ETARRGHIER

X
FadL K&

20174E12H6H, AMSS, JtiT




T P

| ATRRAREL R 9T

Il. IEXTEBethe Ansatz53E

. FAZEBI: ¥R B e

V. R : HiBFIHR B hekE
V. BREEMRE




. HARATR?

Hh i — [ BR 2 LT - X4 T
- S AR = %




. fraga#A?

B 7RISR R — AR AN B T S RS,
A TR

S0 " s
2a1.3‘>/ \,w
S12.8 = Sin(kikn)Siv—1 (ki kn=1)---S12(k1,k2) » SHJ JSI.3
23,1) 3.1.2)
* DN A
At 1k 320

L

Yang-Baxter J51% » S12(k1.k2)S13(k1 ks ) S5 (koo ks) = Sa3(ka.k3)S13(ki ks )S1 2 (ki ko)




ETARERENERM

7oL TR o) R S i S L !

SEFRE
U RIEiRE
B e RE

j> 9;&733"-#5"

3

0

=Rk

SpinonTtH & (538fr)



ETFAFRERNEEN
S5 [ R A AR

- EEYE
« HFVIERLAMBEES X

IR
BRASYIIE, Zit4E. Yang-Millsigig. HBIZIEPLAIS/CFT...

BAREE FRIMNEFES, F5z. DR 2HmEE0F,
mMEXEEBMPUQ)XFREER (RFEATIE) WIEEE
WAALEBEEE




U(1) X FRAR BRAREY

T —

U)X IR E B FE T S XUEB RS H
°* le2§ E!: . 3J2IE ] /
BEAYE. 85, # T
. IETEGITYIE: BEAEIE FC) skt
. EEMEGNFeRZEe- | GFREE)

~

TRERGRZEE, BIREHRE
U (1) FRfil R AT TR BY RO 15 T







RBAFRRBRGE

Bethe ansatz (1931) | 19674 DI/RIE

BT, —4H4E% R (1967) Baxter, ZtitiRE! (1971)
g 7 20065F BB ERR 3

Yang-Baxter F51E

4

FaddeevEik: EFiHEE757%(1979)

FEALFRU (1) X PR (RLF R 71E) ATRRIRE P ES
TEXRI, (BFEAEFFRERRET IR

T




AR ARG HIPE R 1) =R

Yang-Baxter 51

Baxter T-QX% %

10K, EREIXE
ki TEFSE#ET S
%. AT BB
U)X FRAY AT IR B
ESHET-QXFR

Qu +n)

Q=)
=g

(u)

Q(u)

)

> Au) = +d
&] @ RBESES!

AOERANTMNKR TR T-QXFR
BIEREME, XHFUQ)XFRAEER
AIfRRS, TIREERBET-QX
AT AEFIEHE 5 A
FREERL TN




BN T RBA IR EERIEIR T E:
JEXT A Bethe ansatz 53

HFFARAETS, HIRARB KRR KL EBERGEFEE
NB £, BAN+HINRARE

AP@)AP(G, —n) = a(8,)d(®; — 1), j=1,...,N. Au) =2/ (u) + -

- * a CYSW
o O1(u—n) ,. (y(u+17) alu)d(u) X
M=ol = ry =g T <: AE5TIX

15

AJFRREAMEE R R S — IR HESR




[E1TE KM% AR

Complete spectrum and scalar products for the open spin-1/2 XXZ

o quantum chains with non-diagonal boundary terms
~
= S. Faldelld| N. Kitanind), G. Niccoli]

4

After this paper was completed we became aware of the recent and interesting results reported
in [8]. The authors construct the T-@) functional equations for the spin chains with non-diagonal
boundaried] and thus they obtain the transfer matrix eigenvalues. An important achievement of [
is that the equation of type (B.4) are associated to a system of Bethe equations leading to a more
traditional analysis of the eigenvalue problem. It would be interesting to establish a connection

"B TIENRIAFRGEHNT-OXER, BE

2R, BEM T SRS ENHR”

(8] J. Cao, W. Yang, K. Shi, and Y. Wang. Off-diagonal Bethe ansatz solutions of the anisotropic
spin-1/2 chains with arbitrary boundary fields. arXiv preprint arXiv:1307.2023

9] J. Cao, W. Yang, K. Shi, and Y. Wang. Off-diagonal Bethe ansatz and exact solution a
topological spin ring. arXiv preprint arXiv:1305.7328, 2013.

arXiv:1307.3960v1 [math-ph] 1

[10] J. Cao, W. Yang, K. Shi, and Y. Wang. Off-diagonal bethe ansatz solution of the XXX
spin-chain with arbitrary boundary conditions. arXiv preprint arXiv:1306.1742, 2013.

