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1.+Úo+

+µ£ãé¡5§'X<N�mé¡"

+Øå
µ1830c�GaloisÏLïÄpgõ�ª��é

¡5§)û
�§�ª¦)¯K"

Évariste Galois (1811õ1832)
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é¡5�êÆ£ãµ

G × X → X .

~µ

X =?¿��8Ü, G = {X�X�V�},

G × X → X , (f , x)→ f (x).
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6/µ�m�êÆ£ã"

o+µ£ã�m�é¡5"

o+�ÛÜnØå
uSophus Lie£1842-1899¤'u �

©�§�ïÄ"

Sophus Lie (1842õ1899)
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H. Weyl, E. CartanÚO. Schreier�31920c�ïá
o+

��NnØ"

½Â.��o+´ù���êÆé�µ§´��1w�

©6/Ó�q´��+§¿�+$�Ñ´1wN�"
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2.;.o+

;.+¶¡5guµHermann Weyl, The Classical Groups,

1939.

Hermann Weyl, 1885-1955
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���5+µ

GLn(R), GLn(C), GLn(H).

¢��+Ú¢"+µ

O(p, q), Sp2n(R).

E��+!E"+Új+µ

On(C), Sp2n(C), U(p, q).

o�ê��+Úo�ê"+µ

O∗(2n), Sp(p, q).
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���5+µ�5�m�é¡+"

��+µé¡V�5�m�é¡+"

"+µ"�m�é¡+"

j+µHermitian�m�é¡+"

o�ê��+Úo�ê"+µo�ê�Hermitian�mÚ

o�êHermitian�m�é¡+"
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ÔnÆ¥�~f.

îAp��mÚÔnÄ�½ÆµO(3)"

��ÚdÂ�éØµO(3, 1)"

þfÚÄåÆµU(3)"

M��îåÆµSp2n(R)"
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;.o+�Ú�£ãµ

�A´��k��R-(Ü�ê§τ´A���éÜ§@o

G := {a ∈ A× | aaτ = 1}

´��o+"XJA´ü�§½öA´dτp����ü�ü

�ê�¦È§@oG´��;.+"
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3.4�;f+

o+�Ä��ØCþµ4�;f+!o�ê"
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Cartan-Iwasawa-Malcev½n. �G´���kk�õ�

ëÏ©|�o+"

(a). Gk��4�;f+K"

(b). G�¤k4�;f+Ñ´�Ý�"

(c). �3G���4f6/S¦�S�©Ó�u��î

¼�m¿�¦{N�

K × S → G

´�©Ó�"
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;j+!;��+Ú;"+µ

U(n), O(n), Sp(n).

�{üëÏ;o+µU(1) ´�±+"

O(n) ´ØëÏ�(n ≥ 1)"

�R] ;.o+Ú§��L«



4�;f+µ

O(n) ⊂ GLn(R), U(n) ⊂ GLn(C), Sp(n) ⊂ GLn(H).

O(p)× O(q) ⊂ O(p, q), U(n) ⊂ Sp2n(R).

O(n) ⊂ On(C), Sp(n) ⊂ Sp2n(C), U(p)× U(q) ⊂ U(p, q).

U(n) ⊂ O∗(2n), Sp(p)× Sp(q) ⊂ Sp(p, q).
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Cartan©)µ

O(n)× {�½é¡Ý
} ↔ GLn(R).
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4.o�ê

�M´��1w6/§PC∞(M;R)�Mþ�¢1w¼ê

|¤��ê"

{Mþ���þ|} ↔ {C∞(M;R)þ��f}.
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½Âµ��¢o�ê´��¢�5�mg, ±9§þ¡

÷vJacobi�ª����é¡V�5N�µg× g→ g"

o+G�o�êµGþ¤k�ØC��þ||¤��

m"

ëÏo+A�d§�o�ê(½"
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;.o+�o�ê

���5+µ

gln(R), gln(C), gln(H).

¢��+Ú¢"+µ

o(p, q), sp2n(R).

E��+!E"+Új+µ

on(C), sp2n(C), u(p, q).

o�ê��+Úo�ê"+µ

o∗(2n), sp(p, q).
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5.k��L«

+L«´�5z�é¡5"

½Â. �G´��o+§V´��k��E�5�

m"G3Vþ���L«´���ëY�5�^

G × V → V .
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;.o+�IOL«.

���5+µ

GLn(R) y Cn, GLn(C) y Cn, GLn(H) y C2n.

¢��+Ú¢"+µ

O(p, q) y Cp+q, Sp2n(R) y C2n.

E��+!E"+Új+µ

On(C) y Cn, Sp2n(C) y C2n, U(p, q) y Cp+q.

o�ê��+Úo�ê"+µ

O∗(2n) y C2n, Sp(p, q) y C2p+2q.
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o+G���L«↔ Hom(G ,C×).

~µ

Hom(GLn(R),C×) = Hom(R×,C×) (n ≥ 1).

