>7 Ipé_a_%>

)

Energy (eV)
5 S o
— S e S

|

(Mk) Ak,  Dk_  B*(k) -0-15:—

I\

. R Ak_  —Mk) B*k) 0 0.2 = |
Hr(k) = eo(k) + . - ; 1 — . . |
Dk, B(k) Mk) —Ak_ 'b) |
\B(k) 0 —Aky —M(k)) a | (
N
d e

0 1
0 50 100 150 200 250 300

Similar to Na3Bi, but: Thickness (A)
(1) B(k)=0 by C, symmetry Large gap QSHE
(2) D#0 for the structure II. gap = 0.1eV

Quantum MR?? B_1E

Z. J. Wang, et.al, PRB (2013) Negative MR?? B//E
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Energy (eV)

w

Discovery of a Three-Dimensional
Topological Dirac Semimetal, Na3Bi

5mins after K-Doping 2 Hrs after K-Doping

(@) Me—T—>m () Ve—T—W

B — e . e .

-0.2

-0.4

E-E. (eV)

-06

-0.8
-04 02 0 i K -0. -0. 0 ; 04

k(1/A) k,(1/A)

Science 343, 6173 (2014): Na;Bi

i

nawre | LETTERS
materlals PUBLISHED ONLINE: 25 MAY 2014 | DOI: 10.1038/NMAT3990

A stable three-dimensional topological Dirac
semimetal Cd;As,

E-E, (eV)

Nature Materials, 3990 (2014): Cd,As,

MM BT =4EDirackE
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Summary:

E (%) Z§ - Berry Curvature Gauge field

HIMTE > HIMETS > hrEFHE

N TSR
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