[11] J. Cao, W. Yang. K. Shi, and Y. Wang. Spin-1/2 XYZ model revisit: general solutions via
off-diagonal Bethe ansatz. arXiv preprint arXiv:1307.0280, 2013.
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Ms, Ref. No.: NPB-D-13-00306
Title: Exact solution of the one—dimensional Hubbard model with arbitrary boundary magnetic fields
Nuclear Physics B

Dear Prof. Yang

The Editorial Office has received the decision on your paper.
are appended below.

- * s ki
For vour guidance, the reviewer s comments

arbitrary boundary magnetic [ields.
As the U(l) symmetry is reserved for the charge sector,

problem into the one of the eigenproblen

they use the coordinate Bethe ansatz to nest the

of the inhomogeneous XXX spin with arbitrary boundary fields.

The latter has been solved by the authors in a previous publication [23] with the new off-diagonal Bethe
ansatz method.

The paper is well written and the proposed result is important for condensed matter and hight energy
physics. It opens the way to study new boundary effects.
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Quantum Spin torus: T-Q

Q(u—n)

A(u) = a(u)e” o)

—e "“Md(u) o)

Q(u+n)

a(u)d(u)

c(u) 0)

N
Qu) = H sinh(u—A;)

J=1

- N o (8;—A; —u—n—-vN (8.—h.
c(u) :sinhN’q [e” N+Lj 1(8;=4;) _ —u—n-¥L; 1(8;=4;)

Table 4.3 Numerical solution

s of the BAEs (4.4.18) for N =3, n =In2. E, is the n-th eigenenergy

and n indicates the number of the energy levels. The eigenvalues calculated from (4.4.19) are

exactly the same to those given in Table 4.1.

3..1 3.,3 3..3 En 1
—0.97964 —0.34657 0.28649 —3.02200]1
—1.11092 4+ 0.50000ir —0.34657 + 0.50000ixr 0.41778 +0.50000ixr |[—3.02200]1
—0.72948 4+ 0.43156ir —0.34657 4+ 0.21409ixr 0.03633 4+ 0.43156ix (—1.25000(2
—0.72948 — 0.43156ir —0.34657 —0.21409ixr 0.03633 — 0.43156ix (—1.25000(2
—0.72959 — 0.09417ir —0.34657 —0.45213ir 0.03644 — 0.09417ixr (—1.25000(2
—0.72959 4+ 0.09417imr —0.34657 +0.45213ixr 0.03644 +0.09417ixr [—1.25000|2
—0.34657 — 0.50000ir —0.34657 —0.10517ix —0.34657 +0.10517ix| 5.52200 |3
—0.71841 — 0.50000ir —0.34657 — 0.00000ir 0.02526 4+ 0.50000ix | 5.52200 |3




The quantum spin torus: =3

PRL 111, 137201 (2013)
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Quantum Spin torus: Bethe states

A convenient basis
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Quantum Spin torus : Bethe states

Expansion of the eigenvector
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An inhomogeneous 7'-Q equation for the open XXX E"Eﬁ,:T—
chain with general boundary terms: completeness and ;&gﬁﬁm

arbitrary spin ﬁﬂ‘] j-TEE Hj

Rafael 1 Nepomechie

Physics Department, PO Box 248046, University of Miami, Coral Gables, FL. 33124, USA