Hom(O(p, q),C×) = Hom({±1} × {±1},C×) (p, q ≥ 1).

Hom(Sp2n(R),C×) = {1} (n ≥ 0).
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o+�k��L«!;o+�k��L«"

~µSp2n(R).

·K.;o+�z�k��L«Ñ´Ø��L«��Ú"
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{k�+} ⊂ {;o+}.

k�+�(�ÚL«Øµ(J�
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ëÏ;o+µ�êâ(root datum), �p�nØ"

Cartan4�f�¡½n. �G´��ëÏ;o+"

(a). Gk��4�f�¡T"

(b). G�¤k4�f�¡Ñ´�Ý�"

(c). G�z���Ñ�¹3G�,�4�f�¡¥"
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ëÏ;o+µ�êâ(root datum), �p�nØ"

Cartan4�f�¡½n. �G´��ëÏ;o+"

(a). Gk��4�f�¡T"

(b). G�¤k4�f�¡Ñ´�Ý�"

(c). G�z���Ñ�¹3G�,�4�f�¡¥"
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Élie Cartan, 1869-1951
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~.

G = U(n) ⊃ T = U(1)n.

G = SO(n) ⊃ T = SO(2)b
n
2
c.
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Cartan�p�nØ. �G´��ëÏ;o+§T´§��

�4�f�¡"@o

Irr(G )↔W \Hom(T ,C×).
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~.

Irr(U(n))↔ Sn\Zn = {(a1 ≥ a2 ≥ · · · ≥ an) ∈ Zn}.
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6. ²;ØCþnØ

O(n) y C[Cn×k ].

�k¿©��§O(n) �¤kØ��L«ÑÑy

uC[Cn×k ].

©)O(n) y C[Cn×k ] !O�C[Cn×k ′
]O(n).
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~.

C[Cn]O(n) = C[x21 + x22 + · · ·+ x2n ] (n ≥ 1).

AÛ£ãµ

On(C)\\Cn ∼−→ C, (x1, x2, · · · , xn) 7→ x21 + x22 + · · ·+ x2n .
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1�Ä�½n.

On(C)\\Cn×k ↪→ {y ∈ Ck×k | y t = y}, x 7→ x tx .

1�Ä�½n. (½ù�N���"
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aq½nµU(n), Sp(n).
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7. ²;©ÜÆ

�EL«�è«Ä��{µp�!��"

��↔é¡»".
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j+©Ü½n.

(Fµ)|U(n−1) =
⊕
ν4µ

Fν .

aq½nµO(n) ↓ O(n − 1).
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8. Ã¡�L«

��oºNÚ©Û!þfåÆ!êØ· · ·"

~.

Fp�?êµ

U(1) y L2(U(1)).

Fp�C�µ

Rn y L2(Rn).

gÅ/ªµ

GLn(R) y L2(GLn(Z)\GLn(R)).
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CÄ<µ

Isräıl Moiseevich Gelfand, 1913-2009
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CÄ<µ

Harish-Chandra, 1923-1983
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½Â. �G´��o+§V´��O���HausdorffÛÜ

àEÿÀ�þ�m"G3Vþ���L«´���ëY�5

�^

G × V → V .

NÚ©Û�Ä�µØ��jL«"

Ø��jL«�©aº
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~. G = GLn(R), B := {þn�Ý
} ⊂ G"V´B���

k��L«"

IndGBV := {f ∈ C∞(G ;V ) | f (bg) = b.f (g), b ∈ B, g ∈ G}.
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½Â. �G´��;.o+, XJG���L«

´Fréchet!1w!�O!�NÚZ(g)-k��§@o§Ò��

��Casselman-WallachL«"

~. G = GLn(R), B := {þn�Ý
} ⊂ G"V´B���

k��L«"@o

IndGBV

´G���Casselman-WallachL«"
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Langlandsj+�Ä:µÛÜLanglandséA"

~.

Irr(GLn(C))↔ Sn\Hom(C×, (C×)n).
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Robert Langlands, 1936-
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9.ThetaéA

²;ØCþnØlk���Ã¡��uÐ"

Roger Howe 31970c�ïá"
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�k¿©��§z�π ∈ Irr(O(p, q))Ñyu

O(p, q) y S(R(p+q)×k).

XJ2|p + q, @o

O(p, q)× Sp2k(R) y S(R(p+q)×k).
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½n

Irr(O(p, q)) ! Irr(Sp2k(R)).

�±í2�¤k;.o+"
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A^

L«��EÚ(�,

Ø��jL«,

gÅL«"
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10.ÛÜGan-Gross-Prasadß�

²;ØCþnØlk���Ã¡��uÐ"
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�½π ∈ Irr(U(p, q)), σ ∈ Irr(U(p, q − 1)),

HomU(p,q−1)(π, σ) =?
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­ê�½n.

dimHomU(p,q−1)(π, σ) ≤ 1.
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?ÐµJean-Loup Waldspurger, Raphaël Beuzart-Plessis§Û

õ�, · · ·
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��!
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