
Medical Image: CT reconstruction from lower dose
Higher dose result FBP method

TV regularization Our model

Dong, Li and Shen, X-ray CT image reconstruction via wavelet frame based regularization
and Radon domain inpainting, Journal of Scientific Computing, 54(2-3), (2013), 333-349.
Interior Tomography: Li, Miao, Shen, Wang, Yu, Robust frame based CT reconstruction,
2012



Medical Image: Segmentation
Segmentation: extract or label objects from the given data.
3D view of kidney vascular system extracted from data.

Dong, Chien and Shen, Frame based segmentation for medical images,
Communications in Mathematical Sciences, 32(4), (2010), 1724-1739.

Tai, Zhang and Shen, Wavelet frame based Multi-phase image segmentation, SIAM
Journal on Imaging Sciences, 6(4), (2013), 2521-2546.
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Bio-image: 3D reconstruction of cryo-EM

cryo-EM 2D particles 3D reconstructed adenovirus

Li, Fan, Ji and Shen, Wavelet frame based algorithm for 3D reconstruction in electron
microscopy, SIAM Journal on Scientific Computing, 36(1), (2014), 45-69.
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Tight frames

Let X ⊂ L2(R) be countable. X is a tight frame if

‖f‖22 =
∑
h∈X
|〈f, h〉|2, ∀f ∈ L2(R).

It is equivalent to

f =
∑
h∈X
〈f, h〉h, ∀f ∈ L2(R).

Representation of f in terms of h is not unique. The
sequence {〈f, h〉} is called the canonical frame
coefficients.



Wavelet frame
A wavelet system is the collection of the dilations and the
shifts of a finite set Ψ ⊂ L2(R):

X(Ψ) = {2k/2ψ(2kx− j) : ψ ∈ Ψ, k, j ∈ Z}.

Theorem. X(Ψ) is a tight frame if and only if its “dual
Gramian” is the identity, i.e.,∑

ψ∈Ψ

∑
k∈Z
|ψ̂(2kω)|2 = 1 a.e., and

∑
ψ∈Ψ

∞∑
k=0

ψ̂(2kω)ψ̂(2k(ω + (2j + 1)2π)) = 0 a.e. j ∈ Z.

Ron and Shen, Affine systems in L2(Rd): the analysis of the analysis operator, Journal
of Functional Analysis, 148(2), (1997), 408-447.

Frazier, Garrigos, Wang and Weiss, A characterization of functions that generate
wavelet and related expansion, Journal Fourier Analysis and Applications, 3, (1997),
883-906.

Han, On dual wavelet tight frames, Applied and Computational Harmonic Analysis,
4(4), (1997), 380-413
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Wavelet frame from MRA

A multiresolution analysis (MRA) starts from a refinable
function.

A function φ ∈ L2(R) is refinable with mask h0 if

φ(x) = 2
∑
k∈Z

h0(k)φ(2x− k).

Let Ψ = {ψ1, ψ2, . . . , ψr}, where

ψj(x) = 2
∑
k∈Z

hj(k)φ(2x− k),

with wavelet masks hj .
Define τj(ω) =

∑
k∈Z hj(k)e−ikω.

The key to construct tight wavelet frame is to construct the
right τj , j = 1; . . . ; r for given τ0 and φ
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Unitary extension principle (UEP)
Unitary extension principle(UEP) : X(Ψ) is a tight frame
provided that

r∑
j=0

τj(ω)τj(ω + γπ) = δγ,0, γ = 0, 1.

Ron and Shen, Affine systems in L2(Rd): the analysis of the analysis operator, Journal
of Functional Analysis, 148(2), (1997), 408-447.
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Wavelet system for data

The discreet wavelet transformW on sequence space is a set
of convolutions generated by refinement/wavelet masks, that
are low pass/ high pass filters.

Let the rows ofW be a frame, i.e.,WTW = I.
Decomposition: c =Wf .
Reconstruction: f =WTc.

W can be generated by tight wavelet frame filters obtained
via UEP, and consists of two subsystems:

WH : generated from the high pass filters.
- It catches the sparse local features, e.g. edges and
singularities.
WL: generated from the low pass filters.
- It catches the global pattern and the smooth information of
the image.
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An example of global patten and local feature

Image f Dense coefficients: W0,0f
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Sparse coefficients at level 1: {W`,0f : 1 ≤ ` ≤ 8}

Figure: Demonstration of a 1-level tight wavelet frame transform.



Ideal systems
LetW denote the system to be used. Ideally, it would consist
two subsystems, say

W =

(
WH

WL

)
.

The local features of the image can be sparsely
approximated byWH . WH is locally supported.
WL catches the global pattern of the image and can be
densely approximated by the (global) atoms ofWL.
We need also to catch global structure ( that may not be
smooth) and random feature ( that may be local).
W must be redundant, as components we like to catch are
independent. It can be more complicated than wavelet tight
frames, in order approximate various local, global
structures well.
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System used for video processing
Let F = (F1, . . . , Fn) be the video to be restored and G be
given data.

Assume F can be decomposed as:

F = X + Y

where X is a low rank matrix and Y is a sparse matrix (at
the patch level if necessary).
Time direction: the global pattern by a few dominated
eigenvectors of X and local features by Y (data driven).
Space domain of each image Fj in video F : the global
pattern byWL and local feature by WH .
Basic model:

min
F
‖AF −G‖22 + ‖X‖∗ + ‖Y ‖1 +

∑
j

‖WFj‖1.
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Surveillance
Results from 10% and 5% measurements respectively:

Jiang, Deng and Shen, Surveillance video processing using compressive sensing, Inverse Problem and Imaging,
6(2), (2012), 201-214.

Yang, Jiang, Shen, Deng and Metaxas, Adaptive low rank and sparse decomposition of video using compressive
sensing, ICIP, 2013.

Jiang, Zhao, Shen, Deng, Wilford, Raziel and Haimi-Cohen, Surceillance video analysis using compressive sensing
with low latency, Bell Labs Technical Journal, 18(4), (2014), 63-74.
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4D CT Reconstruction: Local motion

Gao, Cai, Shen, Zhao, Robust principle component analysis based four-dimensional
computed tomography, Physics in Medicine and Biology, 56(11), (2011), 3181-3198.
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