V4 ‘
prres TR R B E AR,
An inhomogencous T-0Q equation has recently been proposed by Cao, Yang, \
(BFEfRE—ELIER

ang for the open spin- nondiagonal)
boundary terms. We argue that a simplified version of this equation describes
| geibml  BifF—ANE
1. Introduction Hb y Hi I
The open spin-1/2 XX7Z quantum spin chain with general (nondiagonal) boundary terms has Ei&% Emm
long been known to be integrable [1-3]. Nevertheless, the Bethe ansatz solution of this model

has remained elusive'. One of the difficulties is that a reference state (simple eigenstate of the
transfer matrix) is not available

| ATk A8 F o5 RIS
An important advance was recently made by Cao, Yang, Shi and Wang (CYSW) [12, 13] l’/{ I ] np I‘Z
(see also [14, 15]), who proposed to use instead an inhomogeneous T-Q equation. Although ﬁﬁﬁ #E%/I\% —
, —
2. The CYSW solution - 73 2l 4
TR RITATTAE

[12] Cao I, Yang W, Shi K and Wang Y 2013 Off-diagonal Bethe ansatz solution of the XXX spin-chain with| |[14] Cao I, Yang W-L. Shi K and Wang Y 2013 Off-diagonal Bethe ansatz and exact solution a topological spin ring
arbitrary boundary conditions Nucl. Phvs. B 875 152 (arXiv:1306.1742 [math-ph]) Phys. Rev. Letr. 111 137201 (arXiv:1305.7328 [cond-mat.stat-mech])

[13] Cao J. Yang W-L. Shi K and Wang Y 2013 Off-diagonal Bethe ansatz solutions of the anisotropic spin-1/2 | | [15] Cao J. Yang W-L. Shi K-J and Wang Y 2013 Spin-1/2 XYZ model revisit: general solutions via off-diagonal
chains with arbitrary boundary fields. arXiv:1307.2023 [cond-mat.stat-mech| Bethe ansatz. arXiv:1307.0280 [cond-mat.stat-mech]

Following [12], we consider an open spin-1/2 XXX chain of length N, with the Hamiltonian
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Table 1: Numerical solutions of the BAEs for the N = 4 case with the parameters: 1 = (1.5,
oy =1, a0 =08 9, =04, 5. =030, =071 and #_ = 0%. E 1s the eigevalnes of the
Hamiltonian. The eigenvalues are exactly the same as those from the exact diagonalization.

i1 2 13 id E n
—0.3330 — 0.4622¢  —0.3330 + 0.4622¢  —0.2506 — 0.1242¢  —0.2506 + 0.1242¢ | —6.8670 | 1
—1.0088 — 1.5708:  —0.6931 + 157082 —0.2500 — 0.1095:  —0.2500 4+ 0.1095¢ | —4.8468 | 2
—1.0171 4+ 0.00008  —0.2501 — 0.096%  —0.2501 + 0.0069;  —0.2457 + 1.5708¢ | —3.9266 | 3
—2.0689 — 1.57058¢  —1.1954 — 0.00008  —0.2500 — 0.0945;  —0.2500 + 0.0945: | —3.2170 | 4
—1.1075 — 1.5708:  —0.6883 + 157082  —0.2500 — 0.2762¢  —0.2500 4+ 0.2762¢ | —1.6077 | 5
—1.0558 — 0.0000¢  —0.2497 — 0.2356¢  —0.2407 4 0.2356¢  —0.2458 — 15708 | —1.2212 | 6
—2.1748 4+ 1.5708:  —1.2064 + 0.0000:  —0.2499 — 0.217%  —0.2499 + 02170 | —0.6645 | 7
—0.6387 — 0.5472¢  —0.6387 + 0.5472¢  —0.1043 + 057112 —0.1043 4+ 2.5706¢ | 0.5747 | 8
—1.2297 — 1.57081  —0.5885 + 1.5708¢ —0.2591 +0.9163¢ —0.2591 4 2.2253¢ | 1.5474 | 9
—1.1140 4+ 0,0000¢  —0,2950 — 0.6757¢  —0.2050 +0.6757¢  0.1504 — 1.5708; 1.8547 | 10
—3.2361 — 1.5708:  —1.2319 — 0.0000:  —0.2500 — 0.4386:  —0.2500 4+ 0.4386¢ | 2.0475 | 11
—2.0114 — 314160 —0.9120 — 157088 —0.7921 + 157082 1.09542 + 1.57T08; 2.2000 | 12
—1.1584% + 0.0000:  —1.0107 + 1.5708: —0.7379 — 1.5708:  0.7055 — 0.0000¢ 28030 | 13
—1.1547 + 0.0000:  —0.9587 — 0.00008  —0.4956 — 1.5708:  —0.0459 + 0.0000: | 3.3542 | 14
—1.5932 + 0.0000:  —1.2867 + 0.0000:  —0.4656 + 1.5708:  0.1759 — 1.5708; a.8081 | 15
—1.5191 — 0,0000¢  —1.2970 — 0.0000:  —1.0002 — 1.5708:  0.8832 + 1.5708; 4.0622 | 16




Table 2: Numerical solutions of the BAEs for the N' = 3 case with the parameters: = (.5,
ay=1,a_ =084, =047 =03 0, =07iand #_ = 09. E 1s the eigevalues of the
Hamiltoman. The eigenvalues are exactly the same as those from the exact diagonalization.

fi1 fig Il fig E|n
—0.5276 — 036521  —0.5276 4+ 0.36521 —0.2481 — 0.17561  —0.2481 + 0.17561 | —4.85090 | 1
—2.9056 4+ 0.0000:  —1.1969 — 0.0000:  —0.2500 - 0.1261:  —0.2500 + 0.12612 | —3.50939 | 2
—0.6974 — 051660 —0.6074 + 0.51660  —0.2826 — 043811  —0.2826 + 043817 | —0.1251 | 3
—0.92096 — 0.0000:  —0.2637 — 043331 —0.2657 + 043330 06919 + 15708 | =0.0479 | 4
—09741 +4.71248  —0.7424 — 471241 —0.5001 — 0.5664;  —0.5001 4+ 0.5664: | 1.1449 | 5
—1.1498 + 0.00000  —0.5212 — 25079 —05212 = 0.6337 00230 + 157082 | 18855 | 6
—1.1060 = 0.165%  —1.1060 + 0.165% —0.5216 — 1L.570%;  0.3535 4 0.0000; | 25676 |7
—1.5205 40,0000 —1.2065 — 0.0000:  —1.1050 4+ 15708 0.2003 — 15708 | 30278 | &




Thermodynamic limit

‘We choose a seqguence of the crossing parameter ‘

_a—taq = (0 —64) +2mim Nucl. Phys. B 884, 17 (2014)

s =

N+1
sinh (A; 2) y 511111(2/\j — 168) sinh(\; + tay)
sinh(A; + 13) sinh(2A; + i6) sinh(\; — iay)

N mechie
sinh(\; + ia_) cosh(\; + B8 + i4) cosh(\; — 8 + i&) epome

Xsiﬂh(h —ia_) cosh(\; + B — i2) cosh(\; — 3 — i%) & Ravanini 03

o

- H sinh(A; — A; — i6) sinh(A; + A\, — @6)
B sinh(X\; — A\ 4+ i6) sinh(\; + A\; + 20)

The key point is that M=N gives a complete set of solutions!




Thermodynamic limit

Surface energy e = e+ Li(ay) + Li(a) + L(By) + L(5-)

0 — _ g efm W) o 0/2) — 1dw — c 8,
ey sin _m1+&2(w)[a2(w/) |dw — cos

Ii(a) =sint /_m : ilt'(ij()w) (200 (w)dw — sin @ cot(a — 6/2)

&-1 (lf..u‘) A

cos(fw)b(w)dw.

L,(3) = —Sinﬂf

— o 1 -+ &2 (If..r.s‘)

For all quantities, the corrections are in the order of O(N—?)

Remark: No degenerate points for XXX chain, but
we can always take proper limits of XXZ or XYZ!
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exponents awaits the diagonalization of the transfer ma-
trix, which remains a formidable open problem.

Abstract

The anisotropic spin- ! chains with arbitrary boundary fields are diagonalized with the off-diagonal Bethe:
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Abstract. We propose a generalization of the algebraic Bethe ansatz to obtain the eigen-

vectors of the Heisenberg spin chain with general boundaries associated to the eigenvalues q- 30 E

and the Bethe eguations found recently by Cao et al. The ansatz takes the usual form of il_ I '?'
or for the transfer matrix. This is due to the fact that the boundaries break the U(1)-symmetry %‘ﬁ ’ a:lttﬁﬁﬁﬁ ﬁ.t

(ie. the total spin is not anymore conserved). This problem is quite general for integrable

s 1
models without U(1)-symmetry and led numerous researchers to believe that usual methods ﬁﬁﬁiﬁ' ]&E

cannot work in this case and to develop different approaches to study their spectrum over the
last 30 years. Basically, one can consider two families of approaches:

L9 &)
Recently. progress on the generalization of T-@) relation formalism has been performed by EE&{I ] E,‘J,I{? ;‘I m

Cao, Yang, Shi and Wang (10| where the eigenvalues and the Bethe equations of Hamiltonian (1) 4H o*m ﬁ&

. + + . . + . . . .
are obtained. The main feature consists in adding a new term in the eigenvalues and the Bethe 53 jt
equations in comparison to the usual ones obtained for cyclic or diagonal boundaries (see also [24]

for this idea). Then, this result has been simplified by Nepomechie [32] that shows numerical . IS
ARG BB TAE,
Y A 2:|:
The paper is organized as follows. In Section 2, we fix the notations and recall the eigenvalues #‘E I &ﬂ ] Eg_.n 'lieﬁﬁ
and the Bethe equations obtained in [10]. Then, in Section 3, we give our conjecture for the S_Ls
| | RA—FRIITL
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1. Introduction B y
SRk R AEBaxterfyT-
Ever since the open spin-1/2 XXX (isotropic) quantum spin chain with non-diagonal boundary jt x :I:- B aXte r T
terms was shown to be integrable [1-3], the challenge has been to find its general Bethe ansatz Q * ? I:I:I j]l] A /I\HE
solution. Significant progress has been made recently on this problem. The breakthrough was AN

the realization that the Baxter T-Q equation for this model should have an inhomogeneous

3T RIA[4][5]. "
term [4] (see also [5]). A simplified version of this solution was subsequently shown to produce /AIJ 4 5 2

[4] Caol, Yang W-L, ShiK and Wang Y 2013 Off-diagonal Bethe ansatz solution of the XXX spin-chain
with arbitrary boundary conditions Nucl. Phys. B 875 152-65 (arXiv:1306.1742 [math-ph])

[5] Cao J, Yang W-L, Shi K and Wang Y 2013 Off-diagonal Bethe ansatz and exact solution of a
topological spin ring Phys. Rev. Lett. 111 137201 (arXiv:1305.7328 [cond-mat.stat-mech])
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Yang-Baxter Equation & Reflection Equation

3

Operator product identities t(0;)t(0; —n) = a(b;)d(6;)

-+ | Asymptotic behavior of the polynomial

3

Q1 (u —1n) Q2(u + 1) a(u)d(u)

Au) = a(u)

+ d(u)

+ofu)

Q1) Qi (u) Q1 (u)Qs(u)

Regularity - Bethe ansatz equations
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High rank systems: An, Bn, Cn, Dn

(6806 = 1) ~ 40(6,), T =1, N - 1. | B

Nested T-Q

The method works for all boundary conditions!

Makes the “unsolvable models” solvable!
Provides an unified Bethe ansatz framework!
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Off-Diagonal Bethe Ansatz for Exactly Solvable Models

This book serves @ an imtroduction of the off -diagonal Bethe Ansatz method, an
analy heary for the stgeevalos problem of

priesemls e

Hethe Ansatz method. Based an & operties of B-matrix and K-matrices, the
beecd | nbresdices a spsio T troct operator dentithes ¢ nsfr mairix
These idemtities allow ane o establish the nbomogeneous T-C) relaki

to obitain Bethe Ansaiz squations and o retrieve corres ponding alp

longstanding nsodels cam thus be sslved via this methosd since the lack ¢

reforence stales is made gp. Both the cmot esalts amd the off-disgonal Betha Arsats
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low -dimensional condensed matier physics, statistical physics and cold siom syslems.
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